arXiv:0910.1342v1 [gr-qc] 7 Oct 2009

Cylindrically Symmetric Vacuum Solutions in Higher Dimensional Brans-Dicke Theory

Ahmet Baykal,^{1, ∗} Dilek K. Çiftci,^{2, †} and Özgür Delice^{3, 2, ‡} 1Department of Physics, Faculty of Science and Letters, Niğde University, Niğde, Turkey 2Department of Physics , Faculty of Science and Letters, Namık Kemal University, Tekirdağ, Turkey 3Feza Gürsey Institute, P. K. 6 Çengelköy, 34684 Istanbul, Turkey (Dated: October 8, 2009)

Higher dimensional, static, cylindrically symmetric, vacuum solutions with or without a cosmological constant in the Brans-Dicke theory are presented. These solutions generalize Levi-Civita’s and Linet’s solutions to higher dimensional Brans-Dicke theory. We show that, in the case of negative cosmological constant and for a specific choice of the parameters these solutions reduce to higher dimensional topological black hole type solutions with a flat (cylindrical, planar or toroidal) horizon topology.

PACS numbers: 04.20.Jb; 04.40.Nr; 11.27.+d

After the pioneering works of Kaluza and Klein [1], the exploration of higher dimensional gravity theories and their solutions played an important role in physics. They showed, in particular, that adding an extra coordinate and a scalar field, four dimensional gravity and electromagnetism can be unified upon compactification of the extra dimension(s). Although this theory can be considered as speculative, the underlying ideas inspired modern and more complicated theories, such as superstring theory [2]. The scalar “dilaton” field in these theories behaves like a Brans-Dicke scalar field.

Brans-Dicke (BD) theory [3, 4, 5] is a possible modification of Einstein’s General Theory of Relativity (GR) such that gravity is described by both metric geometry and in addition a scalar field. The scalar field plays the role of a variable gravitational coupling “constant”. One of the original reasons where the theory was put forward is to incorporate the Machian ideas into the theory of gravitation. In BD theory, the matter fields couple to the curvature as in the GR theory but not to the BD scalar field directly. Since this theory is a metric theory, it satisfies weak equivalence principle in the BD frame. Moreover, it passes solar system tests for large values of its free parameter ω, i. e., for ω > 4 × 10^4 [4, 5]. It is also known that, in the presence of a potential term for the BD scalar field and with particular value of the parameter ω, the BD theory is dynamically equivalent to f(R) theories of gravity [6], which have received a lot of attention recently. Due to these and as well as other features of interest, it is worthwhile to study its exact solutions in comparison with GR counterparts in arbitrary dimensions.

Cylindrically symmetric solutions are one of the simplest and the most studied solutions of gravity theories since these solutions can be good approximations to some

∗Electronic address: abaykal@nigde.edu.tr †Electronic address: dkazici@nku.edu.tr ‡Electronic address: odelice@gursey.gov.tr

physically relevant matter and field configurations [7]. For example, the cylindrical symmetry is adopted in the study of gravitational waves, cosmological models, gravitational collapse of nonspherical matter distributions, and in the numerical GR. Cylindrically symmetric, static vacuum solution of general relativity were presented by Levi-Civita long ago [8]. This solution has two independent parameters [9], one of which is related to the mass per unit length of the source whereas the other is related to the global conicity of the solution. An important subclass of Levi-Civita (LC) solution is a locally flat but globally conical cylindrically symmetric solution generated by a static, straight, gauge cosmic string [10]. Due to the important gravitational and cosmological implications of cosmic strings [11, 12], this solution received a lot of interest in recent years. In four dimensional BD theory, the corresponding LC vacuum solutions were presented in [13, 14], whereas the higher dimensional generalization of LC solution in GR is presented recently [15].

In the presence of a cosmological constant Λ, corresponding solutions with cylindrical symmetry was presented much later by Linet [16] and Tian [17]. It is important to note that, for negative Λ and for a specific choice of parameters [18] and with the help of an appropriate coordinate transformation, this solution reduces to static topological black hole with a flat horizon topology [19, 20]. For a review of topological black holes, see [21]. Corresponding Λ-vacuum solution for BD theory has been presented [22] and exact solutions corresponding to thick cosmic strings having a phenomenological equation of state that matches smoothly to these solutions has been investigated by one of the present authors [23]. Higher dimensional generalizations of these solutions have been presented in [24, 25] for GR.

In this work, we present cylindrically symmetric, static vacuum or Λ-vacuum solutions, generalizing the Levi- Civita’s [8] or Linet’s solutions [16] to higher dimensional BD theory. In our work we prefer to use Brans-Dicke frame, however corresponding solutions in Einsten-scalar and dilaton gravity can be obtained by suitable conformal transformations.

The vacuum field equations of BD theory with a cosmological constant Λ, in the Jordan-Fierz-Brans-Dicke frame can be derived from the action S = ∫ d^nx √ |g| { ϕ(−R + 2Λ) + ω ϕ g^{μν} ∂_μϕ ∂_ν ϕ } (1) in n space-time dimensions. The equations for the metric and the scalar field ϕ that follow from (1) can be written in the form appropriate to study the BD vacuum as

R_{μν} = (ω + 1) Λ̃ g_{μν} + 1 ϕ ( ϕ_{,μ;ν} + ω ϕ ϕ_{,μ}ϕ_{,ν} ) , (2)

□ϕ + Λ̃ϕ = 0, (3)

respectively. Here R_{μν} is the Ricci tensor, the constant Λ̃ is related to the cosmological constant and the BD parameter ω as

Λ̃ = 2Λ (n − 1) + ω(n − 2)

. (4)

□ in (3) denotes Laplacian operator in n dimensional space-time.

For the metric ansatz, we will adopt Gaussian normal type coordinates for n = 4 + d dimensional, static, cylindrically symmetric diagonal metric:

ds^2 = g_{μν} dx^μdx^ν = dr^2 + g_{ij} dx^idx^j , (5) g_{ij} = diag(−g^2_0 , g^2 , . . . , g^2_n), (6)

where indices μ, ν covers all coordinate range, whereas the indices i, j cover range of the coordinates on the submanifold with dr = 0. All the metric functions g_i depend only on the radial coordinate r. In general, without any further symmetry assumption, this metric ansatz have at least (n − 1) number of commuting and hypersurface orthogonal Killing vectors ξ^ν_{(μ)} = δ^ν_μ, μ ≠ 1. We shall also assume ϕ = ϕ(r). The function defined in terms of the field functions as W (r) = ϕΠ_ig_i = ϕg_0g_2 . . . g_n = ϕ √ |g| will be useful for the discussion below.

With the above assumptions, the BD field equations (2) and (3) lead to the system of differential equations ( g^′_i g_i W )_′ = −(1 + ω)Λ̃W, (7) ( W^′ W )_2 − ∑ i ( g^′_i g_i )_2

− (1 + ω) ( ϕ^′ ϕ )_2

= −2Λ, (8)

and( ϕ^′ ϕ W )_′ = −Λ̃W. (9)

respectively. Using (7) and (9) we obtain

W^{′′} + Λ̃ [(n − 1)ω + n] W = 0. (10)

and that the function W then satisfies

W^{′2} = k^2 − αW^2, α = Λ̃ [(n − 1)ω + n] , (11) where k is an integration constant.

Note that, the form of the field equations (7)-(9) are similar to four dimensional GR [16] and BD [22, 26] cases. Since the solutions to (10) depends on the numerical value of the constant α, we will consider the solutions corresponding to the cases α = 0 and α ≶ 0 separately.

For the case α = 0 we either have Λ = 0 with ω arbitrary or ω = −n/(n − 1) with Λ arbitrary. For this case, (10) becomes W^{′′} = 0 and has a solution W = γ r + β where γ, β are integration constants. It turns out that, without loss of generality, it is possible to choose W = r by taking γ = 1, β = 0. Let us consider Λ = 0 case first. The solution is given by the functions

g_i = A_ir^{ai} , ϕ = A_ϕr^{aϕ} (12)

where the constant exponents satisfy ∑ i a_i + a_ϕ = ∑ i a^2_i + (1 + ω)a^2_ϕ = 1. (13)

This solution corresponds to higher dimensional generalization of the Levi-Civita space-time [8] in BD theory and its four dimensional BD version can be found in [13]. The solution has n number of Kasner parameters a_i, a_ϕ. However, since there are two constraint equations, namely Eqns. (13), only n − 2 of them are independent. We also have the freedom to set some of the constants A_i to unity if the coordinate corresponding to these constants are not the angular coordinates. For angular coordinates, however, these constants related to the global conicity of the space-time and cannot be removed without changing the period of the angular coordinate.

This solution shares many physical properties with its four dimensional counterpart. For example, it is singular on r = 0 since the Krecthmann scalar K = R_{μνλκ}R^{μνλκ}, K ∼ 1 r^4 { ∑ i ( [a_i(1 − a_i)]^2 −^1_2 a^2_i ) +^1_2 ( ∑ i a_i)^2 } (14)

diverges. The only exception is the particular case where a_ϕ = 0 and all of the a_i is vanishing except one of them equal to unity. This is nothing but the special case of (flat) higher dimensional GR limit of our solution and for n = 4 this solution describes the exterior field of gauge cosmic strings [10, 11].

For Λ = 0 case, the gravitational force acting on a test particle at rest is proportional to ∼ −a_0/r^{2a0 +1}. As in the four dimensional GR case [9, 27], the direction of force depends on the sign of a_0. When a_0 is positive the force is attractive whereas it is repulsive for negative a_0 implying that the source generating such gravitational field has positive (negative) energy density for positive (negative) a_0.

For the purpose of comparison with familiar forms of the solution, we first identify the axial and the angular cylindrical coordinates as x^2 = z, x^3 = θ. We also label the extra coordinates by the Latin capital letters, I, J = (5, 6, . . . , n). Then, the solution can be written in a more conventional form by incorporating the Kasner relations (13) into the solution by the following coordinate transformation and redefinitions

r = ρ^Σ, a_0 = 2σ Σ , a_2 = 1 − 1 Σ , (15)

a_3 =

1 − (2σ + p + γ_ϕ) Σ , a_I = γ_I Σ a_ϕ = γ_ϕ Σ . (16)

This yields the metric and the scalar fields as

ds^2 = −ρ^{4σ}dt^2 + ρ^{2(1−2σ−p−bϕ )}β^2dϕ^2 (17)

+ρ^{2(Σ−1)}(dr^2 + dz^2) + n∑ I=5 ρ^{2γI} (dx^I )^2

ϕ = ϕ_0ρ^{γϕ} , (18)

respectively, where the constant exponents are now given by Σ = 1 − p + p^2 + q^2 2 + (2σ + γ_ϕ)(p + γ_ϕ − 1)

+ 4σ^2 + ω 2 γ^2_ϕ, p = ∑ I γ_I , q^2 = ∑ I γ^2_I . (19)

Here, we re-scaled the ignorable coordinates for clarity. Note that, this solution reduces to corresponding GR solutions [8, 15] in the limit γ_ϕ → 0, √ ω → ∞ such that γ_ϕ √ ω → 0. Another class of solutions for α = 0 case is given by the particular value of the BD parameter ω = −n/(n−1) for Λ ≠ 0. This solution is given by

g_i = B_i r^{bi} e^{Λr2/2}, ϕ = B_ϕ r^{bϕ} e^{(1−n)Λr2/2}, (20)

where the constants to satisfy ∑ i b_i + b_ϕ = ∑ i b^2_i −^1_{(n−1)} b^2_ϕ = 1. (21)

Note that this solution has no GR limit, unless Λ = 0, b_ϕ = 0 which sets the BD scalar to a constant.

Second class of solutions can be obtained for α ≠ 0. This requires both Λ ≠ 0 and ω ≠ −n/(n − 1). Hence, the vacuum solutions with a cosmological constant generalizing Linet’s solution [16] belongs to this class. For this case, using Eqns. (7) and (10), the field equations can be further integrated to get g^′_i g_i = ω + 1 n + (n − 1)ω W^′ W + kc_i W , (22) ϕ^′ ϕ = 1 n + (n − 1)ω W^′ W + kc_ϕ W (23)

where c_i and c_ϕ are constants. These constants, because of the equations (8) and (11), must satisfy the following constraint equations: n−1∑ i=0 c_i + c_ϕ = 0 (24) n−1∑ i=0 c^2_i + (1 + ω) c^2_n = n − 1 + (n − 2) ω n + (n − 1) ω

. (25)

Eqn. (10), depending on the sign of α, has two wellknown solutions, which are given by

W = γ sin (√ α r ) + δ cos (√ α r ) , α > 0,(26) W = γ sinh (√ |α| r ) + δ cosh (√ |α| r ) , α < 0.(27) Note that cylindrical symmetry requires δ = 0 and there is the freedom to take γ = 1. Now, we are ready to present the remaining functions of the solution. Using (22) and (23) we find the following field functions

g_i = C_i ( tan^1_2 √ α r )_{ci} ( sin √ α r ) ω+1 n+(n−1)ω (28) ϕ = C_ϕ ( tan^1_2 √ α r )_{cϕ} ( sin √ α r ) 1_{n+(n−1)ω} (29)

for α > 0, and

g_i = C_i ( tanh^1_2 √ |α| r )_{ci} ( sinh √ |α| r ) ω+1 n+(n−1)ω (30) ϕ = C_ϕ ( tanh^1_2 √ |α| r )_{cϕ} ( sinh √ |α| r ) 1_{n+(n−1)ω} (31)

for α < 0. Note that, similar to the GR and BD cases in four dimensions, the curvature invariants of the solutions are singular at r = 0 and r = π/ √ α for α > 0 whereas they are singular only at r = 0 for α < 0.

The subclass of solutions corresponding to α < 0 is more interesting then the others. Its importance can be more appealing by noting that the radial coordinate transformation defined by r = 2 √ |α| cosh^{−1} √ Ω ( ρ ρ_0 )^{n+(n−1)ω} 2(1+ω) , (32)

Ω = (1 + ω)^2|Λ̃|ρ^2_0 n + (n − 1)ω , (33)

(ρ_0 constant) together with the choice of the Kasner parameters

c_2 = c_3 = c_I = c_ϕ =

−(1 + ω) n + (n − 1)ω , (34)

c_0 = n − 1 + (n − 2)ω n + (n − 1)ω , (35)

bring the BD vacuum solution with α < 0 to the convenient form

ds^2 = − ( ρ ρ_0

)_2 Ω − ( ρ_0 ρ )^{n+(n−1)ω} 1+ω dt^2

+ ( ρ ρ_0 )_{−2} Ω − ( ρ_0 ρ )^{n+(n−1)ω} 1+ω −1 dρ^2

+ ( ρ ρ_0

)_2 [

dz^2 + C^{′ 2}_ϕ dϕ^2 + ∑ I (dx^I )^2 ] , (36)

ϕ = ϕ_0 [(1 + ω)ρ]^{11+ω} , where the time and other ignorable coordinates are scaled by a constant. To avoid a conical singularity, we have to set C_ϕ to unity. This particular solution has already been presented and its thermodynamic and some other properties has been discussed in [28] in dilaton gravity with the presence of a dilaton potential term. The solution (36) is the higher dimensional generalization of the solution given by Cai et al. [29] corresponding to black hole-type solution with flat (cylindrical, plane or toroidal) horizon topology in the dilaton gravity, whose GR version are studied in four [19, 20] and higher [30] dimensions previuosly. In fact, this type of solutions in GR have also been identified as AdS solitons [24, 25, 31]. As in the corresponding case in GR, the negative cosmological constant Λ is essential for these black hole-type solutions. Moreover, by omitting the coordinates of the extra dimensions, the solution (36) goes over to the corresponding GR case in the limit ω → ∞.

Finally we note that with the conformal transformations defined by ḡ = g ( ϕ ϕ_0

) 2_{(n−1)} ϕ̄ = (ω +^{n−1}_{n−2} )^12 ln ϕ (37) ϕ_0 being a constant, the action (1) goes over to the Einstein frame with minimally coupled massless scalar with an appropriately-scaled cosmological constant. Further conformal transformation defined by

g̃ = ḡe^{−4ϕ/(n−2)} (38)

brings the action in the Einstein frame (in the barred variables) to so-called string frame where the scalar field now becomes dilaton field.

In this paper, the solutions of Brans-Dicke field equations in higher dimensions is presented for the cases of vacuum and in the presence of a cosmological constant. The solutions we have presented generalizes corresponding solutions for vacuum [8] and cosmological constant [16] in GR. We have showed in particular that, similar to GR, a subclass of higher dimensional Λ-vacuum solutions includes a topological black hole-type solution for the specific choice of parameters in BD theory.

[1] T. Kaluza, Sitzungsber. Preuss. Akad. Wiss., Phys.

Math. Kl. K1, 966 1921; O. Klein, Z. Phys. 37, 895 1926.

[2] Michael B. Green, John H. Schwarz, Edward Witten, Superstring Theory Cam- bridge(London) 1987).

[3] C. H. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961). [4] V. Faraoni, Cosmology in Scalar Tensor Gravity, Kluwer Academic Publishers, Netherlands, (2004).

[5] C Brans, H C Dicke, Phys. Rev., 124, No. 3 (1961); C. H.

Brans, gr-qc/9705069; gr-qc/0506063.

[6] T. P. Sotiriou and V. Faraoni, arXiv:0805.1726 [gr-qc] [7] H. Stephani et al. Exact solutions of Einstein’s field equations, Second Edition, Cambrigde University Press, Cambridge, (2003).

[8] T. Levi-Civita, Rend. Acc. Lincei, 28, 101 (1919). [9] A. Z. Wang, M. F. A. da Silva and N. O. Santos, Class.

Quantum Grav. 14, 2417 (1997).

[10] A. Vilenkin, Phys. Rev. D 23, 852 (1981). [11] A. Vilenkin and E. P. S. Shellard, Cosmic Strings and other Topological Defects, (Cambridge University Press, Cambridge, 1994).

[12] M. B. Hindmarsh and T. W. B. Kibble, Rep. Prog. Phys.

58, 477 (1995).

[13] F. Dahia and C. Romero, Phys. Rev. D 60, 104019 (1999).

[14] A. Arazi and C. Simeone, Gen. Relat. Gravit. 32, 2259 (2000).

[15] J. Ponce de Leon, Mod.Phys.Lett.A 24, 1659 (2009).

[16] B. Linet, J. Math. Phys. 27, 1817 (1986). [17] Q. Tian, Phys. Rev. D 33, 3549 (1986).

[18] M.F.A. da Silva, Anzhong Wang, Filipe M. Paiva and N.O. Santos, Phys. Rev. D 61, 044003 (2000).

[19] J.P.S. Lemos, Phys. Lett. B. 353, 46 (1995), gr-qc/9404041;

[20] R.-G. Cai and Y.-Z. Zhang, Phys. Rev. D 54, 4891 (1996).

[21] D. Birmingham, Class. Quantum Grav. 16, 1197 (1999). [22] O. Delice, Phys. Rev. D 74, 067703 (2006). [23] O. Delice, Phys. Rev. D 74, 124001 (2006). [24] O. Sarioğlu and B. Tekin, Class. Quantum Grav. 26, 048001 (2009).

[25] O. Sarioğlu and B. Tekin, Phys. Rev. D 79, 087502 (2009).

[26] D. Lorenz-Petzold, Phys. Rev. D 29, 2399 (1984). [27] M. Arık and O. Delice, Int. J Mod. Phys. D 12, 1095 (2003).

[28] M. H. Dehghani and a N. Farhangkhah, Phys. Rev. D 71 044008 (2005).

[29] Rong-Gen Cai, Jeong-Yeoung Ji and Kwang-Sup Soh, Phys. Rev. D, 57, 6547 (1998).

[30] A. M. Awad, Class. Quant. Grav. 20, 2827 (2003) [arXiv:hep-th/0209238].

[31] G. T. Horowitz and R. C. Myers, Phys. Rev. D 59 225005 (1999).