arXiv:0907.5185v2 [hep-lat] 19 Oct 2009

Constructing non-perturbative gauges using correlation functions

Axel Maas

Department of Theoretical Physics, Institute of Physics, Karl-Franzens University Graz, Universitätsplatz 5, A-8010 Graz, Austria

Abstract

Gauge fixing in the non-perturbative domain of non-Abelian gauge theories is obstructed by the Gribov-Singer ambiguity. To compare results from different methods it is necessary to resolve this ambiguity explicitly. Such a resolution is constructed using only conditions on correlation functions for the family of non-perturbative Landau gauges. As a consequence, the various results available for correlation functions are found to correspond possibly just to different non-perturbative Landau gauges, discriminated by an additional non-perturbative gauge parameter.

Key words: Yang-Mills theory, gauge fixing, non-perturbative PACS: 11.15.Ha, 12.38.Aw, 14.70.Dj

1. Introduction

To describe gauge-dependent degrees of freedom, like quarks and gluons, it is necessary to fix a gauge. In the non-perturbative domain of non-Abelian gauge theories this is complicated. For local gauge conditions, e. g. for Landau gauge ∂^μA^a_μ = 0, (1)

more than one field configuration A^a_μ satisfies the condition, being so-called Gribov copies of each other [1]. Only non-local supplemental conditions are sufficient to resolve this ambiguity [2]. Therefore, non-local conditions have to be used.

It is desirable that such supplemental conditions are formulated independent of the method, since otherwise even different implementations may yield different results (see, e. g., sec. 2 of [3]). Furthermore, in the context of lattice calculations and functional methods, a formulation based entirely on correlation functions would be desirable.

In the perturbative case the latter is possible. E. g., (1) can be formulated equivalently as the vanishing of the longitudinal part of the gluon propagator D_{μν} , p_μp_ν D^{μν} = 0. (2)

Also, certain non-local supplemental conditions for the Landau gauge can be formulated in this form. One example is the absolute Landau gauge, which requires to absolutely minimize the total trace of the gluon propagator [3, 4] trD = −c ∫ d^dpD^μ(p), (3) with c a positive constant. However, (3) requires regularization in the continuum and it is not clear whether this introduces new ambiguities. Thus, alternatives are desirable.

The Gribov-Singer ambiguity should in principle be resolvable by conditions on the correlation functions: Given a set (of configurations) of sets of distinct events (Gribov copies), it is always possible to construct probability distributions (gauges selecting a particular Gribov copy) such that they are distinguished and identified uniquely by at least some of their - finite or infinite - moments (correlation functions). The remaining question is whether this possibility in principle can also be cast into a practical method, in particular whether the distinguishing correlation functions can be determined.

In continuum studies a one-parameter family of correlation functions has been obtained [5, 6], distinguished by the value of the gluon propagator, a second moment, and of the ghost propagator, an infinite-order moment. This motivates to study whether this family could indeed arise as the consequence of a gauge choice, as speculated in [3, 6]. This question will be studied here. Indeed, at least in a finite volume a corresponding family is found, resolving the Gribov-Singer ambiguity explicitly using correlation functions. Assuming the (qualitative) correctness of the results in the continuum this would suggest a one-to-one correspondence of the two families.

2. The structure of the residual gauge orbit

After imposing the Landau gauge condition (1) remains a set of Gribov copies separated by large gauge transformations, the residual gauge orbit.

Figure 1: The average number of Gribov copies as a function of lattice extension (left panel) and volume (right panel) in two, three, and four dimensions at a = 0.22 fm calculated using lattice gauge theory. At finer a the number of copies increases further [13]. The prescription to set the scale can be found in [3]. The method to obtain configurations in Landau gauge can be found in [10] and to generate distinct Gribov copies in [11]. All lines drawn to guide the eye.

These orbits can be divided in Gribov regions [1], with the orbit of each configuration passing at least once through each region [7]. The first step to construct a definite gauge-fixing prescription is to restrict the residual orbit to one of these regions. Here, the first Gribov region where the Euclidean Faddeev-Popov operator −∂_μD_μ, with the covariant derivative D_μ, is positive semi-definite is chosen.

For this restriction an explicit prescription purely in terms of Green’s functions is not yet known. However, general considerations for a positive operator and all results so far (for a recent compilation of references see [3, 6]) strongly suggest that it is sufficient that the ghost propagator D_G, being the expectation value of the inverse Faddeev-Popov operator, is required to be of definite (negative) sign and monotonous. An explicit evaluation in 1+1- dimensional Coulomb gauge [8] is finding exactly that the ghost propagator changes sign for some momenta when evaluated outside the first Gribov region. However, lattice calculations by construction [10] and functional methods implicitly [9] provide means to ensure that results are obtained from inside the first region, and this question is of minor concern. Hence, it is not necessary to obtain the spectrum of the Faddeev-Popov operator.

Still, inside the first Gribov region there are many Gribov copies [4]. On

Figure 2: The distribution of trD compared to b(280 MeV, ∞) on a 20^3 lattice at a = 0.22 fm. The left panel shows for an example configuration that for each distinct Gribov copy, identified by differing trD values, also the b values differ. 22 copies have been generated for this configuration, with 10 distinct Gribov copies found, one peak being hidden by fore-ground peaks. The right panel shows the distribution for 1450 configurations.

a finite lattice^1, Gribov copies can be distinguished by their difference in the value of the trace of the gluon propagator (3) [4, 11]. The number of Gribov copies rises exponentially with volume as can be seen in figure 1, and thus there is a dense set of them in the thermodynamic limit^2. Here, it was investigated whether other distinctions between Gribov copies exists. Motivated by the continuum studies the ghost propagator was evaluated. It has been checked whether the Gribov copies can be characterized by the renormalization-group invariant quantity^3 b(p, P ) = G(p) G(P ) = p^2D_G(p) P^2D_G(P ) (4) for fixed p ≠ P and G(p) = −p^2D_G(p) is the ghost dressing function. If

1For details of the lattice determination of the ghost and gluon propagator see [10] and for the generation of different Gribov copies [11].

2In two dimensions at accessible volumes only a negligible amount of Gribov copies are present, and a so-called scaling-type behavior [6] of the correlation functions prevails [8, 12]._3

This definition is prone to violations of rotational symmetry. For simplicity here all ghost momenta are evaluated along the x-axis, but a more robust method would be desirable [13].

both momenta in the definition (4) are large and comparable, b will be of order one up to sub-leading corrections. From a practical point of view it is therefore better to use p small and P large. Here, p will be taken to be the smallest accessible momentum, zero in the infinite-volume limit, and P the renormalization scale μ taken in the perturbative domain, which can be chosen infinite in dimensions smaller than 4. In that case, G(P ) = 1 trivially, and the normalization can be dropped altogether.

Indeed, Gribov copies with differing trD are found to have also differing values of b, as can be seen for an example configuration in the left panel of figure 2. The quantity b measures in a sense the proximity to the Gribov horizon to the extent that it is dominated by the lowest eigenvalue and eigenstate of the Faddeev-Popov operator. It is found that trD and b turn out to be almost uncorrelated, see figure 2 right panel. However, it cannot be excluded that this is a lattice (discretization or finite volume) artifact. This would imply that there is little relation between the values of b and the so-called fundamental modular region of minimal trD values.

2.1. Constructing a gauge

Since b appears to be different for each Gribov copy, at least on the volumes investigated here, this would be sufficient to construct an unambiguous definition of a non-perturbative extension of the Landau gauge. However, even if this should not be the case, the results obtained below will be in fact a lower limit on the variability of Green’s functions when choosing a different gauge by using different Gribov copies.

Then, by requiring the function b(0, μ) (b(min p, μ) on the lattice) to have a prescribed value of B on the average, this determines the following gauge prescription: Take from each residual gauge orbit the copy with b closest to B, and average over these copies to obtain fully gauge-fixed quantities. By construction, the ghost propagator will satisfy b = B on the average, if the value of B lies within the possible values for b. Otherwise a result as close as possible to B will be obtained.

This prescription is valid for any volume. Even if with increasing volume the range of b values shrinks, this still determines a gauge.

2.2. Connecting to functional equations

If this indeed identifies a unique gauge also in the infinite-volume and continuum limit this implies that imposing this condition on the ghost propagator as a boundary condition on the functional equations, as detailed in

Figure 3: The gauge corridor for two, three and four dimensions on lattices with a = 0.22 fm for different volumes. For each volume < min b(min p, μ) > and < max b(min p, μ) > are shown, where min p is the smallest non-zero momentum on each lattice, and μ is set to ∞ for two and three dimensions, yielding G(μ) = 1, and to μ = 2 GeV in four dimensions.

[6], is equivalent to treat Gribov copies in such calculations. Thereby use is made of the fact that the value of B cannot be determined self-consistently inside functional equations [6]. This arbitrariness in the functional formalism is then fully consistent, as this gives B the meaning of a second, nonperturbative gauge parameter for a one-parameter family of Landau gauges, termed Landau-B gauges in the following, besides the conventional gauge parameter ξ to distinguish covariant gauges.

3. Results for the correlation functions

The value of B can, of course, only be chosen in a gauge corridor of values which are actually assumed on the residual gauge orbit. This corridor^4 is shown in figure 3. While the lower bound of the corridor is almost independent of volume, and by construction bounded from below, the upper bound is strongly increasing with volume. Whether it diverges in the infinite-volume limit remains to be investigated [13]. Without explicit exploration it even cannot be excluded that the corridor closes again at much larger volumes.

4Inherently, this method to identify Gribov copies [11] cannot guarantee to find all Gribov copies. Hence, the boundaries of the corridor represent upper bounds for the lower boundary and lower bounds for the upper boundary.

Figure 4: The gluon propagator (left panel) and the ghost dressing function (right panel) for various gauges from a 20^3 lattice at a = 0.22 fm. The minimal Landau gauge is described in [10], and the absolute Landau gauge in [3]. The min B and max B gauges select the minimum and maximum possible value of B, respectively, and are described in the text. The inverse Landau gauge maximizes (3) over the set of all local minima on the residual gauge orbit.

To compare extreme cases, the correlation functions for the cases with minimum and maximum attainable value of B, corresponding to setting B to zero and infinity, respectively, are determined. As a comparison, the gauge with the most probable value of B can be used. This can either be constructed as described above, after identifying this average value, or by randomly choosing a copy on each residual gauge orbit with a probability weight faithfully representing the distribution of b. The latter can be done with an appropriate implementation of the so-called minimal Landau gauge, e. g. the one used in [10], which is also used here. This also provides a direct way of implementing the minimal Landau gauge in the continuum: Require the ghost propagator to have the most probable B value. The latter can be determined, e. g., in lattice calculations. Such a prescription was lacking so far, and instead a-posteriori adjustments were performed [6].

The results for the gluon propagator and the ghost dressing function in these three types of Landau gauges, compared also to gauges based on (3), are shown in figure 4. The ghost propagator differs by design very strongly at momenta below 1 GeV for the three Landau-B gauges. In fact, the max B-case is enormously enhanced compared to the result in minimal Landau gauge. It has to be seen [13] whether it diverges in the thermodynamic limit. The gluon propagator is, at least for this lattice size, almost indistinguishable for all gauges. This could have been anticipated due to the lack of correlation of the ghost and gluon propagator gauge parameters, shown in figure 2, and requires further studies on larger volumes [13]. Due to an entropy argument applicable to finite moments it may coincide for any kind of fixing the residual gauge degree of freedom [9], and therefore would be likely infrared finite.

3.1. Relation to functional results

The recovery of a decoupling-type behavior in the infinite-volume limit for at least some of the Landau-B gauges seems to be evident, though this also requires further study. On the other hand, the maximal-B gauge may correspond to a scaling-type behavior. The appearance of an essential massive and Landau-B-gauge-independent gluon propagator is actually not at odds with this. On the one hand, functional studies imply such a behavior at small volumes [14], and this could change on large volumes. But even if not is an infrared finite gluon propagator still compatible with a scaling-type behavior in case of mild angular variations of an infrared finite ghost-gluon vertex [15], which would still be compatible with existing results on this vertex [10, 12, 16], and is actually expected from functional studies [17]. This makes the role of the absolute Landau gauge [3] somewhat unclear for now.

4. Summary

Thus, also using lattice gauge theory indications exist that it is possible to construct a one-parameter family of correlation functions, as with functional methods [6]. These are distinguished by a second gauge parameter B(0, μ). There appears to be no further freedom in choosing a Gribov copy^5. Thus, the Gribov-Singer ambiguity is resolved. Just by conditions on the correlation functions it is possible to define an unambiguous non-perturbative gauge independent of the method. Note that there are alternatives, like the absolute Landau gauge, which are of course related to these Landau-B gauges [13].

As a consequence of this, the infrared behavior of correlation functions could be strongly determined by a pure gauge choice, and any physics contained in there is mixed with these gauge contributions. A fuller analysis of this question will require more detailed studies [13], and in particular

5In case this conjecture is not correct, the observed variations would actually be only the lower limit of possible variations.

much larger volumes. This also applies to the question of whether besides the decoupling case, corresponding to finite B, the scaling case, with infinite B, exists in the infinite-volume limit, though the results here and in functional studies [6, 14] at least opens up a possibility for this. In addition, the existence of a non-perturbatively well-defined BRST charge [18] inducing a scaling-type behavior [6] would require the existence of such a gauge. However, it is yet unclear to which kind of Landau gauge the global BRST corresponds, or whether it may even be one averaging over all Gribov copies [18]. Therefore, this remains a very interesting question.

If all of this would be correct, this would be almost too good to be true: This would permit to use the gauge freedom to choose a gauge with useful properties. E. g., the explicit construction of the Hilbert space of QCD could be addressed by the use of the scaling (infinite B) Landau-B gauge [6] and the Kugo-Ojima construction [19], which could provide one explanation of the confinement mechanism. Of course, also in the other Landau-B gauges gluon [6, 20] and quark [21] confinement is obtained, though the explanation will necessarily be different.

Acknowledgments I am grateful to C. S. Fischer, H. Gies, J. Greensite, Š. Olejník, J. M.

Pawlowski and L. von Smekal for helpful remarks. This work was supported by the FWF under grant number M1099-N16. The ROOT framework [22] has been used in this project.

References

[1] V. N. Gribov, Nucl. Phys. B 139, 1 (1978).

[2] I. M. Singer, Commun. Math. Phys. 60 (1978) 7.

[3] A. Maas, Phys. Rev. D 79, 014505 (2009) [arXiv:0808.3047].

[4] P. van Baal, arXiv:hep-th/9711070.

[5] Ph. Boucaud, et al. JHEP 0806, 099 (2008) [arXiv:0803.2161].

[6] C. S. Fischer, A. Maas and J. M. Pawlowski, arXiv:0810.1987, accepted by Annals Phys.

[7] G. Dell’Antonio and D. Zwanziger, Commun. Math. Phys. 138, 291 (1991).

[8] H. Reinhardt and W. Schleifenbaum, Annals Phys. 324, 735 (2009) [arXiv:0809.1764].

[9] D. Zwanziger, Phys. Rev. D 69, 016002 (2004) [arXiv: hep-ph/0303028];

D 65, 094039 (2002) [arXiv: hep-th/0109224].

[10] A. Cucchieri, A. Maas and T. Mendes, Phys. Rev. D 74, 014503 (2006) [arXiv:hep-lat/0605011].

[11] A. Cucchieri, Nucl. Phys. B 521, 365 (1998) [arXiv:hep-lat/9711024]; B 508, 353 (1997) [arXiv:hep-lat/9705005].

[12] A. Maas, Phys. Rev. D 75, 116004 (2007) [arXiv: 0704.0722]. [13] A. Maas, work in progress.

[14] C. S. Fischer, et al. Annals Phys. 322, 2916 (2007) [arXiv:hep-ph/0701050].

[15] C. Lerche and L. von Smekal, Phys. Rev. D 65, 125006 (2002) [arXiv:hep-ph/0202194].

[16] A. Cucchieri, A. Maas and T. Mendes, Phys. Rev. D 77, 094510 (2008) [arXiv:0803.1798 [hep-lat]].

[17] W. Schleifenbaum, A. Maas, J. Wambach and R. Alkofer, Phys. Rev. D 72, 014017 (2005) [arXiv:hep-ph/0411052].

[18] H. Neuberger, Phys. Lett. B 183, 337 (1987); L. von Smekal, et al.

PoSLAT (2007) 382 [arXiv:0710.2410]; arXiv:0812.2992; L. von Smekal, arXiv:0812.0654.

[19] T. Kugo and I. Ojima, Prog. Theor. Phys. Suppl. 66, 1 (1979). [20] A. Cucchieri, T. Mendes and A. R. Taurines, Phys. Rev. D 71, 051902 (2005) [arXiv:hep-lat/0406020]; P. O. Bowman et al. Phys. Rev. D 76, 094505 (2007) [arXiv:hep-lat/0703022]; D. Dudal, et al., Phys. Rev. D 78, 065047 (2008) [arXiv:0806.4348 [hep-th]].

[21] J. Braun, H. Gies and J. M. Pawlowski, [arXiv:0708.2413]. [22] R. Brun and F. Rademakers, Nucl. Instrum. Meth. A 389 (1997) 81.