arXiv:0910.2808v2 [gr-qc] 19 Oct 2009

Effects of the Generalized Uncertainty Principle on the Inflation Parameters

Kourosh Nozari and Siamak Akhshabi

Department of Physics, Faculty of Basic Sciences, University of Mazandaran, P. O. Box 47416-95447, Babolsar, IRAN knozari@umz.ac.ir s.akhshabi@umz.ac.ir

Abstract

We investigate the effects of the generalized uncertainty principle on the inflationary dynamics of the early universe in both standard and braneworld viewpoint. We choose the Randall-Sundrum II model as our underlying braneworld scenario. We find that the quantum gravitational effects lead to a spectral index which is not scale invariant. Also, the amplitude of density fluctuations is reduced by increasing the strength of quantum gravitational corrections. However, the tensor-to-scalar ratio increases by incorporation of these quantum gravity effects. We outline possible manifestations of these quantum gravity effects in the recent and future observations. PACS: 98.80.Cq, 04.60.-m, 04.60.Bc Key Words: Inflation, Quantum Gravity Phenomenology

1 Introduction

One of the most important achievements in the spirit of quantum gravity theories such as string theory, is that the laws of physics are considerably different at short distances [1- 9]. For example, the standard quantum mechanical commutation relations change to some modified (generalized) commutators at the length scale of the order of Planck length [10-11]. These modifications are negligible in low energy physics but at high energy such as the early universe, quantum gravitational corrections play a crucial role [12]. As a result, the standard uncertainty relation of quantum mechanics is replaced by a gravitational uncertainty relation which contains a minimal observable length of the order of the Planck length [13]. The very notion of spacetime in this quantum gravity era cannot be probed more precisely than this minimal observable length [1,2,11]. These fundamental properties of spacetime in quantum gravity era result in a variety of phenomenologically interesting outcomes for the rest of physics ( see for instant [14]). In this paper we investigate the effects of the generalized uncertainty principle on the inflationary parameters in the standard and braneworld inflation. The braneworld scenario we analyzed is the Randall-Sundrum II setup which is one of the most promising alternatives of extra dimensional theories [15]. One way to discover the quantum gravitational effects in the inflationary era is to study the perturbation spectrum generated during inflation. Any modifications to the scalar and tensorial perturbations spectrum due to these quantum gravity effects are essentially detectable in the cosmic microwave background (CMB) data [16-22]. This provides a reliable approach to test the theories of short distance physics. In which follows a prime on a quantity denotes differentiation with respect to its argument.

2 Inflation and the Generalized uncertainty principle

In short distances the standard commutation relations will be changed as [11,13,14]

[x_i, p_j] = ih̄(δ_{ij} + βp^2δ_{ij} + β^′p_ip_j), (1)

[p_i, p_j] = 0, (2) and [x_i, x_j ] = ih̄

(2β − β^′) + (2β + β^′)βp^2 (1 + βp^2)

(p_ix_j − p_j x_i). (3)

We set β^′ = 0, so the corresponding Poisson brackets are

{x_i, p_j} = δ_{ij} (1 + βp^2), {p_i, p_j} = 0, {x_i, x_j } = 2β(p_ix_j − p_jx_i) (4)

The parameter β is related to the minimum length i.e. x_{min} ∼ √ β. The calculation of inflationary scalar density perturbations in the presence of the minimal length are preformed in Ref. [23]. The scalar field, ϕ which drives the inflation has energy density and pressure ρ = 1 2 ϕ̇^2 + V p = 1 2 ϕ̇^2 − V (5) respectively where V (ϕ) is the inflation potential. The slow-roll parameters are given as usual by [24] ϵ = M^2_4 2 (V^′ V )_2 (6) η = M^2_4 2 V^{′′} V . In the slow-roll regime we have 1 2 ϕ̇^2 ≪ V (ϕ)

3Hϕ̇ ≃ −V^′(ϕ) (7)

We now proceed to incorporate the quantum gravitational corrections as are given by equations (1)-(3) within a typical inflationary scenario. One could assume that there is a fundamental energy scale Λ (Planck or string scale) that these corrections become important. Defining the conformal time as [25] τ = − 1 aH . (8)

We will see that physical momentum p and the comoving momentum k are related through k = ap = − p τH . (9)

The conformal time that the new physics rules prior to it is given by

τ_0 = − Λ Hk (10)

where Λ is the Planck energy scale. Using equation (1), we change the comoving momentum k before the time τ_0 to k(1 + βk^2). This is a realization of the modified dispersion relation supported by loop quantum gravity and noncommutative geometry [26,27]. The equation governing the evolution of perturbations in the inflation era is [24] μ^{′′}_k + ( k^2 − a^{′′} a ) μ_k = 0 (11)

where μ is a rescaled field μ = aδϕ and a prime denotes differentiation with respect to τ. The scalar spectral index in the presence of the minimal length cutoff now is given by

n_s − 1 = d ln P_s d ln k(1 + βk^2)

(12)

where P_s is the amplitude of the scalar perturbation. Therefore, we find

n_s =

1 + βk^2 1 + 3βk^2 d ln P_s d ln k + 1 ≃ (1 − 2βk^2) d ln P_s d ln k + 1 . (13)

As an important result, the spectral index is not scale invariant in this case. Any deviation from scale invariance of the spectral index essentially contains a footprint of these quantum gravity effects. The change in the Hubble parameter due to the modified commutators will be realized using slow-roll parameters. At the horizon crossing epoch we have [24,25] dH dk = − ϵH k (14)

changing k to k(1 + βk^2) we find H ≃ k^{−ϵ}e^{−βϵk2} . (15) Using equation (11), the tensorial density fluctuation is given by

P_t(k) = 1 a^2

<| μ_k(τ) |^2> (16)

Following [25], the tensorial density fluctuations in our case is

P_t(k) = ( H 2π )_2( 1 − H Λ sin( 2Λ H ) ) , (17)

where the second term on the right hand side is a direct contribution of quantum gravity effect. For scalar density fluctuations, one should add an extra (^H_{ϕ̇} )^2 term [24,25]

P_s(k) = ( H ϕ̇ )_2( H 2π )_2( 1 − H Λ sin( 2Λ H ) ) (18)

where H is given by equation (15). Figure 1 shows the k-dependance of tensorial fluctuations for a fixed ϵ and β while figure 2 shows the β-dependance of it for a fixed k. As usual, Λ is chosen to be the Planck energy scale. We note that by variation of β ( which is essentially a fixed quantity related to the minimal observable length) we just mean a control on the strength of the quantum gravity effect. The tensor-to-scalar ratio in this setup is given by P_t P_s = ( ϕ̇ H )_2 = ( 16π √ ϵV M_4k^{−ϵ}e^{−βϵk2} )_2

, (19)

where M_4 is the 4-dimensional fundamental scale. The extra factor e^{−βϵk2} in the denominator is the correction due to the GUP effects. Figure (2) shows the difference of tensor-to-scalar ratio in standard and modified cases. As we see, the tensor-to-scalar ratio increases by incorporation of the quantum gravity effects.

Figure 1: a) k-dependance of tensorial density fluctuations for ϵ = β = 0.1 b) β-dependance of tensorial density fluctuations for k = 1. Here there is an oscillatory behavior which can be detected essentially in the CMB spectrum as a trace of quantum gravity effects.

Figure 2: Difference of tensor-to-scalar ratio for standard and GUP modified inflation for a fixed k and β = 0.01

3 Brane inflation

Now we turn our attention to a braneworld inflation scenario. We study the case of Randall- Sundrum II setup [15] in the presence of the generalized uncertainty principle. The Randall- Sundrum II model has a single positive tension brane living in an infinite AdS bulk. Modified Friedmann equation for this setup is given by [28]

H^2 =

Λ_4 3 + ( 8π 3M^2_4 ) ρ + ( 4π 3M^3_5

)_2

ρ^2 + E a^4

(20)

where E is an integration constant originating from the projection of the bulk Weyl tensor. The last term is called the dark radiation and we neglect it in our analysis because during inflation it will vanish really fast. Also neglecting the cosmological constant term in the early universe we can rewrite the Friedmann equation as

H^2 = 8π 3M^2_4 ρ [ 1 + ρ 2λ ] (21)

where λ is the brane tension. In the inflation era, the only matter on the brane is a scalar field, ϕ with energy density and pressure defined as (5).

In this braneworld inflation scenario, the slow-roll parameters can be defined as [29] ϵ ≡ M^2_4 16π ( V^′ V )_2[ 2λ(2λ + 2V )

(2λ + V )^2 ]

η ≡ M^2_4 8π ( V^{′′} V )[ 2λ 2λ + V ] . (22)

The amplitude of scalar perturbations in the slow-roll limit in this case is [24,30]

P_s = 9 25 H^6 V^{′2} . (23)

Now we consider the effects of the generalized uncertainty principle. Using equations (15) and (23) we find

P_s = 9 25V^{′2} [ k^− M24 16π (_{V ′} V )_2[_{2λ(2λ+2V )}

(2λ+V )2 ] exp { − β ( M^2_4 16π [ V^′ V ]_2[ 2λ(2λ + 2V )

(2λ + V )^2 ]) k }]6 . (24)

We choose the inflaton field potential to be chaotic type i.e. V (ϕ) =^1_2 m^2ϕ^2 so equation (24) becomes

P_s = 9 25m^4ϕ^2 [ k^− M24 4πϕ2 [ 2λ(2λ+m2ϕ2) (2λ+ 12 m2ϕ2)2 ] × e^{−β} (_{M2} 4 4πϕ2 [ 2λ(2λ+m2ϕ2) (2λ+ 12 m2ϕ2)2 ]) k ]_6

(25)

Figure (2a) shows the scalar density perturbations against k for given values of other parameters while figure (2b) shows its behavior in terms of β. We see that relative to standard case, P_s reduces by incorporation of quantum gravity effects. Also, P_s reduces by enhancement of the role played by quantum gravity effects.

Figure 3: a) k-dependance of scalar density fluctuations for β = 0.01, M_4 = 1, m = 0.1M_4, λ = 0.1M_4 and ϕ = 4M_4. b) β-dependance of scalar density fluctuations for k = 1, M_4 = 1, m = 0.1M_4, λ = 0.1M_4 and ϕ = 4M_4.

Now the scalar spectral index is n_s − 1 ≡ d ln P_s dk (26)

Using equation (25) we plot the spectral index against k and β. Figure 3 shows the result of this calculation. If the quantum gravity effects are relatively small, the spectral index shows a scale invariance behavior. However, in the limit of strong quantum gravity effects, the spectral index has no scale invariance characteristics.

Figure 4: a) k-dependance of the scalar spectral index for β = 0.01, M_4 = 1, m = 0.1M_4, λ = 0.1M_4 and ϕ = 4M_4. b) β-dependance of the scalar spectral index for k = 1, M_4 = 1, m = 0.1M_4, λ = 0.1M_4 and ϕ = 4M_4.

4 Conclusion

In this letter we have considered the effects of the generalized uncertainty principle ( as a common feature of all promising quantum gravity candidates ) on the inflationary dynamics of both the standard 4D theory and the Randall-Sundrum II braneworld setup. As an important result, we have shown that in the presence of the strong quantum gravity effects, the spectral index is not scale invariant. In this sense, any deviation from scale invariance of the spectral index essentially contains a footprint of these high energy effects. There is an oscillatory behavior in the k-dependance of density fluctuations which can be detected essentially in the CMB spectrum as a trace of these effects. The tensor-to-scalar ratio increases by incorporation of the quantum gravity effects. In a braneworld viewpoint of inflation on the Randall-Sundrum II brane, we have shown that relative to the standard case, P_s reduces by incorporation of the generalized uncertainty principle. Also, P_s reduces by enhancement of the role played by quantum gravity effects. In this case, similar to 4D case, only in the limit of week quantum gravity effects the spectral index shows a scale invariant behavior. However, in the limit of strong quantum gravity effects, the spectral index has no scale invariance properties. We note that any modifications to the scalar and tensorial perturbations spectrum (such as oscillatory behavior in the amplitude of fluctuations ) due to these quantum gravity effects are essentially detectable in the spectrum of the cosmic microwave background radiation and this may provide an indirect test of quantum gravity proposals.

References

[1] G. Veneziano, Europhys. Lett. 2 (1986) 199

D. Amati, M. Ciafaloni and G. Veneziano, Phys. Lett. B 197 (1987) 81 D. Amati, M. Ciafaloni and G. Veneziano, Int. J. Mod. Phys. A 3 (1988) 1615 D. Amati, M. Ciafaloni and G. Veneziano, Nucl. Phys. B 347 (1990) 530 D. J. Gross and P. F. Mende, Nucl. Phys. B 303 (1988) 407

[2] D. Amati, M. Ciafaloni and G. Veneziano, Phys. Lett. B 216 (1989) 41

[3] T. Yoneya, Mod. Phys. Lett. A 4 (1989) 1587

[4] K. Konishi, G. Paffuti and P. Provero, Phys. Lett. B 234 (1990) 276

[5] C. Rovelli, Living Rev. Rel. 1 (1998)1

[6] M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73 (2001)977

[7] T. Thiemann, Lect. Notes Phys. 631 (2003)41

[8] A. Perez, Class. Quant. Grav. 20 (2003) R43

[9] A. Ashtekar and J. Lewandowski, Class. Quant. Grav. 21 (2004)R53

[10] L. J. Garay, Int. J. Mod. Phys. A 10 (1995) 145

M. Maggiore, Phys. Lett. B 304 (1993) 65, [arXiv:hep-th/9301067].

[11] A. Kempf et al, Phys. Rev. D 52 (1995) 1108

F. Girelli, E. R. Livine and D. Oriti, Nucl. Phys. B 708 (2005) 411.

[12] K. Nozari and B. Fazlpour, Gen. Relat. Gravit. 38 (2006) 1661, [arXiv:gr-qc/0601092].

[13] R. J. Adler and D. I. Santiago, Mod. Phys. Lett. A 14 (1999) 1371, [arXiv:gr-qc/9904026] S. Hossenfelder, M. Bleicher, S. Hofmann, J. Ruppert, S. Scherer and H. Stöcker, Phys. Lett. B 575 (2003) 85 S. Hossenfelder, Phys. Rev.D 73 (2006) 105013, [arXiv:hep-th/0603032] C. Bambi, Class. Quant. Grav. 25 (2008) 105003, [arXiv:0804.4746] J. Y. Bang and M. S. Berger, Phys. Rev. D 74 (2006) 125012, [arXiv:gr-qc/0610056]

[14] R. J. Adler, P. Chen and D. I. Santiago, Gen. Rel. Grav. 33 (2001) 2101 S. Hossenfelder, Phys. Rev. D 70 (2004) 105003 A. J. M. Medved and E. C. Vagenas, Phys. Rev. D 70 (2004) 124021 F. Brau and F. Buisseret, Phys. Rev. D 74 (2006) 036002 S. Benczik et al., Phys. Rev. D 66 (2002) 026003 K. Nozari and A. S. Sefiedgar, Phys. Lett. B 635 (2006) 156 K. Nozari and S. H. Mehdipour, Chaos, Solitons and Fractals 32 (2007) 1637 K. Nozari, Phys. Lett. B 629 (2005) 41 K. Nozari and T. Azizi, Gen. Relat. Gravit. 38 (2006) 735.

[15] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 4690, [arXiv:hep-th/9906064] [16] R. Easther, B. R. Green, W. H. Kinney and G. Shiu Phys. Rev. D 64 (2001) 103502 R. Easther, B. R. Green, W. H. Kinney and G. Shiu Phys. Rev. D 67 (2003) 063508 R. Easther, B. R. Green, W. H. Kinney and G. Shiu Phys. Rev. D 66 (2002) 023518 [17] A. Ashoorioon, A. Kempf and R. B. Mann, Phys. Rev. D 71 (2005) 023503, [astroph/0410139] [18] A. Ashoorioon, J. L. Hovdebo and R. B. Mann, Nucl. Phys. B 727 (2005) 63, [grqc/0504135] [19] N. Kaloper, M. Kleban, A. E. Lawrence and S. Shenker Phys. Rev. D 66 (2002) 123510 [20] L. Bergstrom, U. H Danielsson, JHEP 07 (2002) 038 [21] J. Martin and R. Brandenberger, Phys. Rev. D 68 (2003) 0305161

R. Brandenberger, arXiv:[hep-th/0210186v2] S. Tsujikawa, R. Maartens, R. Brandenberger, Phys.Lett.B 574 (2003) 141 S. Koh, R. Brandenberger,JCAP 0706 (2007) 021 S. Koh, R. Brandenberger,JCAP 0711 (2007) 013 [22] O. Elgaroy, S. Hannestad Phys. Rev. D 62 (2000) 041301 [23] A. Kempf, Phys. Rev. D 63 (2001) 083514 [24] A. R. Liddle and D. H. Lyth, Cosmological Inflation and Large-Scale Structure, Cambridge University Press, 2000.

[25] U. H. Danielsson Phys. Rev. D 66 (2002) 023511 [26] G. Amelino-Camelia, [arXiv:0806.0339];

[27] J. Kowalski-Glikman, G. Amelino-Camelia (Eds.), Planck Scale Effects in Astrophysics and Cosmology, Lect. Notes Phys. 669 (Springer, Berlin Heidelberg 2005), DOI 10.1007/b105189.

[28] P. Binetruy, C. Deffayet, U. Ellwanger, D. Langlois, Phys. Lett. B477 (2009) 285, [arXiv:9910219] [29] R. Maartens, D. Wands, B. A. Bassett, I. Heaard, Phys. Rev. D 62 (2000) 041301 [30] A. R. Liddle and D. H. Lyth, Phys. Rep. 231 (1993) 1, [arXiv:9303019]