arXiv:0910.0434v1 [gr-qc] 2 Oct 2009

Higher-Order and Scalar-Tensor Relations and their PPN parameters

Monica Capone^{1, 2} and Matteo Luca Ruggiero^3 1Dipartimento di Matematica, Università di Torino, Via Carlo Alberto 10, 10125 - Torino, Italy 2 INFN, Sezione di Torino, Via Pietro Giuria 1, 10125 - Torino, Italy Email: monica.capone@unito.it 3Dipartimento di Fisica, Politecnico di Torino, Corso Duca degli Abruzzi 23, 10129 - Torino, Italy Email: matteo.ruggiero@polito.it (Dated: October 5, 2009)

We focus on the dynamical equivalence between f(R) metric gravity and scalar-tensor gravity, and use this equivalnce to deduce the PPN parameters γ and β for a general f(R) theory, obtaining a result that is different with respect to that known in the literature. Then, we consider the expressions of these two parameters for a general scalar-tensor theory with respect to the mass of the scalar field.

I. INTRODUCTION

In f(R) theories of gravity the gravitational Lagrangian depends on an arbitrary analytic function f of the scalar curvature R (see [1, 2] and references therein). The field equations of these theories can be obtained in the metric formalism, by varying the action with respect to metric tensor, or in the Palatini formalism, where the action is varied with respect to the metric and the affine connection, which are supposed to be independent from each other. These theories are also referred to as higher-order theories of gravity, since the field equations are of higher order with respect to general relativity. The dynamical equivalence between f(R) theories and a particular class of scalar-tensor theories, i.e. Brans-Dicke theories, is very well known and studied, both in the case of metric formalism [3] [4] [5] as well as in the Palatini formalism [6] [7] [8]. We remember that two theories are dynamically equivalent (limiting ourselves to the classical point of view) when it is possible under proper redefinitions of the fields (gravitational and matter) to make their field equations (or actions) coincide. The dynamical equivalence between f(R) theories and scalar-tensor theries can be exploited to obtain the PPN parameters of f(R) gravity, which are important to analyze the weak-field limit of these theories and make a comparison with the known tests of gravity (see e.g. [2] and references therein).

In this paper, working on the metric formalism, we review the issue of the dynamical equivalence between f(R) and scalar-tensor theories, in order to show that the field equations for the metric tensor components derived from (proper) scalar-tensor theories Lagrangians reduce to those derived from arbitrarily higher-order gravity Lagrangians “on shell”, i.e. on the solutions of the equations of motion for the scalar fields. Then, we deduce the PPN parameters γ and β for a general f(R) theory and, in particular we give the expressions of these two parameters for a general scalar-tensor theory in terms of the mass of the scalar field.

II. GENERAL CORRESPONDENCES BETWEEN f(R) GRAVITY AND SCALAR-TENSOR THEORIES

Let us start by resuming the known results in the simplest case of a fourth-order Lagrangian (see [5] [9] [10] for the extension to theories of order higher than the fourth of the type f(R, □^nR), with n ≥ 1). Starting from the action integral of f(R) gravity S_{HO} = 1 16πG_N ∫ d^4x √ −gf(R) + S_m, (1) where S_m is the matter action, and varying it with respect to the components of the metric tensor, gives the fourthorder equations of motion [11] G_{μν} = 1 f^′(R) { 1 2 g_{μν} [f(R) − Rf^′(R)] + f^′(R)_{,μ;ν} − g_{μν} □f^′(R) } + 8πG_N f^′(R)

T_{μν} (2)

where G_{μν} is the Einstein tensor and T_{μν} .= − 2 √ −g δL_m δg^{μν} (3) are the components of the matter/energy fields stress-energy tensor. On the other hand, if we consider the scalar-tensor action integral action,

S_ϕ = 1 16πG_N ∫ d^4x √ −g [f(ϕ) + (R − ϕ)f^′(ϕ)] + S_m, (4)

we get the equations of motion

G_{μν} = 1 f^′(ϕ) { 1 2 g_{μν} [f(ϕ) − ϕf^′(ϕ)] + f^′(ϕ)_{,μ;ν} − g_{μν} □f^′(ϕ) } + 8πG_N f^′(ϕ)

T_{μν} . (5)

Furthermore, a variation with respect to the scalar field ϕ gives the equation

[R − ϕ] f^{′′}(ϕ) = 0. (6)

It is straightforward to realize that Eqs.(5) coincide with^1 Eqs.(2) on the solution of the last equation, i.e. when R = ϕ, provided that f^{′′}(ϕ) ≠ 0.

This correspondence on shell can be demonstrated to apply also in N dimensions and with a more general higherorder Lagrangian, i.e. for (2n + 4)^{th}−order gravity. In fact, the dynamical equivalence between the higher-order action

S^{gen}_{HO} = 1 16πG_N ∫ d^N x √ −gf(R, □R, ...□^nR) + S_m (7) and the scalar-tensor action S^{gen}_ϕ = 1 16πG_N ∫ d^N x √ −g f(ϕ_i) + n∑ j=0 ( R□^j − ϕ_j ) ∂f ∂ϕ_j + S_m (8)

where ϕ_j are scalar fields, holds true [5] [9] [10].

The next step is to note that the action (4) can be transformed into a general scalar-tensor action, S_{ST} = 1 16πG_N ∫ d^4x √ −g [F (φ)R − Z(φ)g^{μν} ∇_μφ∇_ν φ − 2V (φ)] + S_m, (9) by setting in the latter the identifications:

F (φ) = f^′(ϕ), Z(φ) = 0, 2V (φ) = ϕf^′(ϕ) − f(ϕ).

For completeness, we hereafter report the equations corresponding to the variation of the action (9) with respect to the components of the metric,

G_{μν} = 1 f(φ) { Z(φ) [ ∇_μφ∇_ν φ − 1 2 g_{μν} ∇^σ φ∇_σ φ ] + F (φ)_{,μ;ν} − g_{μν} □F (φ) − g_{μν} V (φ) } + 8πG_N f(φ) T_{μν} , (10)

as well as those obtained by varying with respect to the scalar field,

□φ + 1 2Z(φ) { R dF dφ + ∇^σ φ∇_σ φ dZ dφ − 2 dV dφ } = 0. (11)

As it is well-known, the action integral (9) reduces to the generalized Brans-Dicke one by simply substituting[12] F (φ) = φ, Z(φ) = ω(φ) φ . (12)

1 We must obviously assume that the same type of f function is utilized.

It is useful to stress that in order to obtain the set of equations of motion for any arbitrary higher-order theory, Eqs.(2), one only has to perform the variations with respect to the metric components as no other dynamical degree of freedom is present.

Once this has been clarified, let us skip to the analysis of what happens when we conformally transform a scalartensor and a higher-order gravity Lagrangian. It can be shown [4] [13] that both theories are conformally related to general relativity plus a scalar field. However, one can demonstrate that, while a scalar-tensor theory action is conformally equivalent to the Einstein-Hilbert action plus as many scalar fields as there are in the former action, this is in general no longer true for higher-order theories: these theories are not conformally equivalent to Einstein-Hilbert one. This question is quite subtle and goes more or less like this: when one conformally transforms a higher-order action from the starting frame (referred to as “Jordan frame”) to the final one (called “Einstein frame”), a new dynamical variable appears that does not correspond to any extra degree of freedom in the higher-order theory; contrarily to what happens for the scalar-tensor theories. In fact, the Einstein frame should be interpreted as the conformal transformation of the scalar-tensor theory that turns out to be dynamically equivalent to the considered higher-order theory.

Let us try to be more specific. After performing the conformal transformation that follows [14] [12],

g̃_{μν} ≡ Ω^2(φ)g_{μν} = F (φ)g_{μν} , (_{dψ} dφ )_2

≡^3_4

(_{d ln F (φ)} dφ )_2

+^{Z(φ)}_{2F (φ)} , A(ψ) ≡ Ω^{−1}(φ) = F^{−1/2}(φ), 2U(ψ) ≡ V (φ)F^{−2}(φ), (13)

the action integral (9) takes the form of the Einstein-Hilbert action plus a scalar field S_{Conf T r} = 1 4πG_N ∫ d^4x √ −g [ R̃ 4 − 1 2 g̃^{μν} ∇_μψ∇_ν ψ − U(ψ) ] + S_m [ Ψ_m; A^2(ψ)g̃_{μν} ] , (14)

where the matter term is now non-minimally coupled to the scalar field ψ through the conformal factor A^2(ψ). Note that the new dynamical degree of freedom ψ corresponds to the starting dynamical degree of freedom, i.e. to the scalar field φ.

On the other hand, when we conformally transform the action integral (1) using the conformal factor

Ω^2(φ) = df dR , (15)

the conformal transformation at stake turns out to be defined by the relations

g̃_{μν} ≡ Ω^2(φ)g_{μν} = f^′(R)g_{μν} , ψ = √_3 2 1 8πG_N ln (f ′(R)) , A(ψ) ≡ Ω^{−1}(φ) = [f^′ (R)]^{−1/2} , 2U(ψ) ≡^1_{8πGN}^{Rf ′ (R)−f (R)} f^{′2}(R) ,

(16)

where the prime indicates the derivative with respect to the scalar curvature, R. It appears quite clear that in the present case a scalar field, ψ, materializes in the Einstein frame that does not correspond to any other dynamical degree of freedom in the starting action. Eventually, by varying such a transformed action, we are left with the subsequent set of equations G̃_{μν} = 2∂_μψ∂_ν ψ − g̃_{μν} ∂^σψ∂_σ ψ − 2g̃_{μν} U(ψ) + 8πG_N T̃_{μν} , (17) for the components of the metric tensor and ~□ψ = −4πG_N α(ψ)T̃_{μν} + dU(ψ) dψ (18)

for the scalar field, where α(ψ) ≡ d ln A(ψ) dψ (19) is a function giving the strength of the coupling between the scalar field and the matter/energy source, while T̃ is the trace of the stress-energy tensor^2 back. It is worth stressing that Eqs.(17) and Eqs.(18) are exactly those one would obtain by transforming the Eqs.(10) and (11), respectively.

The procedure and results shown above are generalizable to actions of order greater than the fourth. In this case, the Lagrangian (that is function of R, □R, ..., □^nR) is dynamically equivalent to a scalar-tensor Lagrangian given in terms of (n + 1) scalar fields. It will be this last Lagrangian that is conformally equivalent to general relativity plus (n + 1) scalar fields^3.

To recap, it is always possible to estabilish a dynamical equivalence, i.e. an equivalence at the level of the equations of motion, between arbitrary higher-order theories (at least, if the dependence is on the invariant R and its derivatives of arbitrary order only) and scalar-tensor theories (with a suitable number of scalar fields: to a (2n + 4)^{th}−order gravity theory it corresponds a scalar-tensor theory with (n + 1) scalar fields). Morover, while scalar-tensor theories are conformally equivalent to general relativity plus a scalar field at the very level of the action, this is in general not true for higher-order theories that are only conformally related to general relativity (there are new dynamical degrees of freedom in the Einstein frame that are not present in the starting Jordan frame).

Having this in mind, we can proceed evaluating the PPN parameters γ^{P P N} and β^{P P N} [15] for an f(R) Lagrangian density.

III. THE PPN ISSUE

Following the procedure in [14], one finds that, for a scalar-tensor action integral transformed into the Einstein frame, they are

γ^{P P N} − 1 = −2 α^2 1 + α^2

, (20) and β^{P P N} − 1 = 1 2 α^2 (1 + α^2)^2 dα dψ . (21)

Taking into account the relations (13), we can express these parameters into the Jordan frame. After straightforward algebra, one finds: γ^{P P N} − 1 = − (dF/dφ)^2 ZF + 2(dF/dφ)^2 , (22)

β^{P P N} − 1 = 1 4 F (dF/dφ) 2ZF + 3(dF/dφ)^2 dγ dφ . (23)

We would now like to infer from the relations written above the analogue ones corresponding to a higher-order theory. Remembering the discussion of the previous section, we can reasonably state that the expressions found for the two PPN parameters in the Einstein frame can be safely used also for the higher-order case. Again, using the conformal transformations relations (16), we would find the corresponding expressions for higher-order theories in the Jordan frame. It is worth stressing again that the only possible way of proceeding to deduce the Jordan frame expressions of the PPN parameters γ^{P P N} and β^{P P N} corresponding to a given higher-order theory starting from the PPN Einstein frame relations Eq.(20) and Eq.(21), corresponding to the parameters of its dynamically equivalent scalar-tensor theory, is to firstly go back to the Jordan frame by inserting into Eq.(20) and Eq.(21) the proper conformal transformation relations (13). This leaves us with the two relations (22) and (23). Finally, one has to make the suitable substitutions to pass from the ST results to those pertaining to the f(R) theory.

To this purpose, we have sketched the positions to be used in table I.

2 From the very definition of the stress-energy tensor also valid in the Einstein frame, T̃_{μν} ≡ 2 (δS_m /δg̃^{μν} )/ √ −g̃, it is easy to deduce its relation with its Jordan frame counterpart, T̃_{μν} = A^2(ψ)T_{μν} . As a consequence, the contracted Bianchi identities give us the tensorial relation ~∇_μT̃^μ_ν = α(ψ)T̃ ∇_ν ψ.

3 To be more precise, we can in general define only one scalar field in the Einstein frame which turns out to have a standard kinetic term, while the remaining degrees of freedom in Einstein frame will have non-standard kinetic terms and may also be coupled via the potential [5].

Type Tricks L/ √ −g GST F (φ)R − Z(φ)g^{μν} ∇μφ∇ν φ − 2V (φ) GBD F (φ) ≡ φ, Z(φ) ≡ ω(φ)/φ φR −^{ω(φ)}_φ g^{μν} ∇μφ∇ν φ − 2V (φ) O’H ω(φ) = 0 φR − 2V (φ) ST φ ≡ f^′(ϕ), 2V (φ) ≡ ϕf^′(ϕ) − f(ϕ) f(ϕ) + (R − ϕ)f^′(ϕ) HOT ϕ ≡ R f(R)

TABLE I: In this table, the steps to follow as to go from a generalized scalar-tensor (GST) Lagrangian density, normalized to the square root of the metric determinant, to an f(R) one are indicated. We have indicated, respectively, with GBD the generalized Brans-Dicke, O’H the O’Hanlon, ST the scalar-tensor and HOT the higher-order-type normalized Lagrangian density.

Note that the two positions F (φ) ≡ φ (that implies F^′(φ) = 1) and ω(φ) = 0 (implying that it is also Z(φ) = 0), immediately impose the very well-known result γ^{P P N} = 1/2. By the way, forgetting for a while these results and considering the positions F (φ) ≡ φ ≡ f^′(ϕ) and ϕ ≡ R, one obtains the following expressions for the two considered PPN parameters: γ^{P P N} − 1 = − [f^{′′}(R)^{dR}_{dφ} ]^2 Zf^′(R) + 2[f^{′′}(R)^{dR}_{dφ} ]^2

, (24) and β^{P P N} − 1 = 1 4 f^′(R)f^{′′}(R)^{dR}_{dφ} 2Zf^′(R) + 3[f^{′′}(R)^{dR}_{dφ} ]^2 dγ^{P P N} dR dR dφ (25)

= 1 4 f^′(R)f^{′′}(R)^{dR}_{dφ} 2Zf^′(R) + 3[f^{′′}(R)^{dR}_{dφ} ]^2 Zf^{′′}(R) { [f^{′′}(R)]^2 − 2f^′(R)f^{′′′}(R) } { Zf^′(R) + 2[f^{′′}(R)^{dR}_{dφ} ]^2

}_2 . (26)

These equations resembles those found in [16]. Precisely, it is worth stressing that they can not ever be made equal to them, because there does not exist a unique choice for the fields Z and φ that reduces both expressions to those found in [16].

Remark. Hitherto, we have stressed that in the subtle question concerning how to pass from a higher-order action integral in the Jordan frame to its Einstein-Hilbert counterpart in the Einstein frame, one must remember that there is an almost hidden passage: as a matter of fact, we have seen that one always first pass through the dynamically equivalent scalar-tensor action.

Among other things, this implies that the way back from the PPN parameters in the Einstein frame, Eq.(20) and Eq.(21), to the right ones for a higher-order theory in the Jordan frame cannot be obtain by directly inserting into Eq.(20) and Eq.(21) the conformal transformations, e.g. Eqs.(16) for the special case of an f(R) theory.

As a counterproof of such a thing, one can try and perform the substitution. After a straightforward algebra, one would find that α(ψ) = − 1 2 √ 16πG_N 3 , (27)

whence it is immediate to deduce that γ^{P P N} − 1 = − 8πG_N 3 + 4πG_N

, (28)

a result that is far from being feasible.

IV. PPN PARAMETERS AND THE MASS OF THE SCALAR FIELD

In this section, we aim at rewriting the γ and β PPN parameters in terms of the mass of the scalar field for a general Brans-Dicke theory.

As pointed out in [2] and [17], the question of the mass of the scalar field is a subtle one. In particular, following [17], we have that the field φ that appears in the action integral of the general Brans-Dicke theory, S_{BD} = 1 16πG_N ∫ d^4x √ −g [ φR − ω(φ) φ g^{μν} ∇_μφ∇_ν φ − V (φ) ] + S_m, (29)

satisfies the equation □φ = 1 3 + 2ω(φ)

[8πGT + φV^′(φ) − 2V (φ)] , (30)

where T is the trace of the matter/energy stress-energy tensor and the prime stands for derivative with respect to the φ field. Eq.(30) can be immediately recast into a Klein-Gordon one, by the introduction of an effective potential V_{ef f} (φ) such that dV_{ef f} (φ dφ = 1 3 + 2ω(φ)

[φV^′(φ) − 2V (φ)] , (31)

so that Eq.(30) becomes □φ − dV_{ef f} (φ dφ = 8πGT 3 + 2ω(φ)

. (32)

Then, an effective mass, m_φ, can be introduced as follows:

m^2_φ .= d^2V_{ef f} dφ^2 = 1 3 + 2ω(φ)

(φV^{′′} − V^′). (33)

Once this has been done, we can rewrite the γ and β PPN parameters in terms of the effective mass of the scalar field φ and the shape of the potential V (φ). To this aim, we remember that for a Brans-Dicke action the γ and β PPN parameters read [15] γ = 1 + ω(φ) 2 + ω(φ)

, (34) and β = 1 + dω dφ 1 (3 + 2ω(φ))^2(4 + 2ω(φ) φ_0 , (35)

where note that the β parameter is evaluated in φ_0 that is the today value of the scalar field far from the system we are studying (and to which we are applying the post-Newtonian limit), as determined by suitable cosmological boundary conditions [15].

From the definition of the effective mass, Eq.(33), we can deduce the expression of the ω(φ) parameter ω(φ) = 1 2m^2_φ (φV^{′′} − V^′) − 3 2 , (36)

which, once introduced into the two relations (34) and (35), gives

γ = 1 −

2m^2_φ φV^{′′} − V^′ + m^2_φ

, (37) and β = 1 + { m^3_φ [ m_φφV^{′′′} − 2m^′_φ(φV^{′′} − V^′) ] (m^2_φ + φV^{′′} − V^′)(φV^{′′} − V^′)^2 } φ_0 , (38)

that are the sought expressions.

Note that from them it is immediate to deduce that if the scalar is very light (i.e. m_{ef f} (φ) → 0), which means that φ represents an infinite range interaction, the PPN framework can be strictly applied and, in this case, we obtain the values γ = 1 and β = 1, in agreement with the observation [15]. Whereas, if the scalar field is very heavy (i.e. m_{ef f} (φ) → ∞), then the range of the interaction is microscopic and the scalar field is suppressed, so that the theory is essentially undistinguishable from general relativity.

V. CONCLUSIONS

We reviewed the issue of the dynamical equivalence between f(R) and scalar-tensor theories, in order to point out how the field equations for scalar-tensor theories reduce to f(R) field equations, working in the metric formalism. On exploiting this equivalence, we gave expressions of the PPN parameters γ and β for a general f(R) theory which are not the same as those available in the literature. Furthermore we give explicit expressions of these paremeters in terms of the mass of the scalar field, and showed that if the mass of the scalar field is very light, values of these parameters that are in agreement with observations are obtained; on the other hand, if the scalar field is heavy, the scalar field is essentially suppressed, and the predictions of the theory are undistinguishable from general relativity.

[1] S. Capozziello , M. Francaviglia, [arXiv:0706.1146] (2007) [2] T. Sotiriou and V. Faraoni, [arXiv:0805.1726] (2008) [3] P. Teyssandier and P. Tourrenc, J. Math. Phys. 24, 2793 (1983) [4] G. Magnano, M. Ferraris and M. Francaviglia, Gen. Rel. Grav. 19, 465 (1987) [5] D. Wands, Class. Quant. Grav. 11, 269 (1994) [6] E. E. Flanagan, Phys. Rev. Lett. 92, 071101 (2004) [7] G. J. Olmo, Phys. Rev. D 72, 083505 (2005) [8] T. Sotiriou, Class. Quant. Grav. 23, 5117 (2006) [9] S. Cecotti, Phys. Lett. B 190, 86 (1987) [10] E. E. Flanagan, Class. Quant. Grav. 21, 417 (2003) [11] H. A. Buchdahl, Mon. Not. Roy. Soc. 150, 1 (1970) [12] G. Esposito-Farse and D. Polarski, Phys. Rev. D 63, 063504 (2001) [13] K. Maeda, Phys. Rev. D 39, 3159 (1988) [14] T. Damour and G. Esposito-Farese, Class. Quantum Grav. 9, 2093 (1992) [15] C. M. Will, Theory and Experiment in Gravitational Physics, Cambrigde University Press (New York, 1981) [16] S. Capozziello and A. Troisi, Phys. Rev. D 72, 044022 (2005) [17] V. Faraoni, Class. Quantum Grav.26, 145014 (2009)