arXiv:0910.1112v1 [gr-qc] 6 Oct 2009

WEYL CONFORMAL GRAVITY: MANNHEIM-KAZANAS SOLUTION

Amrita Bhattacharya,^{1,2,a} Alexey Panchenko,^{3,b} Massimo Scalia,^{2,c} Carlo Cattani,^{2,4,d} and Kamal K. Nandi^{1.3,5,e}

1Department of Mathematics, University of North Bengal, Siliguri 734 013, India 2Dipartimento di Matematica, Istituto “G.Castelnuovo”, Università La Sapienza, P.le Aldo Moro, 2, Rome, Italy 3Joint Research Laboratory, Bashkir State Pedagogical University, Ufa 450000, Russia 4DiFarma, Università di Salerno, Via Ponte Don Melillo, 84084 Fisciano, Salerno, Italy 5Department of Theoretical Physics, Sterlitamak State Pedagogical Academy, Sterlitamak 453103, Russia

aEmail: amrita 852003@yahoo.co.in bEmail: alex.souljaa@gmail.com cEmail: Massimo.Scalia@uniroma1.it dEmail: ccattani@unisa.it eE-mail: kamalnandi1952@yahoo.co.in

PACS number(s): 04.50.1h, 04.20.Cv

Abstract

In this paper, we first point out certain interesting features of the Mannheim- Kazanas solution of Weyl conformal gravity. Next, we adopt the viewpoint that physical effects in Weyl gravity should be determined by the combined effect of both the constants γ and k appearing in the solution, and not by γ alone. This idea is supported by the effect of tidal forces as well as by the required stability of circular orbits of massive particles. To deal with massless particles, we employ the Rindler-Ishak method for calculating the bending of light rays up to second order, which at once reveals the exact Schwarzschild terms as well as the combined effect of γ and k. The enhanced light bending in the attractive halo gravity then provides a positive lower bound for γ. A certain reported discrepancy in the literature is also resolved. It turns out that even the first order light bending is modified by Weyl gravity. This is a new effect though too minuscule to be observed at present.

————————————————————-

I. Introduction Predictions from Einstein’s general relativity theory (EGRT) have been nicely confirmed within the weak field regime of solar gravity and binary pulsars. Cosmological observations have also confirmed the EGRT prediction of ∼ 3^0K temperature of the Cosmic Microwave Background Radiation (CMBR). The theory has also led to many other exciting possibilities ranging from gravitational lensing [1], gravitational radiation [2] all the way to objects like wormholes [3,4], time machines and kinks [5]. Despite the fact that a full theory of quantum gravity is yet to appear, classical EGRT continues to remain as one of the cornerstones of modern physics.

However, it must be said in all fairness that even within the ambit of classical EGRT, there exist serious challenges. Some of the possibilities mentioned above are too speculative and lack conclusive evidence. A prominent challenge is posed by the so called dark matter problem (variantly called dark matter paradigm). Observations of flat rotation curves in the galactic halo still lack a universally accepted satisfactory explanation. The most widely accepted explanation, based on EGRT, hypothesizes that almost every galaxy hosts a large amount of nonluminous matter, the so called gravitational dark matter [6], consisting of unknown particles not included in the particle standard model, forming a halo around the galaxy. This dark matter provides the needed gravitational field and the required mass to match the observed galactic flat rotation curves. Almost 85% of matter in each galaxy and 23% of total matter in the Universe consist of attractive dark matter. On the other hand, cosmological observations of Type Ia supernova suggest that the Universe is currently accelerating. The most widely accepted explanation is that the 3−geometry is flat with the acceleration being caused by the cosmological constant leading to the hypothesis of repulsive dark energy that accounts for 73% of matter in the Universe. So we learn that gravity has two faces, one attractive and the other repulsive though the exact material composition of either the dark matter or dark energy is yet far too unknown. All these seem more like problems than solutions arising out of fitting EGRT to new observations.

Has EGRT been stretched too far into totally inhospitable terrains? We do not know but what we guess is that those extrapolations are largely prompted by the successes of EGRT in the weak field regime of solar gravity. Certainly we don’t want to give them away. Therefore, it is reasonable to explore alternative theories, such as Modified Newtonian Dynamics (MOND) [7,8] or Weyl conformal gravity that keep intact the weak field successes of EGRT but still attempt to resolve the dark matter/dark energy problem without hypothesizing them. By itself, Weyl conformal gravity, despite having its share of woes, is quite general and elegant too, because it is based on the conformal invariance with an associated 15−parameter largest symmetry group.

An interesting solution in this theory is the Mannheim-Kazanas (MK) metric [9] that has successfully interpreted galactic flat rotation curves without invoking the elusive dark matter. The analysis by MK of the flat rotation curve data fixes a positive γ. However, since the full metric contains not only γ but also another constant k, it is natural to expect that the physical effects arise from a compromise of the effects associated with the two constants rather than the effect of γ alone. In the present paper, we shall adopt this idea, which is also quite consistent with the suggestion of Mannheim that unlike the situation in the standard theory, the conformal gravity metric is not asymptotically flat. Observable effects thus cannot be treated as though it is due to an isolated point source. Rather it is a many-body effect involving the linear potentials of all the other galaxies in the universe as well. We can assume that the effects of all the other galaxies in the universe are summarized in the constant k, which is responsible for cosmic repulsion.

The purpose of the present article is to first point out some special features of the MK solution. Next, we impose the physical condition that a static spherically symmetric gravity field must admit stable circular orbits just as does the Schwarzschild gravity. This condition is realistic because probe particles are executing stable circular motion in the galactic halo [10]. And thirdly, following a new method, we shall calculate the bending of light rays to second order. As a byproduct, we discover a new effect of Weyl gravity right in first order bending of light.

The contents are organized as follows: In Sec.II, we describe certain special features of the MK solution. Sec.III discusses the viewpoint adopted in this paper. In Sec.IV, we carry out the stability analysis of circular orbits. In Sec.V we calculate the bending of light rays up to second order following the Rindler- Ishak method [11] and advance a new effect. Sec.VI concludes the paper.

II. Special features of the MK solution The Weyl action is given by S = α_g ∫ d^4x(−g)^{12} C_{λμνκ}C^{λμνκ}, (1) where C_{λμνκ} is the Weyl tensor, α_g is the dimensionless gravitational coupling constant. Variation of the action with respect to the metric gives the field equations (−g)^{− 12} δS/δg_{μν} = −2α_gW^{μν} = −T^{μν} /2, (2) where W^{μν} is given by

W^{μν} = g^{μν} (R^α)^{;β}_{;β} /2 + R^{μν;β}_{;β} − R^{μβ;ν}_{;β} − R^{νβ;μ}_{;β} − 2R^{μβ}R^ν_β (3)

+ g^{μν} R_{αβ} R^{αβ} /2 − 2g^{μν} (R^α)^{;β}_{;β} /3 + 2 (R^α)^{;μ;ν} /3

+ 2R^αR^{μν} /3 − g^{μν} (R^α)^2 /6.

We can immediately confirm that the Schwarzschild R^{μν} = 0 solution is indeed an exterior solution to the theory so that the successes of solar system tests are already embedded into Weyl gravity.

An interesting solution of the field equations is the MK metric given by [9] (vacuum speed of light c_0 = 1, unless restored):

dτ^2 = B(r)dt^2 − 1 B(r) dr^2 −r^2(dθ^2+sin^2 θdφ^2), B(r) = 1− 2M r +γr−kr^2, (4) where k and γ are constants. The numerical value of k ≈ 10^{−56}cm^{−2}, and γ has been determined from flat rotation curves to be positive, of the order of the inverse Hubble length [9].

We shall point out certain particularly interesting features of the MK spacetime, possibly unnoticed heretofore. To this end, we calculate the tidal forces experienced by a freely falling observer in this spacetime. The differential of the radial tidal acceleration Δa^r in the static orthonormal frame (^e_{t,}^e_{r,}^e_{θ,}^e_φ) is given by Δa^r = −R_{^r^t^r^t}ξ^r, (5) where ξ^r is the radial component of the separation vector and the curvature tensor component is R_{^r^t^r^t}. This component is invariant under a Lorentz boost with a velocity v [3,12]. For the metric given by Eq.(4), we find in the freely falling orthonormal frame (^e_0′_,^e_1′_,^e_2′_,^e_3′ ) the following expression R_{^1}′_{^0}′_{^1}′_{^0}′ = R_{^r^t^r^t} = k + 2M r^3

. (6)

Our first observation is that neither v nor γ does appear in this curvature component. This implies that the radial stretching of the traveller is unaffected by its geodesic motion or by the presence of a nonzero γ.

Likewise, the lateral tidal forces in the Lorentz boosted frame of the particle are [12] R_{^2}′_{^0}′_{^2}′_{^0}′ = R_{^θ^t^θ^t} + ( v^2 1 − v^2 ) (R_{^θ^t^θ^t} + R_{^θ^r^θ^r}) (7) R_{^3}′_{^0}′_{^3}′_{^0}′ = R_{^φ^t ^φ^t} + ( v^2 1 − v^2 ) (R_{^φ^t ^φ^t} + R_{^φ^r ^φ^r}). (8) Spherical symmetry implies R_{^θ^t^θ^t} = R_{^φ^t ^φ^t} and R_{^θ^r^θ^r} = R_{^φ^r ^φ^r}. Plugging in the relevant expressions, we obtain

R_{^2}′_{^0}′_{^2}′_{^0}′ = R_{^3}′_{^0}′_{^3}′_{^0}′ = −k + M r^3 + γ 2r . (9)

Our second observation is that, because of the special cancellation, R_{^φ^t ^φ^t} + R_{^φ^r ^φ^r} = 0, the velocity v does not appear in the Lorentz boosted lateral components as well. In other words, all the curvature components are Lorentz invariant. The common belief so far has been that such special cancellation occurs only in the Schwarzschild-de Sitter (SdS) or Reissner-Nordström metric. Here we see that though the exact MK metric is different from those metrics, similar cancellation occurs. This implies that there is no excess in curvature (over the static curvature) in the freely falling frame, suggesting that a freely falling test particle remains completely unscathed by the excess tidal forces generated by geodesic motion. On the other hand, such excesses do occur in many other types of known metrics calling into re-discussion the Cosmic Censorship Conjecture (CCC) [12]. Clearly, the MK metric does not challenge the CCC.

We further note that all the curvatures tend to k as r → ∞ (asymptotically de Sitter) despite the fact that the metric has also a term γr lurking in it.

This is understandable as kr^2 grows faster with r than the competing term γr, which translate in terms of curvature in a manner we see in Eqs(6),(9) above: The r−dependent terms die off with increasing r. We note that k and γ both appear in Eq.(9), acting oppositely and determining the physical effect of the lateral tidal force. This exact result primarily justifies that physical effects must be determined only by the combined effect of the two constants k and γ.

Our third observation is the following. In the light orbit equation, k surprisingly cancels out. In general, using u = 1/r, we get the following path equation for a test particle of mass m_0 on the equatorial plane θ = π/2 as follows:

d^2u dφ^2 = −u + 3Mu^2 − γ 2 + M h^2 + 1 2h^2u^2 ( γ − 2k u ) , (10)

where h =^{U3}_{m0} , the angular momentum per unit test mass. For photon, m_0 = 0 ⇒ h → ∞ and one ends up with the equation without k making its appearance: d^2u dφ^2 = −u + 3Mu^2 − γ 2 . (11)

In the SdS metric, such a cancellation has been noted for long. The cosmological constant Λ does not appear in the light path differential equation and hence it is believed that Λ does not influence light bending [13-18]. Here we find that the cancellation of k occurs despite the presence of γ in the metric. Exactly as in the SdS case, one would now expect that the bending of light would be the same, to any order, with or without k. However, Rindler and Ishak [11] have shown that this need not be the case. They argued that ”the differential equation and its integral are only half the story. The other half is the metric itself, which determines the actual observations that can be made on the r, φ orbit equation. When that is taken into account, a quite different pictures emerges: the cosmological constant Λ does contribute to the observed bending of light.” We shall talk about it again in Sec.V.

III. The viewpoint Mannheim [19] argued in the following manner: Erect a cartesian coordinate system x = r sin θ cos φ, y = r sin θ sin φ, z = r cos θ − R at the surface of the source, then with z being normal to the surface, to lowest order in x/R, y/R, z/R, MG/c^2_0R (= gR/c^2_0) and γR, the line element (4) takes the form

dτ^2 = [1 − a(z)] c^2_0dt^2 − dx^2 − dy^2 − [1 + a(z)] dz^2 − b (xdx + ydy) dz, (12)

where a(z) = 2g(R − z)/c^2_0 − γ(R + z) and b = 4g/c^2_0 − 2γ. For trajectories for which the initial velocity v is in the horizontal x-direction, the geodesic equations associated with the metric (4) take the form (the dot denotes differentiation with respect to the proper time τ for massive particles or with respect to an affine parameter for massless ones) .. t = 0,^{..}x = 0,^{..}y = 0,^{..}z + 2(g − γc^2_0/2)v^2/c^2_0 + g + γc^2_0/2 = 0. (13)

Thus in the non-relativistic v = 0 case the motion is described by .. z + g + γc^2_0/2 = 0, (14) while in the relativistic v = c_0 case it is instead described by .. z + 3g − γc^2_0/2 = 0. (15)

It is evident that the effect of the γ term is actually opposite in those limits, with positive γ leading to attraction for slow moving particles but to repulsion for the fast moving ones. Thus, it was argued that a potential being attractive for non-relativistic motions does not in and of itself mean that it must therefore also be attractive for light, with the v^2/c^2_0 type terms not only modifying the magnitude of the effect of gravity, but even being able to modify the sign of the effect as well. These arguments are correct so far as one considers only a first order metric approximation in R, keeping γR alone in (4). But then it leads to light rays feeling repulsive gravity in the halo, which is in direct conflict with observation. Therefore we think it is necessary that the full metric be considered for any physical conclusion about actual observations.

As already mentioned, we shall adopt the viewpoint that a single isolated point mass has a different meaning in Weyl gravity because the metric (4) is not flat in the asymptotic limit. Hence, at large distances, there is no reason to stop only at +γr and ignore −kr^2 in the metric, especially when they can be of similar orders of magnitude. Physical effects due to a point source must therefore be determined only through a compromise between γ operating on the galactic halo scale and k operating on the cosmological scale. Even though k does not manifestly appear in the light path equation as we already saw, its effect on stability and bending will still appear via the metric itself. Within this viewpoint, the conclusions based on γ alone, such as from Eqs.(14),(15), are not of relevance. Our interest is to consider the metric (4) per se keeping both γ and k in their full glory.

In the next section, we analyze the stability of circular orbits, and then we shall consider the bending of light to view the relative effects of k and γ.

IV. Stability of circular orbits in the galactic halo The dynamical orbit equation for a massive test particle (rest mass m_0 ≠ 0) on the equatorial plane θ =^π_2 , is given by g_{μν} U^μU^ν = m^2_0, which yields ( dr dt )_2 = B^2 − ( U^2_3 U^2_0 ) B^3 r^2 − ( m^2_0 U^2_0 ) B^3. (16)

In the above U^μ =^{dxμ}_{dp} is the 4-velocity, dτ = m_0dp (The advantage is that for light motion, m_0 = 0 but dp ≠ 0). The constants are

U_0 = B dt dp , U_3 = −r^2 dφ dp . (17)

The condition for circular orbits follow from Eq.(16), namely, that the expression on the right hand side and its first derivative with respect to r must vanish at r = R. These conditions yield the values of the conserved quantities:

m^2_0 U^2_0 = R(2R + γR^2 − 6M) 2[2M + R(kR^2 − 1 − γR + γR)]^2

(18)

U^2_3 U^2_0 = 2MR + R^3(γ − 2kR) 2[1 − 2M/R − kR^2 + γR]^2

. (19)

Taking the derivative twice with respect to r of the right hand side of the Eq.(16) and then putting in the above values of constants, denoting the result as the second derivative of the ”effective potential” V , we get V^{′′} ≡ d^2V dr^2 |_{r=R} = 1 R^4

[12M^2 − 2MR(1 − 6γR + 15kR^2) + R^3(8kR − 3γ − γ^2R + 3kγR^2)].

(20)

Quite evidently, the relevant expressions for the stability of material circular orbits, especially V^{′′}, contain the effects of both k and γ. For stable circular orbits, the right hand side of Eq.(20) must be negative.

We notice that V^{′′} = 0 at the value γ = γ_{0±} given by

γ_{0±} = −

(3R^3 − 12MR^2 − 3kR^5) ± R^2 √ P 2R^4

, (21)

where P = 192M^2 − 80MR + 9R^2 − 48kMR^3 + 14kR^4 + 9k^2R^6. The value of γ_{0±} and its extrema depend on k. For small nonzero positive values of k, we see that the extrema correspond to R ≃ 8M, where γ_{0±} has minima with values γ^{min}_{0−} = −0.0053M^{−1} and γ^{min}_{0+} = −0.182M^{−1}. These are just the minima; nothing prevents γ to assume values higher than these, all that we have to do is to check the sign of V^{′′} for those values. Essentially, γ and k can be independently chosen in V^{′′} of Eq.(20). It can be graphically seen that for γ > 0, and for a choice of a small k, there occurs a change of sign in V^{′′} only at R ≃ 6M. It then follows that V^{′′} < 0, or a stable circular orbit for any R > 6M. This is what we get in Schwarzschild gravity too. On the other hand, for γ < 0, change of sign in V^{′′} occurs not only at R ≃ 6M but, depending on the values of k, also at two other finite radii R_1, R_2 >> 6M at which the circular orbits begin to become unstable. For simple illustration, with γ = −10^{−5}M^{−1}, k = 10^{−11}M^{−2}, one obtains from Eq.(20) the inflexion points (V^{′′} = 0) at R_1 = 257.29M and R_2 = 3 × 10^5M. But for R_1 < R < R_2, one finds that V^{′′} > 0, or unstable orbits. There no physical ground as to why such instabilities occur in that finite interval, while elsewhere there is stability. Therefore, a negative γ must be ruled out leading to the conclusion of only γ > 0 for stable circular material orbits. However, it is well to remember that, since the sign of V^{′′} depends on independent choices of both γ and k, their values can also be such as to upset the stability. Fortunately, physical values of these constants are small enough so that the stability is preserved.

Now let us consider circular orbits of massless particles (m_0 = 0). From Eq.(18), we find that the two roots of 2R + γR^2 − 6M = 0 provide two circular radii given by

R_+ =

−1 + √ 1 + 6Mγ γ ≈ 3M + O(γ), (22)

R_− = −1 − √ 1 + 6Mγ γ ≈ −3M − 2 γ + O(γ). As expected, k does not appear in the above expressions but it does appear in V^{′′}, so let us take, again for illustration, γ = −10^{−5}M^{−1} and some small value of k, say k = 10^{−11}M^{−2}. These give a small radius R_+ ≃ 3M and a large radius R_− ≃ 2 × 10^5M. Eq.(20) then yields^{d2V}_{dr2} |_{r=R−} = 4.9 × 10^{−11} > 0, indicating that the large orbit is unstable. When γ = 10^{−5}M^{−1}, we get R_+ ≃ 3M but R_− ≃ −2×10^5M, the latter being negative is physically meaningless. The orbit at R_+ = 3M is already unstable. If we alter the values of γ and k keeping them small, we notice that similar patterns follow. Therefore there are no stable circular light orbits in the MK metric at all and the criterion of stability is unusable for drawing any conclusions about γ and k.

The question therefore remains essentially open: Is there any other way by which we can see the roles of γ and k in light orbits? Effect of the bending of light rays seems to give a definitive answer.

V. Light bending in the MK metric Although the MK metric is different from the SdS metric, we shall show that the influence of k still appears in the bending provided the calculations are done using the Rindler-Ishak method. Thus the light path equation (11) in the zeroth order is d^2u_0 dφ^2 + u_0 = 0, (23)

where u_0 = u_0 +^γ_2 . The solution of Eq.(23) is a straight line u_0 =^{cos φ}_R parallel to x-axis, where R is the distance of closest approach to the origin (just perpendicular distance). Following the method of small perturbations [20], we derive the solution up to second order in M^2 as u = 1 r = cos φ R + 3M 2R^2

(1 − 1 3 cos 2φ) +

3M^2 16R^3

(20φ sin φ + cos 3φ + 22 cos φ). (24)

Assuming that u → 0 for φ →^π_2 − φ, the solution can be rewritten as 1 r = sin φ R + 3M 2R^2 (1+ 1 3 cos 2φ)+

3M^2 16R^3

[10(π−2φ) cos φ−sin 3φ+22 sin φ)]. (25)

The method of Rindler and Ishak [11] is based on the invariant formula for the cosine of the angle ψ between two coordinate directions d and δ such that

cos ψ = g_{ij} d^iδ^j (g_{ij} d^id^j )^{1/2}(g_{ij} δ^iδ^j )^{1/2}

. (26)

Differentiating Eq.(25) with respect to φ, and denoting^{dr}_{dφ} = A(r, φ), we get A(r, φ) = r^2 16R^3

[2(16MR sin φ − 3M^2 − 8R^2) cos φ (27)

+ 3M^2 {3 cos 3φ + 10(π − 2φ) sin φ}].

Eq.(26) then yields cos ψ = |A| [A^2 + B(r)r^2]^12

, (28)

or in a more convenient form

tan ψ = B^{1/2}r |A| . (29)

When φ = 0, we get from Eq.(25) r = 16R^3 32MR + 30πM^2

, (30)

and putting this value in Eq.(27), we get |A| = 16R^3(3M^2 − 16R^2) (32MR + 30πM^2)^2

. (31)

The one sided bending angle is given by ϵ = ψ−φ and let us calculate ϵ = ψ = ψ_0 when φ = 0. Putting the values from Eqs.(30),(31) in Eq.(29), we get

tan ψ ≃

M(15πM + 16R) 8R^2 ( 1 + 3M^2 16R^2 ) [ 1 − M^2(15πM + 16R)

8R^3

(32) + 4γR^3 15πM^2 + 16MR − 32kR^6 3M^2(15πM + 16R)^2 ] . Expanding in powers of M in second order for a small angle ψ_0 (or, tan ψ_0 ≃ ψ_0), we obtain the following expression:

ψ_0 ≃ 2M R ( 1 + 15πM 16R − kR^4 24M^2 + γR^2 4M + 3γM 64 ) . (33)

The roles of γ and k are quite evident in the above. We find exactly the same negative contribution to bending due to k as in Ref.[11] as well as the exact first and second order Schwarzschild terms in (_M R ) derived by Bodenner and Will [20]. The result shows that the effect of k does influence the bending although the trajectory equation (11) does not contain k. It is exactly here that Mannheim’s suggestion takes a concrete shape via the effect of k, which has been possible only by using the metric itself. In this sense, his suggestion finds an echo in the Rindler-Ishak idea of the ”other half of the story” told by the metric.

There is also a contribution to bending from γ, which is the same as that obtained by Edery and Paranjape [21] except for a sign mismatch. [They obtain a total deflection 2ψ_0 =^{4M}_R − γR.] We see from Eq.(33) that the effect of γ is opposite to that of k. A positive k implies repulsive gravity thus diminishing the bending angle whereas by observation halo (dark) matter has attractive gravity, and we expect an increase in the bending angle. Thus the combined contribution of γ and k should be to enhance the bending, thereby imitating the effect of halo gravity, if the following condition is satisfied: − kR^4 24M^2 + γR^2 4M > 0 ⇒ γ > kR^2 6M . (34)

This lower bound is an important result of our paper, which is also quite consistent with the rotation curve data giving γ > 0.

Next, we notice an entirely new effect: The last term in Eq.(33) contains a coupling between γ and M giving rise to a dimensionless factor^{3γM}_{64} that adds a constant to unity. This leads to a Weyl gravity modification to the observed first order bending itself. To get an idea of the magnitudes involved, let α arcsec be the total first order bending in the solar gravity. Then α = 4M R ( 1 + γ_0 2 ) ( 1 + 3γM 64 ) ⇒ γ = 64 3M ( αR 4M 2 1 + γ_0 − 1 ) , (35)

where γ_0 is the first post-Newtonian parameter. The prediction from EGRT gives α =^{4M}_R = 1.7504 arcsec. Putting this in the above, we get γ = 64 3M ( 2 1 + γ_0 − 1 ) . (36)

Assuming γ ≈ 10^{−28}cm^{−1} and the solar mass to be M ≃ 3 × 10^5cm, we get a value γ_0 ≈ 1 − 1.5 × 10^{−25}. Currently estimated value is γ_0 = 2 × (0.99992 ± 0.00014) − 1 [22], which is close to 1 up to an accuracy of 10^{−4}. Note that the second post-Newtonian correction demands an accuracy of the order of 10^{−6} but its measurement is already beset with some technical difficulties though not unsurmountable (see Refs.[20,22,23]). Naturally, the accuracy of 10^{−25} demanded by the matching of γ from the rotation curve data with that from solar gravity is technologically unattainable even in the far future.

VI. Conclusions Weyl conformal gravity accommodates the successes of Schwarzschild gravity and possesses other attractive features. Naturally, one would like to study the light and material motions in it. A particularly interesting solution for this purpose is the one given by Mannheim and Kazanas [9]. We pointed out in Sec.II some of its remarkable features, perhaps yet unknown: The radial tidal acceleration measured by a freely falling observer in his/her orthonormal frame does not contain the MK parameter γ. Despite the presence of γ, all curvature components remain invariant under Lorentz boost due to special cancellation among them, a property shared by some celebrated spacetimes as well. And finally, the constant k cancels out of the light orbit equation even though γ ≠ 0, the latter fact distinguishing the MK metric from the SdS metric. Because of this cancellation, there is a prevailing belief that the bending of light ray is unaffected by k. This need not be the case as shown recently by Rindler and Ishak [11].

In Sec.III, we argued that the physical observables due to a point source must be determined only through a compromise between γ operating on the galactic halo scale and k operating on the cosmological scale, and not by γ alone. A primary demonstration of the combined effect already appeared in the lateral tidal forces measured by a freely falling observer [Sec.II, Eq.(9)]. In Sec.IV, it was shown that material stable circular orbits are possible if γ > 0 and k > 0 are independently chosen in such a way that V^{′′} < 0. Stability can however be spoilt if γ and k are not chosen suitably. There is no stable circular motion of light in the MK metric and hence the condition of stability cannot fix any relation between γ and k.

In view of the above scenario about light motion, we looked in Sec.V for the effect of γ and k on the bending of light rays following the method of Ref.[11]. The result not only yielded the exact Schwarzschild terms up to second order as obtained by Bodenner and Will [20], but also yielded the exact k− dependent term −^{kR4}_{24M 2} as obtained by Rindler and Ishak [11] (with the constant k replacing the cosmological constant Λ.) Quite logically, therefore, the derived γ− dependent effects ( +^{γR2}_{4M} +^{3γM}_{64} ) should be the right ones too. We find that the k and γ− dependent effects on bending are opposite to each other. The effect of k diminishes bending due to repulsive gravity while the effect of γ increases the bending due to observed attractive halo gravity. The combined effect can still lead to an increase in the light bending angle imitating the effect of attractive halo gravity provided the inequality (34) is maintained.

Analyzing the rotation curve data, MK found the value of γ proportional to inverse Hubble length. With this size, we find that the last term in Eq.(33) contributes a minuscule correction to the first order Schwarzschild bending itself. This is a new effect from Weyl gravity that not only allows an alternative determination of γ but also allows a verification of the same obtained in other ways. Unfortunately, the detection of the effect at the present level of technology is out of question.

Edery and Paranjape [21] obtained the correction to total Schwarzschild deflection as −γR that is numerically the same as in Eq.(33) but with a negative sign. They followed the well known standard method (e.g., that in Weinberg [23]) of direct integration of the light path equation from which k cancelled out. [This cancellation is only expected, see Eq.(11).] The calculation of deflection of light by galaxies and clusters further yielded a negative value for γ, which then made −γR positive giving rise to an increase in the deflection on large distance scales imitating the effect of attractive dark matter. However, the negative value of γ is in contradiction with the positive value of γ obtained from the fit of the flat rotation curve data, which is reported as a discrepancy by Edery and Paranjape. But if one takes Eq.(33) with k = 0, then the total deflection in the first order would be 2ψ_0 =^{4M}_R + γR. This value would lead to alteration of the so called “Weyl radius” by a change γ → −γ [in their Eq. (24)]. With the altered radius, eventually, the numerical value of γ obtained from the calculation of deflection of light by galaxies and clusters in Ref.[21] would be positive, coinciding with the result from flat rotation curve data. In this manner, the discrepancy can indeed be resolved.

A difficulty still remains: Although in both the above ways the final bending is an enhancement corroborating observed attractive halo gravity, this attraction is in conflict with the prediction of Eq.(15) about light feeling repulsion in the halo due to a positive γ. This conflict is irreconciliable if one sticks to the effect caused by γ alone, which we do not advocate on the grounds discussed earlier. According to our approach that takes into account only the combined effect, the conflict simply does not appear - one can have a positive γ as well as an attractive halo gravity.

We wish to emphasize that there is nothing wrong either with the method or with the calculation of light bending by Edery and Paranjape [21] as they stand. The point is that all the known textbook methods (Weinberg’s included) and the Rindler-Ishak method yield identical results when used in asymptotically flat spacetimes. The Rindler-Ishak method is particularly adaptable to asymptotically non-flat spacetimes such as the SdS (see Ref.[11] for detailed consideration of the non-flat asymptotic geometry) or MK solution. This method should be preferred because it tells us more: It produces the well known Schwarzschild bending and not only in the first order, allows the combined effect to lead to enhanced light bending in the halo, and most interestingly predicts a new contribution (though too minuscule) to the first order bending itself. These results certainly lend credibility not only to the Rindler-Ishak method but to the Weyl gravity itself.

Acknowledgment One of us (AB) wishes to thank the authorities of the Università La Sapienza, Roma, for financial support during the project work. KKN and AP wish to thank Guzel N. Kutdusova for technical assistance. We thank an anonymous referee for pointing out several important points.

References [1] The literature is vast. To mention only a few, see: P. Schneider, J.

Ehlers, and E.E. Falco, Gravitational Lenses (Springer-Verlag, Berlin, 1992); S. Frittelli, T.P. Kling, and E.T. Newman, Phys. Rev. D 61, 064021 (2000); K.S. Virbhadra and G.F.R. Ellis, Phys. Rev. D 62, 084003 (2000); V. Bozza, Phys. Rev. D 66, 103001 (2002); E.F. Eiroa, G.E. Romero, and D.F. Torres, Phys. Rev. D 66, 024010 (2002); A. Bhadra, Phys. Rev. D 67, 103009 (2003); K.K. Nandi, Y.Z. Zhang, and A.V. Zakharov, Phys. Rev. D 74, 024020 (2006).

[2] See for instance: H. Wang and C.M. Will, Phys. Rev.D 75, 064017 (2007) and references therein.

[3] M. S. Morris and K. S. Thorne, Am. J. Phys. 56, 395 (1988); M. S. Morris, K. S. Thorne, and U. Yurtsever, Phys. Rev. Lett. 61, 1446 (1988); M. Visser, Lorentzian Wormholes-From Einstein To Hawking (AIP, New York, 1995).

[4] A.G. Agnese and M. La Camera, Phys. Rev. D 51, 2011 (1995); K.K. Nandi, A. Islam, and J. Evans, Phys. Rev. D 55, 2497 (1997); K.K. Nandi, B. Bhattacharjee, S.M.K. Alam, and J. Evans, Phys. Rev. D 57, 823 (1998).

[5] M. Visser, Phys. Rev. D 47,554 (1993); K.D. Olum, Phys. Rev. D 61,124022 (2000); S. De Deo and J. R. Gott III, Phys. Rev. D 66, 084020 (2002); A. Chamblin, G.W. Gibbons, and A. R. Steif, Phys. Rev. D 50, 2353 (1994); S. V. Krasnikov, Phys. Rev. D 54, 7322 (1996); P.F. Gonzalez-Díaz, Phys. Rev. D 58, 124011 (1998); F. de Felice, Nuovo Cimento 122 B, 481 (2007); M. Cvetic, G.W. Gibbons, H. Lu, and C.N. Pope, [arXiv:hep-th/0504080] and references therein.

[6] The literature is vast. To mention only a few, see: V. Sahni and A.A. Starobinsky, Int. J. Mod. Phys. D 9, 373 (2003); S.M. Carroll, Living Rev. Relativity 4, 1 (2001); G. Efstathiou, W. Sutherland, and S.J. Madox, Nature (London), 348, 705 (1990); N.N. Weinberg and M. Kamionkowski, Mon. Not. R. Astron. Soc. 337, 1269 (2002); A. Boriello and P. Salucci, Mon. Not. R. Astron. Soc. 323, 285 (2001).

[7] M. Milgrom, Astrophys. J. 270, 365 (1983); ibid, 270, 371 (1983); ibid, 270, 384 (1983).

[8] J. D. Bekenstein and R. H. Sanders, Astrophys. J. 429, 480 (1994). [9] P. D. Mannheim and D. Kazanas, Astrophys. J. 342, 635 (1989); P. D.

Mannheim, Astrophys. J. 479, 659 (1997); See also the review: P.D. Mannheim, Progress in

Particle and Nuclear Phys. 56, 340 (2006).

[10] K. Lake, Phys. Rev. Lett. 92, 051101 (2004); T. Faber and M. Visser, Mon. Not. R. Astron. Soc. 372, 136 (2006).

[11] W. Rindler and M. Ishak, Phys. Rev. D 76, 043006 (2007). [12] G.T. Horowitz and S.F. Ross, Phys. Rev. D 56, 2180 (1997). [13] J.N. Islam, Phys. Lett. A 97, 239 (1983).

[14] W.H.C. Freire, V.B. Bezerra, and J.A.S. Lima, Gen. Rel. Grav. 33, 1407 (2001).

[15] A.W. Kerr, J.C. Hauck, and B. Mashhoon, Classical Quantum Gravity 20, 2727 (2003).

[16] V. Kagramanova, J. Kunz, and C. Lämmerzahl, Phys. Lett. B 634, 465 (2006).

[17] F. Finelli, M. Galverni, and A. Gruppuso, Phys. Rev. D 75, 043003 (2007).

[18] M. Sereno and Ph. Jetzer, Phys. Rev. D 73, 063004 (2006). [19] P. D. Mannheim, Found. Phys. 30, 709 (2000). [20] J. Bodenner and C.M. Will, Am. J. Phys. 71, 770 (2003). [21] A. Edery and M. B. Paranjape, Phys. Rev. D 58, 024011 (1998). [22] C.M. Will, Living Rev. Relativ. 4, 2001-2004 (2001). [23] A. Bhadra, K. Sarkar, and K.K. Nandi, Phys. Rev. D 75,123004 (2007). [24] S. Weinberg, Gravitation & Cosmology (John Wiley, New York, 1972).