arXiv:0905.3916v2 [hep-ph] 5 Jun 2009

Energy renormalization and integrability within the massive neutrinos model

Łukasz Andrzej Glinka

E-mail: laglinka@gmail.com

International Institute for Applicable Mathematics & Information Sciences, Hyderabad (India) & Udine (Italy),

B.M. Birla Science Centre, Adarsh Nagar, 500 063 Hyderabad, India

June 8, 2009

Abstract

In this paper the massive neutrinos model arising due to the Snyder noncommutative geometry, proposed recently by the author is partially developed. By straightforward calculation it is shown that the masses of the chiral left- and right-handed Weyl fields treated as parameters fixed by experiments, lead to the consistent physical picture of the noncommutative geometry, and consequently yield renormalization of an energy of a relativistic particle and exact integrability within the proposed model. This feature of the model in itself both defines and emphasizes its significance and possible usefulness for both theory as well as phenomenology in the region of high energy physics.

Keywords models of neutrino mass ; noncommutative geometry ; Snyder model ; energy renormalization ; exactly integrable systems ; Planck scale effects

PACS 14.60.St; 03.65.Pm ; 02.40.Gh ; 03.30.+p

1 Introduction

It was established recently by the author that the Dirac equation modified by the γ^5-term arising due to the Snyder noncommutative geometry model, yields the conventional Dirac theory with nonhermitian mass, or equivalently to the massive neutrinos model given by the Weyl equation with a diagonal and hermitian mass matrix. The model describes 4 massive chiral fields related to any original, i.e. non-modified, massive or massless quantum state. Due to spontaneous global chiral symmetry breaking mechanism it leads to the isospin-symmetric effective field theory, that is composed chiral condensate of massive neutrinos. All these results violate CP symmetry manifestly, however, their possible physical application can be considered in a diverse way. On the one hand the effective theory is beyond the Standard Model, yet can be considered as its part due to the noncommutative geometry model contribution. On the other in the massive neutrinos model masses of the two left- and two right-handed chiral Weyl fields arise due to mass and energy of an original state, and a minimal scale (e.g. the Planck scale), and its quantum mechanical face becomes the mystic riddle.

This paper is mostly concentrated on the quantum mechanics aspect. It is shown that the model in itself yields consistent physical explanation of the Snyder noncommutative geometry model and consequently leads to energy renormalization of an original quantum relativistic particle. Computations arising directly from the Schrödinger formulation of both the Dirac and the Weyl equations, are presented. First, the manifestly non hermitian modified Dirac Hamiltonian is discussed. Its integrability is formulated by straightforward application of the Zassenhaus formula for exponentialization of sum of two noncommuting operators. It is shown, however, that this approach does not lead to well-defined solutions; for this case the exponents are still sums of two noncommuting operators, so that this procedure has a cyclic problem which can not be finished, and by this reason is not algorithm. For solving the problem instead of the Dirac equation we employ the Weyl equation with pure hermitian mass matrix rewritten in the Schrödinger form. Its integration is straightforward and elementary. We present computations in both the Dirac and the Weyl representations of the Dirac gamma matrices.

The paper is organized as follows. The Section 2 presents the motivation for further studies - the massive neutrinos model is recalled briefly. Next, in the Sections 3 particle’s energy renormalization is discussed. In the Section 4 we present integrability problem for the modified Dirac equation. Section 5 is devoted for the massive Weyl equation integrability, and the Section 6 discusses some special case related to ultra-high energy physics. Finally in the Section 7 the results of the entire paper are summarized briefly.

2 The massive neutrinos model

Let us recall briefly the massive neutrinos model resulting from [1]. The starting point is the noncommutative geometry model [2] of phase-space and space of a relativistic particle due to a fundamental scale ℓ proposed by Snyder [3] (Cf. also Ref. [4]), and given by the following lattice model [5] x = ndx , dx = ℓ , n ∈ Z −→ ℓ = l_0 n e^{1/n} , lim_{n→∞} ℓ = 0, (1)

where l_0 > 0 is a constant, together with the De Broglie formula relating the coordinate x with its conjugate momentum p p = ℏ x . (2)

Application of the Kontsevich star-product [6] to the phase space (x, p) and two space points x and y x ⋆ p = px + ∞∑ n=1 ( αiℏ 2 )_n C_n(x, p), (3)

x ⋆ y = xy + ∞∑ n=1 ( iβ 2 )_n C_n(x, y), (4) where for correctness α ∼ 1, β are dimensionless constants, and C_n(f, g) are the Hochschild cochains, is yielding to the deformed Lie brackets (For review of deformation quantization see e.g. Ref. [7])

[x, p]_⋆ = [x, p] + ∞∑ n=1 ( αiℏ 2 )_n B_n(x, p), (5)

[x, y]_⋆ = [x, y] + ∞∑ n=1 ( iβ 2 )_n B_n(x, y), (6) where B_n(f, g) ≡ C_n(f, g) − C_n(g, f) are the Chevalley cochains. Using [x, p] = −iℏ and [x, y] = 0, and doing the first approximation one obtains [x, p]_⋆ = −iℏ + αiℏ 2 B_1(x, p) , [x, y]_⋆ = iβ 2 B_1(x, y). (7)

or in the Dirac ”method of classical analogy” form [8] 1 iℏ [p, x]_⋆ = 1 − α 2 B_1(x, p) , 1 iℏ [x, y]_⋆ = β 2ℏ B_1(x, y). (8)

Because, for any f, g ∈ C^∞(M) holds B_1(f, g) = 2θ(df ∧ dg), one obtains 1 iℏ [p, x]_⋆ = 1 − α ℏ (dx ∧ dp) , 1 iℏ [x, y]_⋆ = β ℏ dx ∧ dy, (9) where ℏ in first relation was introduced for dimensional correctness. Applying now the lattice model (1) and the De Broglie relation (2) one receives i ℏ [x, p]_⋆ = 1 + α ℏ^2 ℓ^2p^2 , i ℏ [x, y]_⋆ = − β ℏ ℓ^2, (10)

that defines the Snyder model. Note that this model was studied in some aspect by previous authors [9], but the model is related to this direction to a slight degree. The model developed in this paper arise mostly from the idea of the paper [10], and [1].

If we consider ℓ as a minimal scale, e.g. Planck or Compton scale, then the model (10) can be rewritten in terms of the maximal energy ϵ i ℏ [x, p] = 1 + 1 ϵ^2 c^2p^2 , i ℏ [x, y] = O ( 1 ϵ^2 ) , ϵ ≡ ℏc √ αℓ . (11)

The lattice model (11) straightforwardly yield the contribution to the Einstein Hamiltonian constraint of Special Relativity

(γ^μp_μ)^2 = m^2c^4 + 1 ϵ^2 c^4p^4 , p_μ = [E, cp], (12)

where m and E are mass and energy of a particle, and consequently leads to the generalized Sidharth γ^5-term within the usual Dirac equation ( γ^μp̂_μ ± mc^2 ± 1 ϵ c^2p̂^2γ^5 ) ψ = 0 , p̂_μ = iℏ[∂_0, c∂_i], (13)

violating the Lorentz symmetry manifestly. In fact the equation (13) describes 4 cases, that are dependent on the choice of the signs of mass m and the γ^5-term. Here we will consider, however, positive signs case only. The negative ones are due to the changes ϵ → −ϵ and m → −m in the results obtained from the positive signs case.

Preservation of the Minkowski momentum space structure within the modified Einstein constraint (12)

p_μp^μ = (γ^μp_μ)^2 = E^2 − c^2p^2 = m^2c^4, (14)

moves back considerations to the generic Einstein theory with ϵ ≡ ∞, while application of the hyperbolic relation (14) within the modified Dirac equation (13) leads to two the conventional Dirac theories ( γ^μp̂_μ + M_±c^2 ) ψ^± = 0, (15) where ψ^± are the Dirac fields related to the nonhermitian mass matrices M_±, that in general are dependent on an energy E and a mass m of an original quantum relativistic particle. It is of course the case of positive signs in the equation (13). In fact for any signs case there 2 the Dirac fields, so that the equation (13) describes 8 the Dirac fields.

With using of the basis of projectors, M_± can be decomposed as follows

M_± = μ^±_R

1 + γ^5 2 + μ^±_L 1 − γ^5 2 , (16)

μ^±_R = − 1 c^2 ( ϵ 2 ± √ ϵ^2 − 4ϵmc^2 − 4E^2 ) , (17)

μ^±_L = 1 c^2 ( ϵ 2 ± √ ϵ^2 + 4ϵmc^2 − 4E^2 ) , (18)

where μ^±_{R,L} are the projected masses, or equivalently can be presented as a sum of its hermitian H(M) and antihermitian A(M) parts

M_± = H(M_±) + A(M_±), (19)

H(M_±) = μ^±_R + μ^±_L 2 1_4 , A(M_±) = μ^±_R − μ^±_L 2 γ^5. (20)

Introducing the chiral right- and left-handed Weyl fields ψ^±_{R,L} related to the

Dirac field ψ^± according to the standard transformation ψ^±_{R,L} =

1 ± γ^5 2 ψ^± one obtains two the massive Weyl equations with diagonal and hermitian mass matrices μ_± ( γ^μp̂_μ + μ_±c^2 ) [ ψ^±_R ψ^±_L ] = 0 , μ^± = [ μ^±_R 0 0 μ^±_L ] , (21)

so that we have totally 16 chiral fields describing by the Weyl equations (21) received from the Dirac equations (13). The massive Weyl theories (21) are the Euler–Lagrange equations of motion for the gauge field theory with chiral symmetry SU(3)^{T OT}_C = SU(3)^+_C ⊕ SU(3)^−_C

L = L^+ + L^−, (22)

where L^± are the Lagrangians associated with the fields ψ^pm_{R,L} as follows

L^± = ψ̄^±_R γ^μp̂_μψ^±_R + ψ̄^±_L γ^μp̂_μψ^±_L + μ^±_Rc^2ψ̄_Rψ^±_R + μ^±_L c^2ψ̄_Lψ^±_L , (23)

which is spontaneously broken to the composed gauge field theory with the isospin symmetry SU(2)^{T OT}_V = SU(2)^+_V ⊕ SU(2)^−_V

L = ψ̄^+ ( γ^μp̂_μ + μ^+_{eff} c^2 ) ψ^+ + ψ̄^− ( γ^μp̂_μ + μ^−_{eff} c^2 ) ψ^− = (24) = Ψ̄ ( γ^μp̂_μ + M_{eff} c^2 ) Ψ, (25) where μ^±_{eff} are the effective mass matrices of the gauge fields ψ^±, and M_{eff}

is the mass matrix of the effective composed field Ψ = [ ψ^+ ψ^− ] given by

μ^±_{eff} = μ^±_R − μ^±_L 2 γ^5 , M_{eff} = [ μ^+_{eff} 0 0 μ^−_{eff} ] . (26)

The Lagrangian (25) describes the effective field theory – composed chiral condensate of massive neutrinos.

In this paper we will consider both the Dirac equation (15) and the massive Weyl equation (21). We will assume that the neutrinos masses (17) and (18) are real numbers, i.e. we will consider situation when the maximal energy ϵ deforming Special Relativity is determined by a relativistic particle characteristics as follows ϵ ∈ −∞, −2mc^2 1 + √ 1 + ( E mc^2 )_2 ∪

∪ −2mc^2 1 − √ 1 + ( E mc^2 )_2 , 2mc^2 1 + √ 1 + ( E mc^2 )_2 ∪

∪ 2mc^2 1 + √ 1 + ( E mc^2 )_2 , ∞ , (27)

or for the case of massless relativistic particle possessing an energy E is ϵ ∈ (−∞, −2|E|] ∪ [2|E|, ∞) . (28) 3 Energy regularization

In fact existence of the massive neutrinos allows to explain in a consistent physical way the nature of the Snyder noncommutative geometry model. Let us see that by direct elementary algebraic manipulations the relations for masses of left- and right- chiral Weyl fields (17) and (18) can be rewritten in the form of the system of equations ( μ^±_Rc^2 + ϵ 2 )_2 = ϵ^2 − 4ϵmc^2 − 4E^2 ( μ^±_L c^2 − ϵ 2 )_2 = ϵ^2 + 4ϵmc^2 − 4E^2

(29) which allows to study dependence of the deformation energy parameter ϵ and the particle energy E from the masses m, μ^±_R, μ^±_L treated as physically measurable quantities. By subtraction of the second equation from the first one (29) one establishes the relation ( μ^±_L c^2 − ϵ 2 )_2 − ( μ^±_Rc^2 + ϵ 2 )_2

= 8ϵmc^2, (30)

which after elementary algebraic manipulations leads to determination of the deformation energy as ϵ = ( μ^±_L − μ^±_R ) c^2 1 − 8m μ^±_L + μ^±_R

, (31)

that is not vanishing for all μ^±_L ≠ μ^±_L ≠ 0 and finite for all μ^±_R + μ^±_L ≠ 8m. Here m is the mass of original state, and both μ^±_R and μ^±_L are assumed as measurable physical quantities. In the case, when the original state is massless, one obtains

ϵ(m = 0) = ( μ^±_L − μ^±_R ) c^2 ≡ ϵ_0, (32)

that is finite and non vanishing for finite μ^±_R ≠ 0 and μ^±_L ≠ 0. In this manner we have

ϵ = ϵ_0 [ 1 + 8m μ^±_R + μ^±_L + O (( 8m μ^±_R + μ^±_L )_2)] , (33)

for all |μ^±_R + μ^±_L | > 8m, and

ϵ = ϵ_0 [ μ^±_R + μ^±_L 8m + O (( μ^±_R + μ^±_L 8m )_2)] , (34)

for all |μ^±_R + μ^±_L | < 8m. On the other hand, however, addition of the second equation to the first one in (29) gives the relation ( μ^±_L c^2 − ϵ 2 )_2 + ( μ^±_Rc^2 + ϵ 2 )_2 = 2 ( ϵ^2 − 4E^2 ) , (35)

which can be treated as the constraint for the energy E of a relativistic particle, immediately solved with respect E, and presented in the canonical quadratic form with respect to the energy parameter ϵ

E^2 = 3 16 {[ ϵ + 1 3 ( μ^±_L − μ^±_R ) c^2

]_2 − [ 1 3 ( μ^±_L − μ^±_R ) c^2

]_2 [

7 + 12 μ^±_L μ^±_R ( μ^±_L − μ^±_R )_2 ]} . (36)

By application of the deformation parameter energy (31) into the energetic constraint of a relativistic particle (36) one obtains the formula

E^2 = 1 48 [( μ^±_L − μ^±_R ) c^2

]_2 4 − 8m μ^±_L + μ^±_R 1 − 8m μ^±_L + μ^±_R

2 − [ 7 + 12 μ^±_L μ^±_R ( μ^±_L − μ^±_R )_2 ] , (37) which in the originally massless case reduces into the form

E^2(m = 0) = 1 16 [( μ^±_L − μ^±_R ) c^2

]_2 [ 3 − 4 μ^±_L μ^±_R ( μ^±_L − μ^±_R )_2 ] ≡ E^2_0 . (38)

In fact, for given E_0 the equation (38) can be used for establishment of the relation between masses of the neutrinos. In result one receives two possible solutions

μ^±_R = 4 3 μ^±_L 5 4 ± √ 1 + 3 ( μ_0 μ^±_L )_2 , μ_0 ≡ E^0 c^2

, (39)

which are minimized for the value μ_0 ≡ 0 by the values

μ^±_R = { 3μ^±_L , 1 3 μ^±_L } . (40)

Interestingly, there is a possibility of the one solution between the masses μ^±_L and μ^±_R that is given by putting μ_0 as a tachyonic mass

μ_0 = i μ^±_L √ 3 , (41)

and results in the relation μ^±_R = 5 3 μ^±_L . (42)

For all |μ^±_R + μ^±_L | > 8m the constraint (37) can be approximated by

E^2 − E^2_0 = ( μ^±_L − μ^±_R 2 c^2

)_2 [ 2 8m μ^±_L + μ^±_R + O [( 8m μ^±_L + μ^±_R )_2]] , (43)

and for |μ^±_R + μ^±_L | < 8m the leading approximation is

E^2 − E^2_0 = ( μ^±_L − μ^±_R 2 c^2

)_2 [ − 5 4 − 1 2 8m μ^±_L + μ^±_R + O [( 8m μ^±_L + μ^±_R )_2]] , (44)

From the relation (35) one sees that, because the LHS as a sum of two squares of real numbers is always positive, it follows that the RHS must be positive also. In result we obtain the regularization for values of a relativistic particle’s energy E − ϵ 2 ⩽ E ⩽ ϵ 2 , (45)

Naturally, for the generic case of Special Relativity we have ϵ ≡ ∞ and by this energy E values are not limited. In this manner, in fact the Snyder noncommutative geometry results in energy regularization of a relativistic particle.

4 Integrability I: The Dirac equation

The modified Dirac equation (15) can be straightforwardly rewritten in the Schrödinger evolutionary equation form (See e.g. books [11])

iℏ∂_0ψ^± = Ĥψ^±, (46)

where in the present case the Hamilton operator Ĥ can be established as Ĥ = −iℏcγ^0γ^i∂_i − μ^{±L} + μ^{±R} 2 c^2γ^0 + μ^±_L − μ^±_R 2 c^2γ^0γ^5, (47)

and splitted into its hermitian H(Ĥ) and antihermitian A(Ĥ) parts

Ĥ = H(Ĥ) + A(Ĥ), (48) H(Ĥ) = −iℏcγ^0γ^i∂_i − μ^±_L + μ^±_R 2 c^2γ^0, (49)

A(Ĥ) = μ^±_L − μ^±_R 2 c^2γ^0γ^5, (50)

with (anti)hermiticity defined standardly ∫ d^3xψ̄^±H(Ĥ)ψ^± = ∫ d^3xH(Ĥ)ψ^±ψ^±, (51) ∫ d^3xψ̄^±A(Ĥ)ψ^± = − ∫ d^3xA(Ĥ)ψ^±ψ^±. (52)

Note that in the case of equal masses μ^±_R = μ^±_L ≡ μ the antihermitian part (50) vanishes identically, so that the hermitian one (49) gives the full contribution, and consequently (48) becomes the usual Dirac Hamiltonian

Ĥ_D = −γ^0 (iℏcγ^i∂_i + μc^2) . (53)

For this usual case, however, from (31) one concludes that

ϵ ≡ 0, (54)

so in fact the minimal scale becomes infinite formally ℓ ≡ ∞, and by (37) relativistic particle’s energy becomes E = i 1 2 μc^2. So, if we take into account the tachyonic mass case μ → iμ = μ^′ then (53) takes the form Ĥ_D = −γ^0 (iℏcγ^i∂_i + iμ^′c^2) , (55)

and E ≡ 1 2 μ^′c^2. The regularization (45), however, is not validate in this case.

The full modified Hamiltonian (47) has nonhermitian character evidently, so consequently the time evolution (46) is manifestly non unitary. Its formal integration, however, can be carried out in the usual way with the following time evolution operator

ψ^±(x, t) = G(t, t_0)ψ^±(x, t_0) , G(t, t_0) ≡ exp { − i ℏ ∫_t t_0 dτĤ(τ) } . (56)

By this reason, the integrability problem is contained in the appropriate Zassenhaus formula

exp {A + B} = exp(A) exp(B) ∞∏ n=2 exp C_n, (57)

C_2 = − 1 2 C, (58)

C_3 = − 1 6 (2[C, B] + [C, A]), (59)

C_4 = − 1 24 ([[C, A], A] + 3[[C, A], B] + 3[[C, B], B]), (60) . . . where C = [A, B]. By the formula (56) one has identification A ≡ A(t) = − i ℏ ∫_t t_0

dτH(Ĥ)(τ), (61) B ≡ B(t) = − i ℏ ∫_t t_0

dτA(Ĥ)(τ), (62)

and manifestly C = − 1 ℏ^2 ∫_t t_0 dτ^′ ∫_t t_0

dτ^{′′}C (τ^′, τ^{′′}) , (63) with C (τ^′, τ^{′′}) ≡ [ H(Ĥ)(τ^′), A(Ĥ)(τ^{′′}) ] . (64)

Straightforward calculation of C can be done by elementary algebra C = ( iℏ μ^±_R − μ^±_L 2 c^3∂_i ) γ^0γ^iγ^0γ^5 + ( (μ^±_R)^2 − (μ^±_L )^2 4 c^4 ) γ^0γ^0γ^5 − (65) − ( iℏ μ^±_R − μ^±_L 2 c^3∂_i ) γ^0γ^5γ^0γ^i − ( (μ^±_R)^2 − (μ^±_L )^2 4 c^4 ) γ^0γ^5γ^0 = (66) = 2 ( iℏ μ^±_R − μ^±_L 2 c^3∂_i ) γ^0γ^iγ^0γ^5 + 2 ( (μ^±_R)^2 − (μ^±_L )^2 4 c^4 ) γ^0γ^0γ^5,(67)

where we have applied the relations

γ^0γ^5γ^0γ^i = −γ^0γ^iγ^0γ^5 , γ^0γ^5γ^0 = −γ^0γ^0γ^5, (68)

arising by employing the usual Clifford algebra of the Dirac matrices

{γ^μ, γ^ν } = 2η^{μν} 1_4 , { γ^5, γ^μ } = 0 , γ^5 = iγ^0γ^1γ^2γ^3. (69)

So, consequently one obtains the result

C(τ^′, τ^{′′}) = 2H(Ĥ)(τ^′)A(Ĥ)(τ^{′′}), (70)

that leads to the equivalent statement { H(Ĥ)(τ^′), A(Ĥ)(τ^{′′}) } = 0. (71)

Naturally, by factorization one receives also C = 2AB , {A, B} = 0, (72) and consequently [C, A] = CA, (73) [C, B] = CB, (74) [[C, A] , A] = 2 [C, A] A, (75) [[C, A] , B] = 2 [C, A] B, (76) [[C, B] , A] = 2 [C, B] A, (77) and so on. In result one obtains

exp {A + B} ≈ exp(A) exp(B) exp C_2 exp C_3 exp C_4, (78)

C_2 = − 1 2 C, (79)

C_3 = − 1 6 (CA + 2CB), (80)

C_4 = − 1 12 ( CA^2 + 3CB^2 + 3 2 C^2 ) . (81)

. . . (82) For the case of constant in time masses μ^±_R and μ^±_L one has A = i ℏ (t − t_0) ( −iℏcγ^i∂_i + μ^±_L + μ^±_R 2 c^2 ) γ^0, (83) B = i(μ^±_L − μ^±_R)c^2 2ℏ (t − t_0)γ^5γ^0, (84) C = (μ^±_L − μ^±_R)c^2 ℏ^2

(t − t_0)^2 ( −iℏcγ^i∂_i + μ^±_L + μ^±_R 2 c^2 ) γ^5, (85)

and consequently by elementary algebraic manipulations one obtains

C_2 = −

(μ^±_L − μ^±_R)c^2 2ℏ^2

(t − t_0)^2 ( −iℏcγ^i∂_i + μ^±_L + μ^±_R 2 c^2 ) γ^5, (86)

C_3 = − i 6ℏ^3

(μ^±_L − μ^±_R)c^2(t − t_0)^3 ( −iℏcγ^i∂_i + μ^±_L + μ^±_R 2 c^2 ) × × [( −iℏcγ^i∂_i + μ^±_L + μ^±_R 2 c^2 ) γ^5 + (μ^±_L − μ^±_R)c^2 ] γ^0, (87)

C_4 =

(μ^±_L − μ^±_R)c^2 12ℏ^4

(t − t_0)^4 ( −iℏcγ^i∂_i + μ^±_L + μ^±_R 2 c^2 ) × × { [( −iℏcγ^i∂_i + μ^±_L + μ^±_R 2 c^2

)_2 + 3 ( μ^±_L − μ^±_R 2 c^2

)_2]

γ^5 +

+ 3 μ^±_L − μ^±_R 2 c^2 ( −iℏcγ^i∂_i + μ^±_L + μ^±_R 2 c^2 ) } . (88)

In manifest way the integrability problem for (15) is not well defined. Namely, the Zassenhaus coefficients C_n are still a sums of two noncommuting operators. The fundamental stage of the problem, exponentialization procedure, must be applied again, so that consequently the next step has the same problem. Therefore this recurrent procedure is not good algorithm, Evidently, it is the symptom of non integrability.

5 Integrability II: The Weyl equation

For solving the problem, let us consider integrability of the massive Weyl equation (21). This equation can be straightforwardly rewritten in the form of the Schrödinger time evolution iℏ∂_0 [ ψ^±_R (x, t) ψ^±_L (x, t) ] = Ĥ (∂_i) [ ψ^±_R (x, t) ψ^±_L (x, t) ] , (89)

where the Hamilton operator Ĥ

Ĥ = −γ^0 ( iℏcγ^i∂_i + [ μ^±_Rc^2 0 0 μ^±_L c^2 ]) , (90)

is pure hermitian, so that the evolution is unitary, and integration can be in usual way, well known in quantum mechanics. In this manner the integrability problem was solved. The solutions are [ ψ^±_R (x, t) ψ^±_L (x, t) ] = U(t, t_0) [ ψ^±_R (x, t_0) ψ^±_L (x, t_0) ] , (91)

where U(t, t_0) is the unitary evolution operator, that for the constant masses is explicitly given by

U(t, t_0) = exp { − i ℏ (t − t_0)Ĥ } , (92)

and ψ^±_{R,L}(x, t_0) are the eigenstates with defined momenta in the time t_0 iℏσ^i∂_iψ^±_{R,L}(x, t_0) = p^±_{R,L}^0ψ^±_{R,L}(x, t_0), (93) where the momenta p^±_R^0 and p^±_L^0 are related to the right- ψ^±_R (x, t_0) or lefthanded ψ^±_L (x, t_0) chiral fields, respectively. The eigenequation (93), however, can be integrated in straightforward way. The result can be presented in the compact form

ψ^±_{R,L}(x, t_0) = exp { − i ℏ p^±_{R,L}^0(x − x_0)^iσ^i } ψ^±_{R,L}(x_0, t_0), (94)

or after direct exponentialization ψ^±_{R,L}(x, t_0) = { 1_2 cos | | | | p^±_{R,L}^0 ℏ (x − x_0)^i | | | | −

− i [ p^±_{R,L}^0 ℏ (x − x_0)^iσ^i

] sin | | | | p^±_{R,L}^0 ℏ (x − x_0)^i | | | | | | | | p^±_{R,L}^0 ℏ (x − x_0)^i | | | |

} ψ^±_{R,L}(x_0, t_0). (95)

Currently the embarrassing problem present during integration of the Dirac equation discussed in the previous section is absent. The Zessenhaus formula is not troublesome now because the matrix γ^5 is by definition included into the Weyl fields, so that the Hamilton operator (90) is pure hermitian, and consequently the exponentialization (92) can be done is the usual way. At first glance, however, the mass matrix presence in the Hamilton operator (90) causes that one chooses at least two nonequivalent representations. Straightforward analogy to the massless Weyl equation says that the appropriate choice is the Weyl basis. On the other hand, however, the Hamilton operator (90) is usual hermitian Dirac Hamiltonian, so consequently the Dirac basis is the right representation. In this manner, in fact, we should consider rather both the chiral fields and the time evolution operator (92) strictly related the chosen representation (r)

U(t, t_0) → U^r(t, t_0), (96) ψ^±_{R,L}(x, t_0) → (ψ^±_{R,L})^r(x, t_0), (97) ψ^±_{R,L}(x_0, t_0) → (ψ^±_{R,L})^r(x_0, t_0) (98)

where the upper index r = D, W means that the quantities are taken in the Dirac or the Weyl basis. The eigenequation (93), however, is independent on the representation choice, so that it physical condition - the fields have measurable momenta p^±_{R,L}^0. For full correctness, let us test both choices.

5.1 The Dirac basis

The Dirac basis of the gamma matrices is defined as

γ^0 = [ I 0 0 −I ] , γ^i = [ 0 σ^i −σ^i 0 ] , γ^5 = [ 0 I I 0 ] , (99)

where I is the 2 × 2 unit matrix, and σ^i are the 2 × 2 Pauli matrices

σ_1 = [ 0 1 1 0 ] , σ_2 = [ 0 −i i 0 ] , σ_3 = [ 1 0 0 −1 ] . (100)

Consequently, by using of (99) the Hamilton operator (90) becomes

Ĥ = μ^±_R i ℏ c σ^i∂_i i ℏ c σ^i∂_i −μ^±_L c^2, (101) which for the case of constant in time masses leads to the solution of the evolution by the unitary time evolution operator U

U^D = exp −i c^2 ℏ (t − t_0) μ^±_R i ℏ c σ^i∂_i i ℏ c σ^i∂_i −μ^±_L . (102)

After straightforward exponentialization (102) can be written in the compact form

U^D = { [ I 0 0 I ] cos t − t^0 ℏ c^2 √( μ^±_R + μ^±_L 2 )_2 + ( i ℏ c σ^i∂_i )_2 −

− i μ^±_L + μ^±_R 2 i ℏ c σ^i∂_i i ℏ c σ^i∂_i − μ^±_L + μ^±_R 2 ×

× sin t − t^0 ℏ c^2 √( μ^±_R + μ^±_L 2 )_2 + ( i ℏ c σ^i∂_i )_2

√( μ^±_R + μ^±_L 2 )_2 + ( i ℏ c σ^i∂_i )_2 } ×

× exp { −i (μ^±_R − μ^±_L )c^2 2ℏ (t − t_0) } , (103)

where we understand the all the functions are treated by the appropriate Taylor series expansions.

5.2 The Weyl basis

Equivalently, however, one can consider employing of the Weyl representation of the gamma matrices. This basis is defined as

γ^0 = [ 0 I I 0 ] , γ^i = [ 0 σ^i −σ^i 0 ] , γ^5 = [ −I 0 0 I ] . (104)

For the choice of a representation in the form (104) the massive Weyl equation (89) is governed by the Hamilton operator (90) having the following form

Ĥ = i ℏ c σ^i∂_i −μ^±_L −μ^±_R −i ℏ c σ^i∂_i c^2. (105)

Consequently, for the case of constant in time masses one establishes the unitary time evolution operator in the following formal form

U^W = exp −i c^2 ℏ (t − t_0) i ℏ c σ^i∂_i −μ^±_L −μ^±_R −i ℏ c σ^i∂_i , (106)

which after straightforward elementary exponentialization procedure can be presented in the form

U^W = [ I 0 0 I ] cos t − t^0 ℏ c^2 √ μ^±_L μ^±_R + ( i ℏ c σ^i∂_i )_2 −

− i i ℏ c σ^i∂_i −μ^±_L −μ^±_R −i ℏ c σ^i∂_i ×

× sin t − t^0 ℏ c^2 √ μ^±_L μ^±_R + ( i ℏ c σ^i∂_i )_2

√ μ^±_L μ^±_R + ( i ℏ c σ^i∂_i )_2 . (107)

Evidently, time evolution operator derived in the Weyl representation (107) has simpler form then its Dirac’s equivalent (103). The results obtained in this subsection allow to formulate completely the solutions of the massive Weyl equations presented in the Schrödinger form (89).

5.3 The space-time evolution

Now, one can use the results presented above, i.e. the momentum eigenequation (93), the spatial evolutions (94), and the unitary time evolution operators (103) and (107), for exact determination of the solutions of the massive Weyl equation (89) in both the Dirac and the Weyl representations of the Dirac gamma matrices.

5.3.1 Dirac-like solutions

Applying first the Dirac representation, by elementary algebraic manipulations one receives straightforwardly the right-handed chiral Weyl field in the following form

(ψ^±_R )^D(x, t) = {[ cos [ t − t_0 ℏ c^2M^D(p^±_R^0) ] −

− i μ^±_L + μ^±_R 2 sin [ t − t_0 ℏ c^2M^D(p^±_R^0) ]

M^D(p^±_R^0) ] exp { − i ℏ p^±_R^0(x − x_0)^iσ^i } (ψ^±_R )^D(x_0, t_0) −

− i p^±_L^0 c sin [ t − t_0 ℏ c^2M^D(p^±_L^0) ]

M^D(p^±_L^0) exp { − i ℏ p^±_L^0(x − x_0)^iσ^i } (ψ^±_L )^D(x_0, t_0) } × × exp { −i (μ^±_R − μ^±_L )c^2 2ℏ (t − t_0) } . (108)

Similarly, the left-handed chiral Weyl field can be determined exactly, the result is analogical to the right-handed case

(ψ^±_L )^D(x, t) = {[ cos [ t − t_0 ℏ c^2M^D(p^±_L^0) ] +

+ i μ^±_L + μ^±_R 2 sin [ t − t_0 ℏ c^2M^D(p^±_L^0) ]

M^D(p^±_L^0) ] exp { − i ℏ p^±_L^0(x − x_0)^iσ^i } (ψ^±_L )^D(x_0, t_0) −

− i p^±_R^0 c sin [ t − t_0 ℏ c^2M^D(p^±_R^0) ]

M^D(p^±_R^0) exp { − i ℏ p^±_R^0(x − x_0)^iσ^i } (ψ^±_R )^D(x_0, t_0) } × × exp { −i (μ^±_R − μ^±_L )c^2 2ℏ (t − t_0) } . (109)

where M^D(p^±_R^0) is defined as

M^D(p^±_R^0) ≡ (μ±_R + μ±_L 2 )_2 + ( p^±_R^0 c )_2 . (110)

5.3.2 Weyl-like solutions

Similar line of thought can be carried out in the Weyl basis. An elementary calculation leads to the right-hand chiral Weyl field in the form

(ψ^±_R )^W (x, t) = { cos [ t − t_0 ℏ c^2M^W (p^±_R^0) ] −

− i p^0_R c sin [ t − t_0 ℏ c^2M^W (p^±_R^0) ]

M^W (p^±_R^0) } exp { − i ℏ p^±_R^0(x − x_0)^iσ^i } (ψ^±_R )^W (x_0, t_0) +

+ iμ^±_L sin [ t − t_0 ℏ c^2M^W (p^±_L^0) ]

M^W (p^±_L^0) exp { − i ℏ p^±_L^0(x − x_0)^iσ^i } (ψ^±_L )^W (x_0, t_0), (111)

and for the left-hand chiral Weyl field one obtains the formula

(ψ^±_L )^W (x, t) = { cos [ t − t_0 ℏ c^2M^W (p^±_L^0) ] −

+ i p^0_L c sin [ t − t_0 ℏ c^2M^W (p^±_L^0) ]

M^W (p^±_L^0) } exp { − i ℏ p^±_L^0(x − x_0)^iσ^i } (ψ^±_L )^W (x_0, t_0) +

+ iμ^±_R sin [ t − t_0 ℏ c^2M^W (p^±_R^0) ]

M^W (p^±_R^0) exp { − i ℏ p^±_R^0(x − x_0)^iσ^i } (ψ^±_R )^W (x_0, t_0). (112)

where M^W (p^±_R^0) is defined as

M^W (p^±_R^0) ≡ μ±_L μ±_R + ( p^±_R^0 c )_2 . (113)

5.4 Probability density. Normalization

If we know the chiral Weyl fields, then in the Dirac representation, one can derive the usual Dirac field by the following way

(ψ^±)^D(x, t) =

(ψ^±_R )^D(x, t) + (ψ^±_L )^D(x, t) 2 1_2

(ψ^±_R )^D(x, t) − (ψ^±_L )^D(x, t) 2 1_2 (ψ^±_R )^D(x, t) − (ψ^±_L )^D(x, t) 2 1_2

(ψ^±_R )^D(x, t) + (ψ^±_L )^D(x, t) 2 1_2 , (114) and similarly in the Weyl representation, the Dirac field can be determined as (ψ^±)^W (x, t) = [ (ψ^±_L )^W (x, t)1_2 0_2 0_2 (ψ^±_R )^W (x, t)1_2 ] . (115)

It is evident now, that in general these two cases are different from physical, mathematical, and computational points of view. In this manner, if we consider the quantum mechanical probability density and its normalization, we are forced to relate the Lorentz invariant probability density to the chosen representation Ω^{D,W} ≡ (ψ̄^±)^{D,W} (x, t)(ψ^±)^{D,W} (x, t), (116) ∫ d^3xΩ^{D,W} = 1_4. (117)

Using of (114) by elementary calculation one obtains

Ω^D =

(ψ̄^±_R)^D(ψ^±_R )^D + (ψ̄^±_L)^D(ψ^±_L )^D 2 1_2

(ψ̄^±_R)^D(ψ^±_R )^D − (ψ̄^±_L)^D(ψ^±_L )^D 2 1_2 (ψ̄^±_R)^D(ψ^±_R )^D − (ψ̄^±_L)^D(ψ^±_L )^D 2 1_2

(ψ̄^±_R)^D(ψ^±_R )^D + (ψ̄^±_L)^D(ψ^±_L )^D 2 1_2 , (118) where for shortness (ψ^±_{R,L})^D = (ψ^±_{R,L})^D(x, t). By application of (115) one has

Ω^W = [ (ψ̄^±_R)^W (x, t)(ψ^±_R )^W (x, t)1_2 0_2 0_2 (ψ̄^±_L)^W (x, t)(ψ^±_L )^W (x, t)1_2 ] . (119)

Employing the normalization condition (117) in the Dirac representation one obtains the system of equations 1 2 (∫ d^3x(ψ̄^±_R)^D(x, t)(ψ^±_R )^D(x, t) + ∫ d^3x(ψ̄^±_L)^D(x, t)(ψ^±_L )^D(x, t) ) = 1, (120) 1 2 (∫ d^3x(ψ̄^±_R)^D(x, t)(ψ^±_R )^D(x, t) − ∫ d^3x(ψ̄^±_L)^D(x, t)(ψ^±_L )^D(x, t) ) = 0, (121) which leads to ∫

d^3x(ψ̄^±_R)^D(x, t)(ψ^±_R )^D(x, t) = 1, (122) ∫ d^3x(ψ̄^±_L)^D(x, t)(ψ^±_L )^D(x, t) = 1. (123)

In the case of Weyl representation one receives straightforwardly ∫ d^3x(ψ̄^±_R)^W (x, t)(ψ^±_R )^W (x, t) = 1, (124) ∫ d^3x(ψ̄^±_L)^W (x, t)(ψ^±_L )^W (x, t) = 1. (125)

In this manner one sees that in fact both the conditions (122), (123) and (124), (125)) are invariant with respect to choice of gamma matrices representations ∫ d^3x(ψ̄^±_{R,L})^{D,W} (x, t)(ψ^±_{R,L})^{D,W} (x, t) = 1, (126) that means they are physical. Using of the fact that (ψ^±_{R,L})^{D,W} (x, t) = U^{D,W} (t, t_0)(ψ^±_{R,L})^{D,W} (x, t_0), (127) [ U^{D,W} (t, t_0) ]_† U^{D,W} (t, t_0) = 1_2, (128)

one finds easily ∫ d^3x(ψ̄^±_{R,L})^{D,W} (x, t_0)(ψ^±_{R,L})^{D,W} (x, t_0) = 1, (129)

so that by using of the spatial evolution (95) one obtains the relation

C ∫ d^3x

1_2 + i(x − x_0)^i(σ^{i†} − σ^i) sin | | | | 2 p^±_{R,L}^0 ℏ (x − x_0)^i | | | | 2|x − x_0| = 1, (130)

where C ≡ | |(ψ^±_{R,L})^{D,W} (x_0, t_0) | |^2 is a constant, which after using the fact σ^{i†} = [σ_x, −σ_y, σ_z] leads to

C ∫ d^3x

1_2 − 2i(x − x_0)_yσ_y sin | | | | 2 p^±_{R,L}^0 ℏ (x − x_0)^i | | | | 2|x − x_0| = 1. (131)

The equation (131) can be rewritten as ∫ d^3x1_2 − iσ_y ( 2 p^±_{R,L}^0 ℏ )_3 ∫ d^3x^′x^{′i}_y sin |x^′| |x^′| = 1 C 1_2. (132)

where the vector was introduced x^{′i} ≡ 2 p^±_{R,L}^0 ℏ (x − x_0)^i. (133)

Introducing the effective volume

V^′1_2 = ∫ d^3x^′ { 1_2 − iσ_y(x^{′i})_y sin |x^′| |x^′| } , (134)

one obtains easily

(ψ^±_{R,L})^{D,W} (x_0, t_0) = ( 2 p^±_{R,L}^0 ℏ )_{3/2} 1 √ V^′ exp iθ_±, (135)

where θ_± are arbitrary constant phases. The volume (134) differs from the standard one by the presence of the integral I = iσ_y ∫ d^3x^′(x^{′i})_y sin |x^′| |x^′| , (136)

which has nontrivial feature, namely

I = 0 on finite symmetrical spaces ∞ on infinite symmetrical spaces < ∞ on sections of symmetrical spaces

. (137)

We see that the normalization is strictly speaking dependent on the choice of a region of normalizability. For infinite regions of space this procedure is not well defined. However, one can consider some reasonable cases that consider the quantum theory on finite regions of space. Moreover, the problem of integrability is defined with respect to choice of the inital momentum of the chiral fields p^±_{R,L}^0. In fact there is many possible nonequivalent physical situations connected with a concrete choice of this eigenvalue. The one of this type situations related to finite region of space, we are going to discuss in the next section as the example of the massive neutrinos model, which in general we have solved in this paper.

6 The reasonable case

Let us consider finally the reasonable case, that is normalization in finite symmetrical box and putting by hands the value of initial momenta of the chiral Weyl fields according to the Special Relativity p^±_{R,L}^0 = μ^±_{R,L}c. (138)

For that simplified case the normalization discussed in the previous section leads to the following initial data condition

(ψ^±_{R,L})^{D,W} (x_0, t_0) = √ ( 2 c ℏ )_3 μ3_{R,L} V^′ exp iθ_± = 1 √ V exp iθ_±, (139)

where V = ∫ d^3x.

In this manner, the chiral Weyl fields in the Dirac representation take the following form

(ψ^±_R )^D(x, t) = {[ cos [ t − t_0 ℏ c^2M^D(μ^±_R, μ^±_L ) ] −

− i μ^±_L + μ^±_R 2 sin [ t − t_0 ℏ c^2M^D(μ^±_R, μ^±_L ) ]

M^D(μ^±_R, μ^±_L ) ] exp { − ic ℏ μ^±_R(x − x_0)^iσ^i } −

− iμ^±_L sin [ t − t_0 ℏ c^2M^D(μ^±_L , μ^±_R) ]

M^D(μ^±_L , μ^±_R) exp { − ic ℏ μ^±_L (x − x_0)^iσ^i } } × × 1 √ V exp { −i (μ^±_R − μ^±_L )c^2 2ℏ (t − t_0) + iθ_± } . (140)

for the right-hand field and

(ψ^±_L )^D(x, t) = {[ cos [ t − t_0 ℏ c^2M^D(μ^±_L , μ^±_R) ] +

+ i μ^±_L + μ^±_R 2 sin [ t − t_0 ℏ c^2M^D(μ^±_L , μ^±_R) ]

M^D(μ^±_L , μ^±_R) ] exp { − ic ℏ μ^±_L (x − x_0)^iσ^i } −

− iμ^±_R sin [ t − t_0 ℏ c^2M^D(μ^±_R, μ^±_L ) ]

M^D(μ^±_R, μ^±_L ) exp { − ic ℏ μ^±_R(x − x_0)^iσ^i } } × × 1 √ V exp { −i (μ^±_R − μ^±_L )c^2 2ℏ (t − t_0) + iθ_± } . (141)

for the left-hand field. Here M^D(x, y) is the function

M^D(x, y) ≡ √( x + y 2 )_2 + x^2. (142)

Similarly, for the studied case the chiral Weyl fields in the Weyl representation have a form

(ψ^±_R )^W (x, t) = exp iθ_± √ V {[ cos [ t − t_0 ℏ c^2M^W (μ^±_R, μ^±_L ) ] −

− iμ^±_R sin [ t − t_0 ℏ c^2M^W (μ^±_R, μ^±_L ) ]

M^W (μ^±_R, μ^±_L ) ] exp { − ic ℏ μ^±_R(x − x_0)^iσ^i } +

+ iμ^±_L sin [ t − t_0 ℏ c^2M^W (μ^±_L , μ^±_R) ]

M^W (μ^±_L , μ^±_R) exp { − ic ℏ μ^±_L (x − x_0)^iσ^i } } , (143)

for the right-hand field and

(ψ^±_L )^W (x, t) = exp iθ_± √ V {[ cos [ t − t_0 ℏ c^2M^W (μ^±_L , μ^±_R) ] −

+ iμ^±_L sin [ t − t_0 ℏ c^2M^W (μ^±_L , μ^±_R) ]

M^W (μ^±_L , μ^±_R) ] exp { − ic ℏ μ^±_L (x − x_0)^iσ^i } +

+ iμ^±_R sin [ t − t_0 ℏ c^2M^W (μ^±_R, μ^±_L ) ]

M^W (μ^±_R, μ^±_L ) exp { − ic ℏ μ^±_R(x − x_0)^iσ^i } } . (144)

for the left-hand field. Here M^W (x, y) is the function M^W (x, y) ≡ √ xy + x^2. (145)

The ”reasonable case” considered above is only the example following from the massive neutrino model given by the Weyl equations (21), and of course is not unique. In fact there is many possibilities for defining the initial momentum p^±_{R,L}^0 of the chiral fields ψ^±_{R,L}, but the choice (138) tested in this section presents a crucial reasonability contained in its special-relativistic-like character. Naturally this choice is connected with the special equivalence principle E^±_{R,L} = μ^±_{R,L}c^2 = p^±_{R,L}^0c applied to the massive neutrinos in at the beginning of their space-time evolution. This case, however, is also nontrivial from high energy physics point of view, namely it is related to the region of ultra-high energies. So, the considered case of the massive neutrinos evolution in fact describes their physics in this region.

7 Summary

In this paper we have discussed in some detail the consequences of the massive neutrinos model arising due to the Snyder noncommutative geometry and the Dirac equations supplemented by the generalized γ^5-term. Sidharth has suggested that this could give a neutrino mass (Ref. [12]), however, it was finished on a laconic statement with no any concrete calculations and propositions. We have shown that, in contrast to Special Relativity, within the proposed model an energy of a relativistic particle is renormalized due to a maximal energy, strictly related to a minimal scale ℓ - the deformation parameter in the Snyder model. We have considered the integrability of the model. First we have studied the modified Dirac equations, which rewritten in the Schrödinger form yield manifestly nonhermitian Hamiltonian. The 4th order approximation of the Zassenhaus formula proved that by a cyclic problem the procedure is not algorithm and the Dirac equations are not integrable exactly. It yielded redefinition the integrability with respect to the massive Weyl equations. By using of both the Dirac and the Weyl representations of the Dirac γ-matrices the Weyl equations were solved. We have shown that the normalizability is correctly defined only for special regions of integration. Finally, the case related to ultra-high energy physics was discussed.

The obtained results present interesting physical content. In itself the investigated quantum-mechanical approach to the massive neutrinos is novel. There are still possible applications to phenomenology of particle physics and astrophysics. We are hope to discuss further aspects of the massive neutrinos model in the next topical papers. For full methodological correctness the results due to the model should be confronted with experimental data.

Acknowledgements

The author benefitted exceptionally useful discussions and remarks from Profs. A. B. Arbuzov, I. Ya. Aref’eva, K. A. Bronnikov, I. L. Buchbinder, V. N. Pervushin, B. G. Sidharth and S. R. Valluri.

References

[1] L. A. Glinka, [arXiv:0812.0551 [hep-th]] ; [arXiv:0902.4811 [hep-ph]]

[2] A. Connes, Noncommutative Geometry. Academic Press (1994);

N. Seiberg and E. Witten, JHEP 09, 032 (1999) [arXiv:hep-th/9908142]; D. J. Gross, A. Hashimoto, and N. Itzhaki, Adv. Theor. Math. Phys. 4,

893-928 (2000) [arXiv:hep-th/0008075];

M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73, 977-1029 (2002) [arXiv:hep-th/0106048];

R. J. Szabo, Phys. Rep. 378, 207-299 (2003) [arXiv:hep-th/0109162]; M. Chaichian, K. Nishijima and A. Tureanu, Phys. Lett. B 568, 146-152 (2003) [arXiv:hep-th/0209008];

L. Alvarez-Gaume and M. A. Vazquez-Mozo, Nucl. Phys. B 668, 293- 321 (2003) [arXiv:hep-th/0305093];

A. Berard and H. Mohrbach, Phys. Rev. D 69, 127701 (2004) [arXiv:hepth/0310167];

A. Das and J. Frenkel, Phys. Rev. D 69, 065017 (2004) [arXiv:hepth/0311243];

M. Chaichian, M. N. Mnatsakanova, K. Nishijima, A. Tureanu, and Yu. A. Vernov, [arXiv:hep-th/0402212];

D. H. T. Franco and C. M. M. Polito, J. Math. Phys. 46, 083503 (2005) [arXiv:hep-th/0403028];

M. Chaichian, P. P. Kulish, K. Nshijima, and A. Tureanu, Phys. Lett. B 604, 98-102 (2004) [arXiv:hep-th/0408069];

C. D. Fosco and G. Torroba, Phys. Rev. D 71, 065012 (2005) [arXiv:hepth/0409240];

C.-S. Chu, K. Furuta, and T. Inami, Int. J. Mod. Phys. A 21, 67 (2006) [arXiv:hep-th/0502012];

B. Schroer, Annals Phys. 319, 92 (2005) [arXiv:hep-th/0504206]; O. W. Greenberg, Phys. Rev. D 73, 045014 (2006) [arXiv:hepth/0508057];

M. A. Soloviev, Theor. Math. Phys. 147, 660-669 (2006), FIAN/TD/7- 06 [arXiv:hep-th/0605249]; Theor. Math. Phys. 153, 1351-1363 (2007), FIAN-TD/2007-16 [arXiv:0708.0811 [math-ph]];

E. Harikumar and V. O. Rivelles, Class. Quantum Grav. 23, 7551-7560 (2006) [arXiv:hep-th/0607115];

G. Fiore and J. Wess, Phys. Rev. D 75, 105022 (2007) [arXiv:hepth/0701078];

M. Chaichian, M. N. Mnatsakanova, A. Tureanu, and Yu. A. Vernov, JHEP 0809, 125 (2008) [arXiv:0706.1712 [hep-th]]

[3] H. S. Snyder, Phys. Rev. 71, 38-41 (1947); Phys. Rev. 72, 68-71 (1947).

[4] M. V. Battisti and S. Meljanac, Phys. Rev. D 79, 067505 (2009) [arXiv:0812.3755 [hep-th]].

[5] I. Montvay and G. Münster, Quantum Fields on a Lattice. Cambridge University Press 1994.

[6] M. Kontsevich, Lett. Math. Phys. 66, 157-216 (2003) [arXiv:qalg/9709040].

[7] G. Dito and D. Sternheimer, Lect. Math. Theor. Phys. 1, 9-54, (2002) [arXiv:math/0201168]

[8] P. A. M. Dirac, The Principles of Quantum Mechanics. Clarendon Press (1958).

[9] M. A. Markov, Prog. Theor. Phys. Suppl. E65, 85-95 (1965); Sov. Phys.

JETP 24, 584 (1967);

V. G. Kadyshevsky, Sov. Phys. JETP 14, 1340-1346 (1962); Nucl. Phys. B 141, 477 (1978); in Group Theoretical Methods in Physics: Seventh International Colloquium and Integrative Conference on Group Theory and Mathematical Physics, Held in Austin, Texas, September 11–16, 1978. ed. by W. Beiglböck, A. Böhm, and E. Takasugi, Lect. Notes Phys. 94, 114-124 (1978); Phys. Elem. Chast. Atom. Yadra 11, 5 (1980); V. G. Kadyshevsky and M. D. Mateev, Phys. Lett. B 106, 139 (1981); Nuovo Cim. A 87, 324 (1985).

M. V. Chizhov, A. D. Donkov, V. G. Kadyshevsky, and M. D. Mateev, Nuovo Cim. A 87, 350 (1985); Nuovo Cim. A 87, 373 (1985). V. G. Kadyshevsky, Phys. Part. Nucl. 29, 227 (1998). V. G. Kadyshevsky, M. D. Mateev, V. N. Rodionov, and A. S. Sorin, Dokl. Phys. 51, 287 (2006) [arXiv:hep-ph/0512332]; CERN-TH/2007- 150, [arXiv:0708.4205 [hep-ph]];

V. N. Rodionov, [arXiv:0903.4420 [hep-ph]]

[10] B. G. Sidharth, Int. J. Mod. Phys. E 14, 927-929 (2005).

[11] L. I. Schiff, Quantum Mechanics. 3rd ed., McGraw-Hill Company 1968;

I. Białynicki-Birula and Z. Białynicka-Birula, Quantum Electrodynamics. Pergamon Press 1975;

W. Greiner, Relativistic Quantum Mechanics. Wave Equations. 3rd ed., Springer 2000;

J. Schwinger, Quantum Mechanics. Symbolism of Atomic Measurements. ed. by B.G. Englert, Springer 2001;

F. Gross, Relativistic Quantum Mechanics and Field Theory. Wiley- VCH Verlag GmBH 2004;

F. Dyson and D. Derbes, Advanced Quantum Mechanics. World Scientific 2007.

[12] B. G. Sidharth, Private communication May 2009.