arXiv:hep-ph/0508225v3 11 Apr 2007

Singularities of Feynman diagrams and the cutting rules

Yong Zhou Beijing University of Posts and Telecommunications, School of Science, P.O. Box 123, Beijing 100876, China

We improve on the cutting rules for calculating the singularities of Feynman diagrams. The results of the new cutting rules coincide with those of the conventional loop momentum integral algorithm, and keep the physical amplitude t → c Z gauge independent. We also find some kinematic law of the virtual particles in the quantum field vacuum.

PACS numbers: 12.38.Bx, 11.80.Cr

I. INTRODUCTION

The singularities of Feynman diagram comes from the singularities of Feynman propagators. At present there are two methods to calculate the singularities of Feynman diagram, one is the causal perturbative theory [1], the other is the cutting rules proposed by Cutkosky [2]. Although the cutting rules has been present for a long time, people rarely investigate it carefully. In fact it doesn’t give an integrated algorithm to calculate the singularities of Feynman diagram. Consider the Feynman propagator

D_F (x − y) = ∫ d_4p (2π)^4 i p^2 − m^2 + iε e^{−ip·(x−y)} , (1) there are two singularities p_0 = ±( √ p^2 + m^2 − iε) in the denominator. The cutting rules implies only one of the singularities contributes to the Feynman amplitude, but it doesn’t tell which singularity is the case [2]. So people need to find other criterions to complete the calculations. Here we will discuss how to conquer this bug.

II. IMPROVE ON THE CUTTING RULES

In order to find which singularity contributes to the Feynman amplitude, we calculate the imaginary part of the simplest one-loop-level scalar self-energy amplitude. If keeping all of the singularities’ contribution we have ImM(p → p) = Im ∫ d_4k (2π)^4 −i k^2 − m^2_1 + iε 1 (k − p)^2 − m^2 + iε → (m^4 + m^4_1 + m^4_2 − 2m^2m^2_1 − 2m^2m^2 − 2m^2_1m^2)^{1/2} 16πm^2

× (θ[m_1 − m − m_2] + θ[m − m_1 − m_2] + θ[m_2 − m − m_1]) , (2)

where the incoming momentum p satisfies p_0 = √ p^2 + m^2 and θ is the Heaviside function. It can be easily seen the three Heaviside functions come from the contributions of three different combinations of the singularities. We can draw three diagrams to represent the three different combinations of the singularities.

m m_1

m_2 m m_1

m_2 m m_1

m_2

FIG. 1: Three different combinations of the singularities contributing to Eq.(2).

In Fig.1 the arrow denotes the propagator is on mass shell and the arrow direction denotes the energy propagating direction of the propagator, i.e. the energy component of the momentum along the arrow is positive. Obviously two opposite arrows in a propagator denote the two singularities of the propagator. So the three diagrams of Fig.1 represent the three different combinations of the singularities which contribute to Eq.(2). From the Breit-Wigner formula ImM(p → p) = mΓ (Γ is the decay width of the particle) [3] one easily sees that only the second combination of the singularities, or called the second cut, contributes to the self-energy amplitude. Comparing the three cuts of Fig.1 we find the difference between the second cut and the others is if the energy propagating directions form a closed circle in the cut momentum loops. In the second cut they don’t form a closed circle, but in the other cuts they form a closed circle. In order to understand better this point, we give two examples in Fig.2, where the energy propagating directions don’t form a closed circle in the first diagram, but form a closed circle in the second diagram.

FIG. 2: Two diagrams of the energy propagating directions not forming or forming a closed circle in the cut momentum loops.

We can suppose the correct cut should satisfy such condition that the energy propagating directions cannot form a closed circle in any cut momentum loop. Under this condition all of the energy propagating directions of the cut propagators will follow along a same direction, i.e. the energy propagating direction of the incoming particles of the Feynman diagram (this point can be seen from the following diagrams of Fig.(4,5,7,8,9)). In quantum field vacuum the energy propagating direction of the cut propagator is just the propagating direction of the on-mass-shell virtual particle corresponding to the propagator. So such condition guarantees all of the on-mass-shell virtual particles propagate along a same direction in the quantum field vacuum, and avoids the energies of the on-mass-shell virtual particles greater than the total energy of the incoming particles, since in each interaction vertex the energy is conserved. Such picture implies the propagating processes of the on-mass-shell virtual particles, which contribute to the physical amplitude, must obey the energy conservation law like the genuine physical processes. Obviously such picture is an adventruous assumption, but it is also a reasonable assumption. Its correctness can be seen from the follow calculations.

In order suitable for actual calculations we need to solve a potential problem in the assumption. The feature of the Feynman diagrams which contain the potential problem is some of whose innerline propagators contain self-energy (or tadpole) corrections, as the diagram in Fig.3. 1 2

FIG. 3: Diagram whose inner-line propagator contains self-energy correction.

At present the propagators 1 and 2 can be cut simultaneously. If the masses of the 1 and 2 propagators are same, the cut will lead to an infinite large result, since there will be two same delta functions in the calculations. So such cut, in which the number of the cut propagators in a same propagator chain (i.e. all of the propagators are connected by self-energy (or tadpole) corrections) is greater than one, must be prohibited. Under this constraint the contribution of the cuts of 1 and 2 propagators isn’t infinite large any more, but is equal to f(m^2_1)/(m^2_1 − m^2) + f(m^2)/(m^2 − m^2_1), where f denotes the cut amplitude without the contribution of one of 1 and 2 propagators and m_1, m_2 are the masses of 1 and 2 propagators. When m_1 = m_2, the contribution becomes (f(m^2_1)−f(m^2))/(m^2_1−m^2) → ∂f(m^2_1)/∂m^2_1, which also has meaning. Similarly if there are more than one self-energy corrections in a same propagator chain, we can also obtain a significative result of the cut amplitude. For example for a Feynman diagram in which a propagator chain has two self-energy corrections and all of masses of the propagators in the propagator chain are same, the amplitude of the diagram including the cut of the propagator chain is ∂^2g(m^2)/(∂m^2)^2, where g is the Feynman amplitude including the cut of the propagator chain but without the contribution of two of the three propagators in the propagator chain and m is the same mass of the propagators of the propagator chain.

From some simple examples one can easily see the contribution of the singularities of a Feynman diagram is not only imaginary part, but also real part. For example the singularities of Fig.4 contribute real part to the Feynman amplitudes. At present we need to determine the contribution

FIG. 4: Cuts which contribute real part to the Feynman amplitudes.

of a singularity of a propagator to the Feynman amplitude. We can base our conclusion on the mathematic formula 1 a ± iε = P 1 a ∓ i π δ(a) , (3) where P denotes the Cauchy principle value. For a given cut in which the singularity of a cut propagator contributing to the Feynman amplitude has been determined, so the contribution of a cut propagator should be equal to 1 p^2 − m^2 + iε

→ −iπθ[p_0] δ(p^2 − m^2) , (4)

The extra term θ[p_0] is used to guarantee the energy propagating direction of the cut propagator (i.e. the direction along which the energy component of the momentum is positive) is along the stipulated direction, where p is stipulated along the energy propagating direction of the cut propagator.

Furthermore we notice that when we integrate each cut loop momentum, all of the selected singularities in it will be calculated i times, where i is the number of the cut propagators in the cut momentum loop, because there are i-time integrations of the four components of the loop momentum for the i delta functions and all of the selected singularities will be calculated one time when performing once integration. Therefore if the cut diagram has n smallest momentum loops each of which has i cut propagators, the final result should be multiplied by an extra factor i^n, where the momentum loop called smallest means it doesn’t contain any smaller momentum loop in it. The constraint of smallest guarantees the extra factor is unique and doesn’t contain any repeated counting.

It’s well known that cutting only one propagator in a momentum loop is equivalent to performing the conventional loop momentum integral, so we stipulate each momentum loop can only be cut beyond once. For the uncut propagator, since its singularities don’t contribute to the Feynman amplitude, it should be replaced by its Cauchy principle value when performing the loop momentum integral (see Eq.(3)). Summing up all of the above conclusions we obtain the following new cutting rules:

1. Cut through the Feynman diagram in all possible ways such that the cut propagators can simultaneously be put on mass shell and the cut propagators’ energy propagating directions (i.e. the energy component of the momentum along the direction is positive) cannot form a closed circle in any cut momentum loop; keep the number of the cut propagators in a same propagator chain (i.e. all of the propagators are connected by self-energy (or tadpole) corrections) less than two; keep the number of the cut propagators in any cut momentum loop greater than one.

2. For each cut propagator with definite energy propagating direction, replace 1/(p^2−m^2+iε) → −iπθ[p_0]δ(p^2 − m^2), where the momentum p is along the energy propagating direction of the propagator; for each uncut propagator, apply Cauchy principle value to it. Then multiply by factor ∏ i^n where i is the number of the cut propagators in a smallest momentum loop (i.e. the momentum loop doesn’t contain any smaller momentum loop in it) and n is the number of such smallest momentum loops, then perform the loop integrals.

3. Sum the contributions of all possible cuts.

It’s obvious that the new cutting rules is more detailed than the old one, so is more suitable for actual calculations. The new cutting rules introduces an useful concept of the energy propagating direction and gives a set of rules to determine it in a cut Feynman diagram. It points out the Cauchy principle value should be applied to the uncut propagator in the loop momentum integrals. It also implies both of the singularities of a propagator can contribute to the Feynman amplitude (for example see the middle vertical propagator in Fig.4), thus answers the question proposed in the introduction. All of the above discussions don’t exist before, but there exist some calculations of the imaginary parts of the Green functions by the causal perturbative theory [4].

III. CORRECTNESS OF THE NEW CUTTING RULES

Obviously the imaginary part of Feynman amplitude can be calculated by the conventional loop momentum integral algorithm, i.e. by the Feynman parametrization, wick rotation and dimensional regularization [5]. In this section we will see if the results of the new cutting rules coincide with the ones of the conventional integral algorithm. The examples of calculating the contribution of the singularities of Feynman diagram to the real part of the Feynman amplitude by the new cutting rules can be found in Ref.[6].

Firstly we calculate the imaginary part of the two-loop two-point Feynman diagram as shown in Fig.5, where the cut has been drawn and p^2 = m^2. p m_1 m_1 m_1 m

FIG. 5: Cut of a two-loop two-point diagram which contributes to the imaginary part of the Feynman amplitude.

Using the new cutting rules we obtain Im ∫ d_4k_1 (2π)^4 d^4k_2 (2π)^4 1 k^2_1 − m^2_1 + iε 1 k^2 − m^2_1 + iε 1 (k_1 + k_2 − p)^2 − m^2_1 + iε = 1 64π^5 ∫ d^4k_1d^4k_2 θ[k_{10}] δ(k^2_1 − m^2_1) θ[k_{20}] δ(k^2 − m^2_1) θ[p_0 − k_{10} − k_{20}] δ((p − k_1 − k_2)^2 − m^2_1) = 1 64mπ^3

∫^{m2−3m2}1_{2m}

m_1 d x [ (mx + m^2_1)^2 − m^2_1(m^2 − m^2_1)^2 m^2 + m^2_1 − 2mx ]_{1/2} θ[m − 3m_1] . (5)

Using the conventional integral algorithm we also obtain Im ∫ d_Dk_1 (2π)^D d^Dk_2 (2π)^D 1 k^2_1 − m^2_1 + iε 1 k^2 − m^2_1 + iε 1 (k_1 + k_2 − p)^2 − m^2_1 + iε = 1 256π^4 Im ∫_1 0 d x ∫_1 0 d y (A − 2m^2y)( 2 ϵ − 2γ + ln 16π^2 + ln y − ln x(1 − x) − ln B) ln B = − 1 256π^3

∫_1 0 d x ∫_1 0 d y (A − 2m^2y)( 2 ϵ − 2γ + ln 16π^2 + ln y − ln x(1 − x) − 2 ln |B|)θ[−B] = 1 128π^3 ∫_{x2} x_1 d x ( A(A2 − 4m2m2_1)1/2 4m^2

− m^2_1 ln

A + (A^2 − 4m^2m^2_1)^{1/2} 2mm_1 ) θ[m − 3m_1] , (6)

where ϵ = 4 − D, γ is the Euler constant, and

A = m^2 + m^2_1 − m^2_1 x(1 − x) , B = m^2y^2 − A y + m^2_1 , x_{1,2} = m − m_1 ∓ (m^2 − 2mm_1 − 3m^2_1)^{1/2} 2(m − m_1)

. (7)

In Eq.(6) we have used the formula ln a = ln |a| − iπ θ[−a]. Through numerical calculations we find

Eq.(5) is equal to Eq.(6). The concrete result is shown in Fig.6.

FIG. 6: Results of Eq.(5) (denoted by dots) and Eq.(6) (denoted by line).

Then we calculate the imaginary part of the one-loop three-point Feynman diagram as shown

in Fig.7, where p^2 = m^2_a and p^2_1 = p^2 = m^2_b .

p m^1 m_1 m_1 p_1

p_2 −→ + +

FIG. 7: Cuts of a one-loop three-point diagram which contribute to the imaginary part of the Feynman

amplitude.

Using the new cutting rules we obtain Im(−i) ∫ d_4k (2π)^4 1 k^2 − m^2_1 + iε 1 (k − p_1)^2 − m^2_1 + iε 1 (k − p_1 − p_2)^2 − m^2_1 + iε = P ∫ d_4k 8π^2 [ θ[k_0]δ(k^2 − m^2_1)θ[p_{10} + p_{20} − k_0]δ((p_1 + p_2 − k)^2 − m^2_1) (k − p_1)^2 − m^2_1 + iε + θ[k_0]δ(k^2 − m^2_1)θ[p_{10} − k_0]δ((p_1 − k)^2 − m^2_1)

(k − p_1 − p_2)^2 − m^2_1 + iε + θ[k_0 − p_{10}]δ((k − p_1)^2 − m^2_1)θ[p_{10} + p_{20} − k_0]δ((p_1 + p_2 − k)^2 − m^2_1) k^2 − m^2_1 + iε ]

= θ[m_a − 2m_1] 16πm_a √ m^2_a − 4m^2_b ln | | | | | m^2_a − 2m^2_b − √ (m^2_a − 4m^2_b )(m^2_a − 4m^2_1)

m^2_a − 2m^2_b + √ (m^2_a − 4m^2_b )(m^2_a − 4m^2_1) | | | | | + θ[m_b − 2m_1] 8πm_a √ m^2_a − 4m^2_b ln | | | | | m_am_b + √ (m^2_a − 4m^2_b )(m^2_b − 4m^2_1) m_am_b − √ (m^2_a − 4m^2_b )(m^2_b − 4m^2_1) | | | | | . (8)

Using the conventional integral algorithm we also obtain Im(−i) ∫ d_4k (2π)^4 1 k^2 − m^2_1 + iε 1 (k − p_1)^2 − m^2_1 + iε 1 (k − p_1 − p_2)^2 − m^2_1 + iε = − 1 16π^2 Im ∫_1 0 d x ∫_{1−x} 0 d y m^2_a x^2 + m^2_b y^2 + m^2_a x y − m^2_a x − m^2_b y + m^2_1 − iε = − 1 16π ∫_1 0 d x ∫_{1−x} 0 d y δ(m^2_a x^2 + m^2_b y^2 + m^2_a x y − m^2_a x − m^2_b y + m^2_1)

= 1 16πm_a √ m^2_a − 4m^2_b ln [ m2_a − 2m2_b − √ (m^2_a − 4m^2_b )(m^2_a − 4m^2_1)

m^2_a − 2m^2_b + √ (m^2_a − 4m^2_b )(m^2_a − 4m^2_1) × m_am_b + √ (m^2_a − 4m^2_b )(m^2_b − 4m^2_1) m_am_b − √ (m^2_a − 4m^2_b )(m^2_b − 4m^2_1) 2] θ[ m_b 2 − m_1] + 1 16πm_a √ m^2_a − 4m^2_b

× ln m^2_a − 2m^2_b − √ (m^2_a − 4m^2_b )(m^2_a − 4m^2_1)

m^2_a − 2m^2_b + √ (m^2_a − 4m^2_b )(m^2_a − 4m^2_1) θ[ m_a 2 − m_1] θ[m_1 − m_b 2 ] . (9)

In Eq.(9) we have used the formula of Eq.(3). Obviously Eq.(8) is equal to Eq.(9). Eq.(8) also

coincides with Eq.(3.24) of Ref.[4].

Thirdly we calculate the imaginary part of the one-loop four-point Feynman diagram as shown

in Fig.8, where r = (2p, p e_z) and q = (2p, −p e_z). m

m m 0 r q r q −→ + +

+ +

FIG. 8: Cuts of a one-loop four-point diagram which contribute to the imaginary part of the Feynman

amplitude.

Using the new cutting rules we obtain Im(−i) ∫ d_4k (2π)^4 1 k^2 + iε 1 (k − q)^2 − m^2 + iε 1 k^2 − m^2 + iε 1 (k + r)^2 − m^2 + iε = 1 8π^2 P ∫ d^4k

[ θ[k_0]δ(k2 − m2)θ[q_0 + r_0 − k_0]δ((q + r − k)2 − m2) (k − r)^2((k − r)^2 − m^2) + θ[k_0]δ(k^2 − m^2)θ[r_0 − k_0]δ((r − k)^2 − m^2) k^2((k + q)^2 − m^2) + θ[k_0]δ(k^2 − m^2)θ[q_0 − k_0]δ((q − k)^2 − m^2) k^2((k + r)^2 − m^2) + θ[k_0]δ(k^2)θ[r_0 − k_0]δ((r − k)^2 − m^2) (k^2 − m^2)((k + q)^2 − m^2) + θ[k_0]δ(k^2)θ[q_0 − k_0]δ((q − k)^2 − m^2) (k^2 − m^2)((k + r)^2 − m^2) ]

= − θ[p − m/ √ 3] 64πm^2p^2 ln 3 + θ[p − m/2] 128πm^2p^2 ln 9p^3 − m^2p + 2m^2 √ 4p^2 − m^2 9p^3 − m^2p − 2m^2 √ 4p^2 − m^2 + θ[p − 2m/ √ 3] 128πm^2p^2 ln 15p^2 − 4m^2 + 4p √ 9p^2 − 12m^2 15p^2 − 4m^2 − 4p √ 9p^2 − 12m^2

. (10)

Using the conventional integral algorithm and Eq.(3) we also obtain Im(−i) ∫ d_4k (2π)^4 1 k^2 + iε 1 (k − q)^2 − m^2 + iε 1 k^2 − m^2 + iε 1 (k + r)^2 − m^2 + iε = 1 16π^2 Im ∫_1 0 d x ∫_{1−x} 0 d y ∫_{1−x−y} 0 d z (3p^2 x^2 + 3p^2 y^2 − 10p^2 x y − 3p^2 x − 3p^2 y − m^2 z + m^2 − iε)^2 = 1 16π^2m^2 Im ∫_1 0 d x ∫_{1−x} 0 d y [ 1 3p^2 x^2 + 3p^2 y^2 − 10p^2 x y + (m^2 − 3p^2)x + (m^2 − 3p^2)y − iε − 1 3p^2 x^2 + 3p^2 y^2 − 10p^2 x y − 3p^2 x − 3p^2 y + m^2 − iε ]

= 1 16πm^2

∫_1 0 d x ∫_{1−x} 0 d y [ δ(3p^2 x^2 + 3p^2 y^2 − 10p^2 x y + (m^2 − 3p^2)x + (m^2 − 3p^2)y)

− δ(3p^2 x^2 + 3p^2 y^2 − 10p^2 x y − 3p^2 x − 3p^2 y + m^2)] = θ[p −^m_2 ]θ[^{m√}_3 − p]

128πm^2p^2 ln 9p^3 − m^2p + 2m^2 √ 4p^2 − m^2 9p^3 − m^2p − 2m^2 √ 4p^2 − m^2 + θ[p −^{m√}_3 ]θ[^{2m√}_3 − p]

128πm^2p^2 ln 9p^3 − m^2p + 2m^2 √ 4p^2 − m^2 9(9p^3 − m^2p − 2m^2 √ 4p^2 − m^2) + θ[p −^{2m√}_3 ] 128πm^2p^2 ln (9p^3 − m^2p + 2m^2 √ 4p^2 − m^2)(15p^2 + 4p √ 9p^2 − 12m^2 − 4m^2) 9(9p^3 − m^2p − 2m^2 √ 4p^2 − m^2)(15p^2 − 4p √ 9p^2 − 12m^2 − 4m^2)

. (11)

Obviously Eq.(10) is equal to Eq.(11).

Lastly we calculate the imaginary part of the two-loop two-point Feynman diagram as shown

in Fig.9, where p^2 = M^2. Using the new cutting rules we obtain Im μ^{2ϵ} ∫ d_Dk_1 (2π)^D d^Dk_2 (2π)^D 1 k^2_1 + iε 1 k^2 − m^2 + iε × 1 (k_2 − k_1)^2 − m^2 + iε 1 k^2_1 − m^2 + iε 1 (k_1 − p)^2 − m^2 + iε = Im μ^{2ϵ}P ∫ d_Dk_1 (2π)^D d^Dk_2 (2π)^D [ 1 (p − k_1)^2((p − k_1)^2 − m^2) × 4i π^3 θ[k_{10}]δ(k^2_1 − m^2)θ[k_{20}]δ(k^2 − m^2)θ[p_0 − k_{10} − k_{20}]δ((p − k_1 − k_2)^2 − m^2) − 2π^2θ[k_{10}]δ(k^2_1 )θ[p_0 − k_{10}]δ((p − k_1)^2 − m^2) (k^2 − m^2)((k_2 − k_1)^2 − m^2)(k^2_1 − m^2) − 2π^2θ[k_{10}]δ(k^2_1 − m^2)θ[p_0 − k_{10}]δ((p − k_1)^2 − m^2) k^2_1 (k^2 − m^2)((k_2 − k_1)^2 − m^2) ]

= 1 64π^3 P ∫_∞ 0 k^2_1 d k_1 ∫_∞ 0 k^2 d k_2

∫_1 −1 d x

× δ(M − √ m^2 + k^2_1 − √ m^2 + k^2 − √ m^2 + k^2_1 + k^2 + 2k_1k_2 x) √ m^2 + k^2_1 √ m^2 + k^2 √ m^2 + k^2_1 + k^2 + 2k_1k_2 x

× 1 (M^2 + m^2 − 2M √ m^2 + k^2_1 )(M^2 − 2M √ m^2 + k^2_1 ) + 2π^2μ^{2ϵ}Γ(ϵ/2) (4π)^{D/2}m^2 ∫ d_Dk_1 (2π)^D θ[k_{10}]δ(k^2_1 )θ[p_0 − k_{10}]δ((p − k_1)^2 − m^2) − 2π^2μ^{2ϵ}Γ(ϵ/2) (4π)^{D/2}m^2

∫_1 0 d x (x^2 − x + 1)^{ϵ/2} ∫ d_Dk_1 (2π)^D θ[k_{10}]δ(k^2_1 − m^2)θ[p_0 − k_{10}]δ((p − k_1)^2 − m^2)

= θ[M − 3m] 64π^3M m^2

∫ M^3−3m^2 2m M 1 √ (x^2 − 1)(M^2 − 2m M x − 3m^2) (M^2 + m^2 − 2m M x)^{3/2}(M − 2m x) d x + θ[M − m] 256π^3m^2M^2

(M^2 − m^2)(Δ − 2 ln

M^2 − m^2 m M + 2) − θ[M − 2m] 256π^3m^2M √ M^2 − 4m^2(Δ − ln

M^2 − 4m^2

m^2

+ 4 − π √ 3 ) , (12)

where Δ = 2 ϵ + 2 ln 4π − 2γ − 2 ln m^2 μ^2

. (13)

p 0 m m m m −→ + +

FIG. 9: Cuts of a two-loop two-point diagram which contribute to the imaginary part of the Feynman

amplitude.

Using the conventional integral algorithm, Eq.(3) and the fact ln a = ln |a|−iπθ[−a] we also obtain Im μ^{2ϵ} ∫ d_Dk_1 (2π)^D d^Dk_2 (2π)^D 1 k^2_1 + iε 1 k^2 − m^2 + iε × 1 (k_2 − k_1)^2 − m^2 + iε 1 k^2_1 − m^2 + iε 1 (k_1 − p)^2 − m^2 + iε = 1 256π^4 Im ∫_1 0 d x ∫_1 0 d y ∫_{1−y} 0 d z M^2y^2 + (m^2 − M^2)y + m^2z − iε [ Δ + ln 1 − y − z x − x^2 − ln(

M^2y^2 m^2 − M^2y m^2

+ y + z + 1 − y − z x − x^2 − iε) − ln( M^2y^2 m^2 − M^2y m^2 + y + z − iε) ]

= 1 256π^3

∫_1 0 d x ∫_1 0 d y ∫_{1−y} 0 d z δ(M^2y^2 + (m^2 − M^2)y + m^2z) [ Δ + ln 1 − y − z x − x^2 − ln | M^2y^2 m^2 − M^2y m^2

+ y + z + 1 − y − z x − x^2 | ]

+ 1 256π^3 P ∫_1 0 d x ∫_1 0 d y ∫_{1−y} 0 d z θ[^{M 2y}_{m2} −^{M 2y2}_{m2} − y − z −^{1−y−z}_{x−x2} ] M^2y^2 + (m^2 − M^2)y + m^2z

+ 1 512π^3m^2 Im ∫_1 0 d x ∫_1 0 d y [ ln^2(

M^2y^2 m^2 − M^2y m^2

+ y − iε) − ln^2(

M^2y^2 m^2 − M^2y m^2 + 1 − iε) ]

= θ[M − m] θ[2m − M] 256π^3m^2M^2

(M^2 − m^2)(Δ − 2 ln

M^2 − m^2 m M + 2) + θ[M − 2m] θ[3m − M] 256π^3m^2M^2 [ (M^2 − m^2 − M √ M^2 − 4m^2)Δ + 2(M^2 − m^2)(1 − ln

M^2 − m^2 m M ) + M √ M^2 − 4m^2(ln

M^2 − 4m^2 m^2 + π √ 3 − 4) ]

+ θ[M − 3m] 256π^3m^2M^2 [ (M^2 − m^2 − M √ M^2 − 4m^2)Δ + M √ M^2 − 4m^2(ln

M^2 − 4m^2

m^2 + π √ 3 − 4)

+ 2(M^2 − m^2)(1 − ln

M^2 − m^2 m M ) + 2M^2 ∫_{y2} y_1 ( F − √ 3 tg^{−1} F √ 3 ) d y ] , (14)

where F = ( M^2y^2 − M^2y − 3m^2y + 4m^2 y(M^2y − M^2 + m^2) )_{1/2} , y_{1,2} =

M^2 + 3m^2 ∓ √ M^4 − 10m^2M^2 + 9m^4 2M^2

. (15)

Through numerical calculations we find Eq.(12) is equal to Eq.(14). The concrete result is shown

in Fig.10. We note that a similar discussion has been present in Ref.[4].

FIG. 10: Results of Eq.(12) (denoted by dot) and Eq.(14) (denoted by line) with Δ = 0.

There are a lot of similar examples. All of them show that the results of the new cutting rules

coincide with those of the conventional loop momentum integral algorithm very well.

IV. GAUGE INDEPENDENCE OF PHYSICAL RESULT UNDER THE NEW CUTTING RULES

In order to investigate whether the new cutting rules keeps physical results gauge independent,

we calculate the gauge dependence of the quasi-imaginary part (the explanation see below) of the physical amplitude t → c Z, i.e. top quark decaying into charm quark and gauge boson Z, by the new cutting rules.

It’s well known that the imaginary part of Feynman amplitude comes from either the coupling constant which has imaginary part, or the singularities of the Feynman diagram. If we assume all of the coupling constants are real numbers, we call the imaginary part coming from the singularities of the Feynman diagram as quasi-imaginary part. If all of the coupling constants are real numbers, the quasi-imaginary part is just the imaginary part of the Feynman amplitude. If not so, the quasi-imaginary part isn’t equal to the imaginary part of the Feynman amplitude. Obviously the cutting rules is just used to calculate the quasi-imaginary part of Feynman amplitude. In Fig.11 we show the one-loop diagrams of the physical process t → c Z. Obviously there is no need to

FIG. 11: One-loop diagrams of the physical process t → c Z.

introduce any counterterm when only considering the one-loop-level amplitude. By the help of the program packages FeynArts and FeynCalc [7] we obtain under the new cutting rules ĨmM(t → c Z)|_ξ = 0 , (16) where Ĩm denotes the quasi-imaginary part of the physical amplitude and the subscript ξ denotes the gauge-dependent part of the quantity. The left part of the physical amplitude is also gauge independent (we don’t show the concrete result here). So under the new cutting rules the decay width of t → c Z is gauge independent at one-loop level.

Eq.(16) also implies all of the unphysical cuts, such as the cut t → G^+d_i in the 1-6 and 9, 10 diagrams of Fig.11, have been cancelled out in the final result. This coincides with the conventional knowledge [8].

V. CONCLUSION

Since the conventional cutting rules doesn’t give an integrated algorithm to calculate the contribution of the singularities of Feynman diagram to the Feynman amplitude, we try to improve on it in this paper. We introduce a new concept about the cut propagator’s direction—”the energy propagating direction”. The meaning of it is the energy component of the propagator’s momentum along the energy propagating direction is positive. Using this concept we construct an integrated cutting rules which can be used for actual calculations. We have used the new cutting rules to calculate several Feynman diagrams’ imaginary parts. The results coincide with those of the conventional loop momentum integral algorithm. Besides, the new cutting rules keeps the physical result of the process t → c Z gauge independent at one-loop level. The new cutting rules also implies the singularities of Feynman diagram contribute not only imaginary part, but also real part, to the Feynman amplitude.

In the investigation we find some kinematic law of the virtual particles in the quantum field vacuum. If the virtual particles in the quantum field vacuum are on mass shell, i.e. their propagators reach the singularities, they must satisfy the energy conservation law, particularly the energy of each intermediate virtual particle is less than the total energy of the incoming particles of the Feynman diagram. In other words, the interaction processes of the on-mass-shell intermediate virtual particles in the quantum field vacuum are similar to the genuine physical processes. Maybe this is a problem worthy of serious attentions.

Acknowledgments

The author thanks Prof. Cai-dian Lu for the fruitful discussions and the corrections of the words.

[1] H. Epstein and V. Glaser, Ann. Inst. Poincare A 29 (1973) 211;

R.F. Streater, A.S. Wightman, “PCT, Spin and Statistics, and All That,” Benjamin, New

York/Amsterdam, 1964;

F. Constantinescu, “Distributionen und ihre Anwendung in der Physik,” Teubner, Stuttgart, 1974. [2] R.E. Cutkosky, J. Math. Phys. 1, 429 (1960). [3] D. Wackeroth, W. Hollik, Phys. Rev. D55 (1997) 6788;

R.J. Eden, P.V. Landshoff, D.I. Olive, J.C. Polkinghorne, The Analytic S-Matrix, Cambridge University Press 1966.

[4] Andreas Aste, Annals of Physics 257 (1997) 158;

G. Scharf, “Finite Quantum Electrodynamics, the Causal Approach,” 2nd ed., Springer, Berlin/Heidelberg/New York, 1995.

[5] G.’t Hooft and M.J.G. Veltman, Nucl. Phys. B44, 189 (1972). [6] Yong Zhou, hep-ph/0508227;

Yong Zhou, hep-ph/0510069.

[7] J. Kublbeck, M. Bohm, A. Denner, Comput. Phys. Commun. 60 (1990) 165;

G.J. van Oldenborgh, J.A.M. Vermaseren, Z. Phys. C46 (1990) 425; T. Hahn, M. Perez-Victoria, Comput. Phys. Commun. 118 (1999) 153.

[8] C. Becchi, A. Rouet, and R. Stora, Ann. Phys. 98 (1976) 287;

I.V. Tyutin, Lebedev Institute preprint (1975, unpublished); M.Z. Iofa and I.V. Tyutin, Theor. Math. Phys. 27 (1976) 316; T. Kugo and I. Ojima, Prog. Theor. Phys. 66 (1979) 1.