arXiv:0906.3773v4 [hep-ph] 10 Aug 2009

Misleading Coupling Unification and Lifshitz Type Gauge Theory

Yoshiharu Kawamura^{∗)}

Department of Physics, Shinshu University, Matsumoto 390-8621, Japan

(Received June 20, 2009)

We propose a new grand unification scenario for ensuring proton stability. Our scenario is based on the idea that the proton decay problem is an artificial one, which is caused from the identification of the gauge coupling unification scale with the grand unification scale or the grand unified symmetry breaking scale. We discuss a Lifshitz type gauge theory as a candidate to realize our scenario.

§1. Introduction

Grand unification is an attractive idea and enables the unification of forces and the (partial) unification of quarks and leptons in each family.^{1)} The introduction of supersymmetry (SUSY) increases the reality of grand unification. In the minimal supersymmetric standard model (MSSM), the gauge couplings meet at M_X = 2.1 × 10^{16}GeV if the superpartners and Higgs particles exist below or around O(1)TeV.^{2)} It is natural to guess that the grand unification occurs at M_X and physics above M_X can be described as a supersymmetric grand unified theory (SUSY GUT). This scenario is very attractive, but, in general, it suffers from problems related to Higgs multiplets. The typical one is the proton decay problem^{3)} in the minimal SUSY GUT.^{4)}

The proton decay problem comes from a significant contribution from the dimension 5 operators. Stronger constraints on the colored Higgs mass M_{HC} and the sfermion mass m_{f̃} have been obtained (e.g. M_{HC} > 6.5 × 10^{16}GeV for m_{f̃} < 1TeV) from analysis including a Higgsino dressing diagram with right-handed matter fields in the minimal SUSY SU(5) GUT.^{5)} Extra particles such as X, Y gauge bosons, the colored Higgs bosons and their superpartners are expected to acquire heavy masses of O(M_U ) after the breakdown of grand unified symmetry. Here M_U is the grand unification scale or the grand unified symmetry breaking scale. The constraints contradict with the relation M_{HC} = O(M_U ) if M_U is identified with the gauge coupling unification scale M_X . From this observation, we come across the conjecture that the proton stability can be realized to be compatible with the grand unification, if M_X is not directly related to M_U and the order of M_U is bigger than that of M_X . It might lead to the idea that gauge couplings agree with accidentally at M_X .

In this paper, we propose a new grand unification scenario for ensuring proton stability on the basis of the above conjecture and the standpoint that the scale M_X has a physical meaning beyond the fact that the agreement of gauge couplings occurs accidentally there. We discuss a Lifshitz type gauge theory as a candidate to realize our scenario.

∗) E-mail: haru@azusa.shinshu-u.ac.jp

typeset using PTPTEX.cls ⟨Ver.0.9⟩

2 Y. Kawamura

This paper is organized as follows. In the next section, we elaborate our scenario. In §3, we discuss a candidate to realize our scenario. In §4, we present conclusions and discussion. In Appendix A, we study radiative corrections using a Lifshitz type abelian gauge theory.

§2. Our scenario

The proton stability can be threatened through contributions from the dimension 5 operators including the colored Higgsinos in the minimal SUSY SU(5) GUT. Stronger constraints on the colored Higgs mass M_{HC} and the sfermion mass m_{f̃} have been obtained (e.g. M_{HC} > 6.5 × 10^{16}GeV for m_{f̃} < 1TeV) from analysis including a Higgsino dressing diagram with right-handed matter fields.^{5)} Extra particles such as X, Y gauge bosons, the colored Higgs bosons and their superpartners usually acquire heavy masses of O(M_U ) after the breakdown of grand unified symmetry at M_U . The root of proton decay problem stems from the relation M_{HC} = O(M_U ) with the identification between the grand unified symmetry breaking scale M_U and the gauge coupling unification scale M_X = 2.1 × 10^{16}GeV. Conventionally, one tackles the problem through the extension of the model leaving the identification untouched. α^{−1}_i

ln M_X ln MU The MSSM ??

α^{−1}_2

α^{−1}_3 α^{−1}_1

Fig. 1. Running of α^{−1}_i .

We explore a new possibility of constructing a problem-free model. The underlying idea of our scenario is that the gauge coupling unification at M_X provides misleading information that the gauge symmetries are also unified at M_X . The proton stability can be realized to be compatible with the grand unification, if the grand unified symmetry breaking scale is not M_X but a bigger than that. The scale M_X has a physical meaning beyond the fact that the agreement of gauge couplings occurs accidentally there. The outline of our scenario is as follows. A GUT describes physics above M_U , which is bigger than M_X to suppress the prodon decay processes sufficiently. After the breakdown of grand unified symmetry, the running of standard model (SM) gauge couplings g_i, in general, differs. In this case, it is necessary to explain why g_i meet again at M_X . It might occur due to a decoupling of extra particles. In this paper, we explore a more exotic scenario that g_i run (or stand) together from M_U to M_X resulted from a specific dynamics.^{∗)} Then the stuc-

∗) The idea that the proton decay rate is suppressed by the increase of the unification scale has been proposed with interesting examples realized by the existence of extra vector-like split multiples.^{6)} In particular, the pattern of running of gauge couplings in “fake unification” is same

Misleading Coupling Unification and Lifshitz Type Gauge Theory 3

ture of theory changes around M_X as a result of a phase transition irrelevant to the grand unification and the different running of g_i starts there. A typical running of gauge couplings is depicted in Fig. 1. The α_i (i = 1, 2, 3) are structure constants constructed from g_i. Through two kinds of phase transitions, the MSSM will be derived in the following, ∫ dtd^DxL_U^{MU}−→ ∫ dtd^{D̃}xL_I^{MX}−→ ∫ d^4xL_{MSSM} , (2.1)

where L_U , L_I and L_{MSSM} are the Lagrangian density of GUT, an intermediate theory and the MSSM and we have left the possibility that the structure of space-time is also changed.

For our scenario, it is natural to ask the following questions: 1. What kind of GUT describes physics above M_U ?

2. How is the grand unified symmetry broken down to a smaller one at M_U ? 3. What kind of theory describes physics at the region between M_U and M_X ? 4. What kind of dynamics makes g_i to run (or stand) together from M_U to M_X ? 5. What kind of phase transition occurs to derive the MSSM around M_X ? Unfortunately, we presently have no definite answers to these questions, although we come some conjectures to mind. Let us look for possible answers by taking the fourth question as a clue. The simplest possibility is that any gauge couplings do not (almost) run between M_U and M_X , i.e., the beta functions of g_i (almost) vanish. We expect that it can stem from a specific superrenormalizable interactions. Then a phase transition occurs and a theory with superrenormalizable interactions changes into that with renormalizable interactions. We take up challenges for this possibility inspired by models with a Lifshitz type fixed point.^{7), 8)} For the first and the third questions, we expect that the theory has a Lifshitz type fixed point with z > 1 above M_X , it has a grand unified symmetry above M_U and the SM symmetry below M_U , and it changes into a renormalizable theory with z = 1 like the MSSM around M_X . In this case, the Poincare invariance and SUSY are regarded as accidental symmetries which emerge in the lower energy scale less than M_X or in the infrared (IR) region.^{∗)}

§3. A candidate

We expect that a specific gauge theory possesses a fixed point with anisotropic scaling characterized by dynamical critical exponent z > 1 and realizes our scenario, but we need a more careful consideration to construct a complete theory. Here, we present a candidate and discuss its features.

as that in our scenario, but the causes are different, i.e., the runnings are deeply related to the existence of extra particles in theirs and a specific dynamics in ours.

∗) In Refs. 9), properties and renormalizability for quantum field theories with Lorentz symmetry breaking terms have been studied intensively under “weighted power counting”. Furthermore the extensions of the SM have been proposed in this framework.^{10)}

4 Y. Kawamura

3.1. Preparations

Space-time is assumed to be factorized into a product of D-dimensional Euclidean space R^D and a time R, whose coordinates are denoted by x^i (i = 1, · · · , D) (or x) and t, respectively. Later we concentrate on the case with D = 3, but we suppose the existence of extra dimensions, for the time being. The dimensions of x^i and t are defined as

[x^i] = −1 , [t] = −z , (3.1)

where z is the dynamical critical exponent which characterizes anisotropic scaling x^i → bx^i and t → b^zt at the fixed point. The system does not possess the relativistic invariance for z ≠ 1 but spatial rotational invariance and translational invariance. The Lorentz invariance is expected to emerge after the transition from z ≠ 1 to z = 1.

Let us first consider a simple model with a complex scalar field ϕ and two kinds of spinor fields φ and η described by the action:

S_0 = ∫ dtd^Dx [| | | ∂ϕ ∂t | | | 2 − 1 κ^2 | | | ∂^2ϕ ∂x^i∂x^i | | | 2

+φ^†i ∂ ∂t φ + η^†i ∂ ∂t η + 1 ξ^2 φ^† ∂^2 ∂x^i∂x^i η + 1 ξ^2 η^† ∂^2 ∂x^i∂x^i φ ] . (3.2)

Both φ and η are 2 component spinors defined on R^D and they transform as

φ(x) → φ^′ → ϕ^′(x^′) = S(O)φ(x) , η(x) → η^′ → η^′(x^′) = S(O)η(x) , (3.3) S(O) ≡ e^{− i4 ωij σij} , σ^{ij} ≡ i 2 ( σ^iσ^j − σ^j σ^i ) , (3.4)

under the D-dimensional rotation x^i → x^{′i} = O^i_j x^j . Here, σ^is are Pauli matrices, ω_{ij} are parameters related to rotation angles θ^i such as ω_{ij} = −ε_{ijk}θ^k and O^i_j is the D × D orthogonal matrix given by O^i_j = (e^ω)^i_j . The S(O) satisfies the following relations:

S^†(O)σ^iS(O) = O^i_j σ^j , S^†(O)S(O) = I , (3.5)

where I is the 2 × 2 unit matrix. The terms such as φ^†∂_i∂_iφ and η^†∂_i∂_iη are also invariant under the spatial rotation, but we assume that they are absent. Then (3.2) is rewritten as

S_0 = ∫ dtd^Dx [| | | | ∂ϕ ∂t | | | 2 − 1 κ^2 | | | ∂^2ϕ ∂x_i∂x_i | | | 2 + ψ̄iγ^0 ∂ ∂t ψ + 1 ξ^2 ψ̄ ∂^2 ∂x_i∂x_i ψ ] , (3.6)

where we define a 4-component spinor field as ψ ≡ (φ, η)^t, ψ̄ ≡ ψ^†γ^0 and γ^0 corresponds to a time component of the gamma matrices given by

γ^0 = ( 0 I I 0 ) . (3.7)

Misleading Coupling Unification and Lifshitz Type Gauge Theory 5

The engineering dimensions of fields (ϕ, ψ) and couplings (κ^2, ξ^2) are given by

[ϕ] = D − z 2 , [ψ] = D 2 , [κ^2] = 4 − 2z , [ξ^2] = 2 − z . (3.8)

The system has a free-field fixed point with z = 2 for any spatial dimensions.

Next let us adopt the gauge principle. The gauge fields (A_t, A_i) are introduced and the derivatives (∂_t ≡ ∂/∂t, ∂_i ≡ ∂/∂x^i) are replaced into the covariant ones (D_t, D_i) such as

∂_t ⇒ D_t ≡ ∂_t + igA_t , ∂_i ⇒ D_i ≡ ∂_i + igA_i , (3.9)

where g is a gauge coupling. The engineering dimensions of A_t and A_i are

[A_t] = z − [g] , [A_i] = 1 − [g] . (3.10)

Gauge field strengths (F_{ti}, F_{ij} ) are constructed from the commutators of covariant derivatives as

[D_t, D_i] = igF_{ti} , [D_i, D_j ] = igF_{ij} . (3.11)

If the gauge fields are dynamical, the kinetic term of gauge fields should be added. In this way, we obtain the following gauge invariant action: S = ∫ dtd^Dx [ tr(F_{ti})^2 − 1 2λ^2 tr(D_kF_{ij} )^2 + |D_tϕ|^2 − 1 κ^2

|D_iD_iϕ|^2 + ψ̄iγ^0D_tψ + 1 ξ^2 ψ̄D_iD_iψ ] , (3.12)

where tr represents the trace for the gauge generators. If the differential operator ∂_i∂_i for φ and η in (3.2) is regarded as (σ^i∂_i)^2, the last term in (3.12) is replaced by −ξ^{−2}ψ̄(γ^iD_i)^2ψ. Here, γ^is correspond to space components of gamma matrices given by

γ^i = ( 0 −σ^i σ^i 0 ) (3.13)

and satisfy the relation γ^iγ^j + γ^j γ^i = −2δ^{ij} . We add tr(D_kF_{ij} )^2 as the ‘potential term’ for A_i to the action S with an extended model with a higher spatial derivative in mind. The ‘potential term’ means terms other than the kinetic term including time derivatives. If we use the detailed balance condition, the term proportional to tr(D_iF_{ik}D_j F_{jk}) is introduced. Here, the detailed balance condition means that the action (S_{D+1}) in D + 1 dimensions is constructed from the action (S_D) in D dimensions through a particular procedure using functional derivatives. For example, in a model with a real scalar field Φ, the action is constructed as

S_{D+1} = ∫ dtd^Dx [ 1 2 ( ∂Φ ∂t + 1 2κ δS_D δΦ )_2] , (3.14)

6 Y. Kawamura

up to total derivative term. The dimension of [tr(F_{ti})^2] is given by D + z. Then the dimensions of (A_t, A_i) and (g, λ^2) are

[A_t] = D + z 2 − 1 , [A_i] = D − z 2 , [g] = 1 − D − z 2 , [λ^2] = 4 − 2z . (3.15)

The effective field theory, in general, contains operators whose dimensions equal to or less than those in S, which are not forbidden by symmetry. We add the following relevant terms directly to S: ΔS = ∫ dtd^Dx [ − c̃^{2z−2}_A 2 tr(F_{ij} )^2 − c̃^{2z−2}_ϕ |D_iϕ|^2 + c̃^{z−1}_ψ ψ̄iγ^iD_iψ + · · · ] , (3.16)

where c̃_A, c̃_ϕ and c̃_ψ are parameters with dimension one and the ellipsis stands for terms related to other operators such as Yukawa interactions and self-interactions of scalar fields. The third term in (3.16) is written in terms of 2-component spinors φ and η as c̃^{z−1}_ψ ψ̄iγ^iD_iψ = c̃^{z−1}_ψ ( φ^†iσ^iD_iφ − η^†iσ^iD_iη ) . (3.17)

The superficial degree of divergence (D_s) is defined by D_s ≡ D + z − D − z 2 B − ( D + z 2 − 1 ) B_t − D 2 F − ∑ k [g^k]n_k − · · · , (3.18)

where B, B_t, F and n_k are numbers of external lines for ϕ and A_i, numbers of external lines for A_t, external lines for ψ and vertices including the k-th power of g. The ellipsis represents contributions from other couplings.

In the case with z = 2 and D = 3, the dimensions of fields and couplings become

[ϕ] = 1 2 , [ψ] = 3 2 , [A_t] = 3 2 , [A_i] = 1 2 , (3.19)

[g] = 1 2 , [κ^2] = [ξ^2] = [λ^2] = 0 , (3.20)

and D_s is given by

D_s = 5 − 1 2 B − 3 2 B_t − 3 2 F − 1 2 ∑ k kn_k . (3.21)

The theory is superrenormalizable by power counting and infinities appear for a finite number of diagrams if exist. In Appendix A, we study radiative corrections at one-loop level using an abelian gauge theory and find that radiative corrections for gauge coupling do not contain any infinities owing to the gauge invariance. We expect that the same property holds on the Lifshitz type extension of the MSSM and SUSY GUT.

Misleading Coupling Unification and Lifshitz Type Gauge Theory 7

3.2. A chiral model

On the construction of GUT or an intermediate theory, a simple group or the SM gauge group should be chosen as a gauge group with suitable particle contents (including chiral fermions). Here, we do not specify the gauge group and particle contents for simplicity. We discuss a model on the space-time R^3 × R, including chiral fermions with a higher spatial derivative term. A candidate is give by the action:

S_{z=3} = S + ΔS , S = ∫ dtd^3x tr(F_{ti})^2 − 1 2λ^2 tr(D_kD_lF_{ij} )^2 + ∑ f ( φ^†_f iD_tφ_f − 1 ξ^2 φ^†_f D^2iσ^iD_iφ_f )

+ ∑ h ( |D_tϕ_h|^2 − 1 κ^2 | D^2D_iϕ_h |_2) ] ,

ΔS = ∫ dtd^3x −c̃^{4A} 2 tr(F_{ij} )^2 + ∑ f c̃^2_f φ^†_f iσ^iD_iφ_f − ∑ h c̃^4_h|D_iϕ_h|^2 + · · ·

, (3.22)

where φ_f are 2-component spinor fields, ϕ_h are scalar fields, D^2 = D_iD_i and the ellipsis stands for terms related to other operators such as Yukawa interactions and self-interactions of scalar fields. We can, in general, add various kinds of gauge invariant operators whose dimensions equal to or less than 6. Here, we take simple ones in S_{z=3}. For example, we assume that operators such as φ^†_f φ_f and φ^†_f D^2φ_f are absent and do not appear through radiative corrections. If φ^†_f φ_f exists, the Lorentz invariance does not appear in the IR region. We expect that the above type of action without specific operators is derived from a more fundamental theory.

In the case with z = 3, the engineering dimensions of fields and parameters are given by

[A_t] = 2 , [A_i] = 0 , [φ_f ] = 3 2 , [ϕ_h] = 0 , (3.23)

[g] = 1 , [λ^2] = [ξ^2] = [κ^2] = 0 , [c̃_A] = [c̃_f ] = [c̃_h] = 1 (3.24)

and D_s is given by

D_s = 6 − 2B_t − 3 2 F − ∑ k kn_k . (3.25)

This theory is also superrenormalizable by power counting. It is important to study the ultraviolet (UV) behavior of our model more carefully.

From a naive dimensional analysis, ΔS dominates against ‘potential terms’ in S at the energy scale below c̃_A, c̃_f and c̃_h, and we expect that the relativistic invariance appears there and the transition occurs from the theory with z = 3 to that with z = 1. In order to become relativistic below M_X , a finetuning among parameters is required such that c̃_A = c̃_f = c̃_h ≡ M_ℓ to a high accuracy and the order of M_ℓ

8 Y. Kawamura

is (one or two digit) bigger than that of M_X . We will discuss constraints for these parameters from experiments in the next subsection. This relation could be realized as renormalization group (RG) invariants.^{∗)} Then M^2_ℓ t is regarded as an ordinary time variable x_0 in the relativity. Hence we expect that each term in ΔS comes from a common origin, c̃_A, c̃_f and c̃_h take a common value at the beginning and they do not receive radiative corrections. If the finetuning relation holds on for all particles and the theory has suitable particle contents (gauge bosons, chiral fermions, Higgs bosons and their superpartners) with suitable gauge quantum numbers, the MSSM can be derived as the theory below M_X and the running of gauge couplings in the IR region is understood.

3.3. Constraints from experiments

In the Lifshitz type extension of the MSSM with z > 1, the dispersion relations for free fields are given by

E^2 = p^2c^2_k + m_k^2c^4_k + ζ_k M^{2z−2}_ℓ p^{2z}c^{4−2z}_k , (3.26)

where p^{2z} = (p^2)^z, c_k = c(c̃_k/M_ℓ)^{z−1} (c is a speed of light), ζ_k are dimensionless parameters and every particle (except gauge bosons related to unbroken gauge symmetries) acquires the mass m_k after the SUSY and/or electroweak symmetry breaking. Here, c_k is an ‘own velocity’ (a maximal attainable velocity if ζ_k > 0) for each particle labeled by k.

Let us discuss constraints for parameters from experimental data. The Lorentz violating dispersion relations such as (3.26) are tested by the photon emission from a high-energy particle.^{13)} The process such as C → C + γ is forbidden (at tree level) by the energy-momentum conservation in the case with the Lorentz invariant dispersion relations such as E^2 = p^2c^2 + m_C^2c^4 for a massive charged particle C and E^2 = p^2c^2 for photon γ. It, however, can occur in the presence of Lorentz symmetry breaking terms. We consider the case with the following dispersion relations:

E^2 = p^2c^2_C + m_C^2c^4_C + ζ_C M^{n−2}_ℓ p^nc^{4−n}_C , (3.27)

E^2 = p^2c^2_γ + ζ_γ M^{n−2}_ℓ p^nc^{4−n}_γ , (3.28)

where n = 2z. Using the kinematics, we derive the following relation: ζ_γ M^{n−2}_ℓ p^n_γ c^{4−n}_γ = ( p^2 + p^{′2} ) ( c^2_C − c^2_γ )

+ 2 ( m_C^2c^4_C + p · p^′c^2_γ − EE^′ ) + ζ_C M^{n−2}_ℓ (p^n + p^{′n})c^{4−n}_C , (3.29)

∗) There has been a proposal that the Lorentz invariance appears at an attractive IR fixed point.^{11)} In Ref. 12), the RG evolution of c̃_h has been studied for the Lifshitz type scalar field theory with z = 2 and D = 4 (D = 10) and it has been pointed out that a severe fine-tuning in the UV region seems to be inevitable. This result can give a strong constraint on theories with extra dimensions.

Misleading Coupling Unification and Lifshitz Type Gauge Theory 9

where p_γ is the momentum of photon, p (p^′) and E (E^′) are the momentum and energy of incoming (outgoing) particle C. E and E^′ satisfy the relation (3.27) and the same type one whose p is replaced by p^′, respectively. The stability of C at some high-momentum p_h means that the relation (3.29) does not hold on at and below p_h and it leads to the following constraints:

|c^2_C − c^2_γ | c^2_C ≲ m^2_C c^2_C p^2_h , ζ_k ≲ m^2_C M^{n−2}_ℓ p^n_h c^n_k , (3.30)

where k is C or γ. We use the relation c^2_C = c^2_γ up to a very tiny number expected from the first constraint to derive the second one. The most stringent constraints come from the case that C is proton (p^+)^{∗)} and they are given by^{∗∗)}

|c^2_p − c^2_γ |

c^2_p ≲ m^2_pc^2_p p^2_h

= O(10^{−22}) , ζ_k ≲ m^2_pM^{n−2}_ℓ p^n_h c^n_k = O(10^{6n−34}) , (3.31)

where we use p_h = 10^{20}eV from AGASA date^{15)} and m_p = 938MeV. We take M_ℓ = 10^{17}GeV. The first constraint requires that c̃_p = c̃_γ to a high accuracy of order O(10^{−22}M_ℓ). From the second one, we find that the magnitude of ζ_k can become O(1) if n ≥ 6. In the case that C is electron (e^−), constraints are given by

|c^2_e − c^2_γ |

c^2_e ≲ m^2_ec^2_e p^2_h

= O(10^{−16}) , ζ_k ≲ m^2_eM^{n−2}_ℓ p^n_h c^n_k = O(10^{12n−40}/2^{2−n}) , (3.32)

where we use p_h = 50TeV from observations of high-momentum gamma ray originated from the Crab nebula^{16)} and m_e = 0.51MeV. We take M_ℓ = 10^{17}GeV. The first constraint requires that c̃_e = c̃_γ to a high accuracy of order O(10^{−16}M_ℓ). From the second one, we find that the magnitude of ζ_k can become O(1) if n ≥ 4.

If the magnitude of Lorentz symmetry breaking term can be within the range of observation concerning photon with an ultra high-momentum in the future, we come across the idea that light led us to the concept of special relativity, but (ironically) it also might teach us to the violation of relativistic invariance and a new physics beyond the SM or the MSSM.

§4. Conclusions and discussion

We have proposed a new grand unification scenario for ensuring proton stability on the basis of the conjecture that the proton stability can be realized to be compatible with the grand unification if M_X is not related to M_U and the standpoint that the scale M_X has a physical meaning beyond the fact that the agreement of gauge couplings occurs accidentally there. In our scenario, M_U is supposed to be bigger than M_X to suppress the prodon decay sufficiently and gauge couplings agree with among them from M_U to M_X by a specific dynamics. The candidate is a Lifshitz type gauge

∗) Strictly speaking, proton does not belong to the SM particles as an elementary particle and hence ζp would be zero in our Lifshitz type model.

∗∗) Various constraints on maximal attainable velocities for particles have been derived in Ref. 14).

10 Y. Kawamura

theory with z > 1, which possesses specific superrenormalizable interactions. The structure of theory changes around M_X after a phase transition irrelevant to the grand unification and the different running of g_i starts there. The transition occurs from the theory with z > 1 to that with z = 1, and the ordinary renormalizable MSSM is expected to hold on with the emergence of Poincare invariance and SUSY below M_X .

There are open questions for our scenario and/or model. The most serious problem is a finetuning problem related to the speed of light. The relativistic invariance requires a finetuning among parameters such as c̃_A = c̃_f = c̃_h ≡ M_ℓ to a high accuracy for all particles that survive in our low-energy world. This comes from the standpoint that the Lorentz invariance emerges as an accidental symmetry. The relation could be realized as RG invariants. Then the RG invariance (or no running of parameters) would become one of conditions to select a realistic model. We need to study radiative corrections or RG behavior in the space of all the couplings in our model, bearing the finetunig problem in mind. Furthermore M_ℓ might be a fundamental constant in a fundamental theory, e.g. the string scale in string theory. In fact, it is known that the string scale is about 20 times bigger than M_X in the heterotic string theory. Or we might need to reconsider the relation between the kinematics of each particle and the structure of space-time. Other notorious problem is the triplet-doublet Higgs mass splitting problem. There is a possbility that the mass splitting can be realized on the orbifold breaking^{17)} if a higher-dimensional gauge theory holds on above M_U . It is interesting to study this problem in our framework. It is also important to explore phenomenological implications on the violation of Lorentz invariance at a high-energy scale, considering phenomenological aspect of Hořava-Lifshitz gravity.^{∗)}

Even if our present model do not work for any reason, study of elementary particle physics using Lifshitz type quantum field theories would be attractive and it is worth exploring a high-energy theory on the basis of our proposal. In any event, we would like to believe that nature use the idea of grand unification in order to well-organize physical laws.^{∗∗), ∗∗∗)}

Acknowledgements

This work was supported in part by scientific grants from the Ministry of Education, Culture, Sports, Science and Technology under Grant Nos. 18204024 and 18540259.

∗) Recently, various aspects of Hořava-Lifshitz gravity have been intensively investigated from its renormalizability to cosmological implications.^{18)}

∗∗) Recently, unconventional idea that grand unification is realized in unphysical world has been proposed.^{19)}

∗∗∗) On the other hand, there is an interesting proposal that the merging of gauge couplings can

come from not the grand unification but the property of an underlying fermionic vacuum and there is no danger of proton decay.^{20)}

Misleading Coupling Unification and Lifshitz Type Gauge Theory 11

Appendix A Radiative Corrections in Lifshitz Type Abelian Gauge Theory

We study radiative corrections at one-loop level using a Lifshitz type abelian gauge theory with z = 2 on the space-time R^3 × R. Our players are a U(1) gauge field (A_t, A_i) and a fermion ψ, which is a 4-component spinor (defined on R^3) and has a unit U(1) charge e. The action is given by S = ∫ dtd^3x [ 1 2 (F_{ti})^2 − 1 4 (∂_kF_{ij} )^2 + ψ̄iγ^0D_tψ + ψ̄D_iD_iψ − c̃^2_A 4 (F_{ij} )^2 + c̃_ψψ̄iγ^iD_iψ − m̃^2ψ̄ψ ] , (A.1)

where F_{ti} = ∂_tA_i − ∂_iA_t, F_{ij} = ∂_iA_j − ∂_j A_i, D_t ≡ ∂_t + ieA_t and D_i ≡ ∂_i + ieA_i. The engineering dimensions of fields and parameters are given by

[A_t] = 3 2 , [A_i] = 1 2 , [ψ] = 3 2 , [e] = 1 2 , [c̃_A] = [c̃_ψ] = [m̃] = 1 . (A.2)

The Feynman rules are given by i γ^0E_p − p^2 − c̃_ψγ · p − m̃^2 + iε for propagator of ψ , (A.3)

−i(p^2 + c̃^2_A) E^2_p − p^4 − c̃^2_Ap^2 + iε for propagator of A^t , (A.4) i E^2_p − p^4 − c̃^2_Ap^2 + iε for propagator of A^i , (A.5)

−ieγ^0 for vertex among ψ̄, ψ and A^t , (A.6) −ie(p_i + p^′_i + c̃_ψγ_i) for vertex among ψ̄, ψ and A^i , (A.7) −2ie^2δ_{ij} for vertex among ψ̄, ψ, A^i and A^j , (A.8)

where p^4 ≡ (p^2)^2 and we take ∂_tA_t +(∇^2 −c̃^2_A)∂_iA_i = 0 as the gauge fixing condition to derive the propagators of A_t and A_i.

Now let us study radiative corrections at one-loop level. Here, we do not consider the terms c̃^2_A 4 (F_{ij} )^2 and c̃_ψψ̄iγ^iD_iψ for simplicity.^{∗)} The vacuum polarizations at one-loop level are given by iΠ_{tt}(q) = −e^2 ∫_∞ −∞ dE_pd^3p (2π)^4 Tr ( γ^0 1 γ^0E_p − p^2 − m̃^2 ·γ^0 1 γ^0(E_p − E_q) − (p − q)^2 − m̃^2 ) , (A.9) iΠ_{it}(q) = −e^2 ∫_∞ −∞ dE_pd^3p (2π)^4 Tr ( 2p_i − q_i γ^0E_p − p^2 − m̃^2

∗) The qualitative features are almost same by the introduction of those terms. We will report results of analysis including those terms elsewhere.

12 Y. Kawamura ·γ^0 1 γ^0(E_p − E_q) − (p − q)^2 − m̃^2 ) , (A.10) iΠ_{ij}(q) = −e^2 ∫_∞ −∞ dE_pd^3p (2π)^4 [ Tr ( 2p_i − q_i γ^0E_p − p^2 − m̃^2 · 2p_j − q_j γ^0(E_p − E_q) − (p − q)^2 − m̃^2 )

+ Tr ( 2δ_{ij} γ^0E_p − p^2 − m̃^2 )] , (A.11)

where q = (E_q, q) (E_q and q are energy and momenta for the external gauge boson, respectively) and Tr represents the trace for the spinor indices. Π_{tt}(q), Π_{it}(q) and Π_{ij}(q) seem contain linear, quadratic and tertiary divergent pieces, but they can be removed from the condition of gauge invariance. Physics must not be changed under the gauge transformations A_t → A_t + ∂_tΛ and A_i → A_i + ∂_iΛ (ε_t → ε_t + λE_q and ε_i → ε_i + λq_i in terms of polarization vectors ε_t and ε_i). This requirement leads to the relations E_qΠ_{tt} − ∑ i q_iΠ_{it} = 0 and E_qΠ_{it} − ∑ j q_j Π_{ij} = 0. Using the above expressions (A.9) – (A.11), we derive the following relations: E_qΠ_{tt} − ∑ i q_iΠ_{it} = ie^2 ∫_∞ −∞ dE_pd^3p (2π)^4 Tr ( γ^0 1 γ^0(E_p − E_q) − (p − q)^2 − m̃^2 −γ^0 1 γ^0E_p − p^2 − m̃^2 ) , (A.12) E_qΠ_{it} − ∑ j q_jΠ_{ij} = ie^2 ∫_∞ −∞ dE_pd^3p (2π)^4 Tr ( 2p_i − q_i γ^0(E_p − E_q) − (p − q)^2 − m̃^2 − 2p_i + q_i γ^0E_p − p^2 − m̃^2 ) . (A.13)

If the integrals were finite, we could make them zero after the change of integration variables in the first terms. Actually we can regularize Π_{tt}(q), Π_{it}(q) and Π_{ij}(q) keeping the gauge invariance and they have the following forms: Π_{tt}(q) = q^2Π(q) , Π_{it}(q) = E_qq_iΠ(q) , Π_{ij}(q) = E^2_q δ_{ij} Π(q) + ( q^2δ_{ij} − q_iq_j )~ Π(q) , (A.14)

where Π(q) is a finite quantity. For example, iΠ(0) is calculated as

iΠ(0) = −e^2 ∫_∞ −∞ dE_pd^3p (2π)^4 Tr ( 1 (γ^0E_p − (p^2 + m̃^2))^3 )

= −e^2 ∫_∞ −∞ dE_pd^3p (2π)^4 Tr ( (γ^0E_p + (p^2 + m̃^2))^3 (E^2_p − (p^2 + m̃^2)^2)^3 )

= −4ie^2 ∫_∞ −∞ dEd^3p (2π)^4

−3E^2(p^2 + m̃^2) + (p^2 + m̃^2)^3 (E^2 + (p^2 + m̃^2)^2)^3 = −4ie^2 ∫_∞ −∞ d^3p (2π)^4 ( −3 8 π p^2 + m̃^2 + 3 8 π p^2 + m̃^2 ) = 0 , (A.15)

Misleading Coupling Unification and Lifshitz Type Gauge Theory 13

where the Wick rotation is performed (E_p → iE).

In the same way, we can calculate the fermion self-energy and the vertex functions. The expression for the fermion self-energy is given at one-loop level, −iΣ(q) = e^2 ∫_∞ −∞ dE_pd^3p (2π)^4

(2q − p)^2 E^2_p − p^4 1 γ^0(E_q − E_p) − (q − p)^2 − m̃^2

+ 6e^2 ∫_∞ −∞ dE_pd^3p (2π)^4 1 E^2_p − p^4

+ e^2 ∫_∞ −∞ dE_pd^3p (2π)^4 −p^2 E^2_p − p^4 1 γ^0(E_q − E_p) − (q − p)^2 − m̃^2

, (A.16)

where E_q and q_i are energy and momemta for the external fermion. The expressions for vertex functions among ψ̄, ψ and A^t (A^i) are given at one-loop level, −iΛ_t(q, q^′) = e^2 ∫_∞ −∞ dE_pd^3p (2π)^4 γ^0 1 E^2_p − p^4 (2q − p) · (2q^′ − p) γ^0(E_q − E_p) − (q − p)^2 − m̃^2 · 1 γ^0(E_q′ − E_p) − (q^′ − p)^2 − m̃^2

+ e^2 ∫_∞ −∞ dE_pd^3p (2π)^4 γ^0 −p^2 E^2_p − p^4 1 γ^0(E_q − E_p) − (q − p)^2 − m̃^2 · 1 γ^0(E_q′ − E_p) − (q − p)^2 − m̃^2

, (A.17) −iΛ_i(q, q^′) = e^2 ∫_∞ −∞ dE_pd^3p (2π)^4 1 E^2_p − p^4 (2q − p) · (2q^′ − p) γ^0(E_q − E_p) − (q − p)^2 − m̃^2 · (q + q^′ − 2p)_i γ^0(E_q′ − E_p) − (q^′ − p)^2 − m̃^2

+ 2e^2 ∫_∞ −∞ dE_pd^3p (2π)^4 (2q − p)_i E^2_p − p^4 1 γ^0(E_q − E_p) − (q − p)^2 − m̃^2

+ 2e^2 ∫_∞ −∞ dE_pd^3p (2π)^4

(2q^′ − p)_i E^2_p − p^4 1 γ^0(E_q′ − E_p) − (q^′ − p)^2 − m̃^2

+ e^2 ∫_∞ −∞ dE_pd^3p (2π)^4 −p^2 E^2_p − p^4

(q + q^′ − 2p)_i γ^0(E_q − E_p) − (q − p)^2 − m̃^2 · 1 γ^0(E_q′ − E_p) − (q^′ − p)^2 − m̃^2

, (A.18)

where E_q and q_i (E^′_q and q^′_i) are energy and momemta for the incoming (outgoing) fermion. We find that the above vertex functions are UV finite. Furthermore, there exist following identities: Λ_t(q, q) = − ∂ ∂E_q Σ(q) , Λ_i(q, q) = ∂ ∂q_i Σ(q) . (A.19)

Those are counterparts of Ward identity in QED, which guarantee that the fermion self-energy and the three-point vertex functions do not contribute the renormalization of gauge coupling by the cancellation. We find that D_s < 0 for diagrams

14 Y. Kawamura

including loops related to the vertex among ψ̄, ψ, A^i and A^j and the proper vertex functions among them are also UV finite.

References

1) H. Georgi and S. L. Glashow, Phys. Rev. Lett. 32 (1974), 438.

For reviews, see P. Langacker, Phys. Rep. C 72 (1981), 185. G. G. Ross, Grand Unified Theories (Addison Wesley, 1984).

2) C. Giunti, C. W. Kim and U. W. Lee, Mod. Phys. Lett. A 6 (1991) 1745.

J. Ellis, S. Kelley and D. V. Nanopoulos, Phys. Lett. B 260 (1991), 131. U. Amaldi, W. de Boer and H. Furstenau, Phys. Lett. B 260 (1991), 447. P. Langacker and M. Luo, Phys. Rev. D 44 (1991), 817.

3) N. Sakai and T. Yanagida, Nucl. Phys. B 197 (1982), 533.

S. Weinberg, Phys. Rev. D 26 (1982), 287.

4) S. Dimopoulos and H. Georgi, Nucl. Phys. B 193 (1981), 150.

N. Sakai, Z. Phys. C 11 (1981), 267.

5) T. Goto and T. Nihei, Phys. Rev. D 59 (1999), 115009.

H. Murayama and A. Pierce, Phys. Rev. D 65 (2002), 055009. 6) B. Dutta, Y. Mimura and R. Mohapatra, Phys. Rev. Lett. 100 (2008), 181801.

L. Calibbi, L. Ferretti, A. Romanino and R. Ziegler, Phys. Lett. B 672 (2009), 152. 7) P. Hořava, arXiv:0811.2217[hep-th].

P. Hořava, J. High Energy Phys. 0903 (2009), 020; Phys. Rev. D 79 (2009), 084008. 8) M. Visser, arXiv:0902.0590[hep-th].

P. R. S. Carvalho and M. M. Leite, arXiv:0902.1972 [hep-th]. B. Chen and Q.-G. Huang, arXiv:0904.4565[hep-th]. A. Dhar, G. Mandal and S. R. Wadia, arXiv:0905.2928[hep-th]. S. R. Das and G. Murthy, arXiv:0906.3261[hep-th].

9) D. Anselmi and M. Halat, Phys. Rev. D 76 (2007), 125011.

D. Anselmi, Ann. of Phys. 324 (2009), 874; Ann. of Phys. 324 (2009), 1058. 10) D. Anselmi, Phys. Rev. D 79 (2009), 025017; arXiv:0904.1849[hep-th]. 11) H. B. Nielsen and M. Ninomiya, Nucl. Phys. B 141 (1978), 153.

S. Chadha and H. B. Nielsen, Nucl. Phys. B 217 (1983), 125. 12) R. Iengo, J. G. Russo and M. Serone, arXiv:0906.3477[hep-th].

13) T.Jacobson, S. Liberati and D. Mattingly, Phys. Rev. D 67 (2003), 124011; Ann. of Phys.

321 (2006), 150.

D. Mattingly, Living Rev. Rel. 8 (2005), 5.

14) S. Coleman and S. L. Glashow, Phys. Rev. D 59 (1999), 116008. 15) M. Takeda et al., Phys. Rev. Lett. 81 (1998), 1163. 16) K. Koyama et al., Nature, 378 (1995), 255.

T. Tanimori et al., Astrophys. J. Lett., 492 (1998), 33.

17) Y. Kawamura, Prog. Theor. Phys. 103 (2000), 613; Prog. Theor. Phys. 105 (2001), 999.

L. Hall and Y. Nomura, Phys. Rev. D 64 (2001), 055003. 18) P. Hořava, Phys. Rev. Lett. 102 (2009), 161301.

T. Takahashi and J. Soda, arXiv:0904.0554 [hep-th]. G. Calcagni, arXiv:0904.0829 [hep-th].

E. Kiritsis and G. Kofinas, arXiv:0904.1334 [hep-th]. J. Kluson, arXiv:0904.1343 [hep-th].

H. Lu, J. Mei and C. N. Pope, arXiv:0904.1595 [hep-th]. S. Mukohyama, arXiv:0904.2190 [hep-th]. R. Brandenberger, arXiv:0904.2835 [hep-th]. H. Nikolic, arXiv:0904.3412 [hep-th]. K.-I. Izawa, arXiv:0904.3593 [hep-th]. H. Nastase, arXiv:0904.3604 [hep-th].

R. G. Cai, L. M. Cao and N. Ohta, arXiv:0904.3670 [hep-th]. R. G. Cai, Y. Liu and Y. W. Sun, J. High Energy Phys. 0906 (2009), 010. G.E. Volovik, arXiv:0904.4113 [gr-qc]. Y. S. Piao, arXiv:0904.4117 [hep-th]. X. Gao, arXiv:0904.4187 [hep-th].

Misleading Coupling Unification and Lifshitz Type Gauge Theory 15

E. O. Colgain and H. Yavartanoo, arXiv:0904.4357 [hep-th]. T. P. Sotiriou, M. Visser and S. Weinfurtner, arXiv:0904.4464 [hep-th]. S. Mukohyama, K. Nakayama, F. Takahashi and S. Yokoyama, arXiv:0905.0055 [hep-th]. Y. S. Myung and Y. W. Kim, arXiv:0905.0179 [hep-th]. R.-G. Cai, B. Hu and H.-B. Zhang, arXiv:0905.0255 [hep-th]. D. Orlando and S. Reffert, arXiv:0905.0301 [hep-th]. C. Gao, arXiv:0905.0310 [astro-ph.CO]. T. Nishioka, arXiv:0905.0473 [hep-th].

A. Kehagias and K. Sfetsos, arXiv:0905.0477 [hep-th]. S. Kalyana Rama, arXiv:0905.0700 [hep-th].

R. G. Cai, L. M. Cao and N. Ohta, arXiv:0905.0751 [hep-th]. A. Ghodsi, arXiv:0905.0836 [hep-th] . Y. S. Myung, arXiv:0905.0957 [hep-th]. R. B. Mann, arXiv:0905.1136 [hep-th]. S. Chen and J. Jing, arXiv:0905.1409 [gr-qc]. R. A. Konoplya, arXiv:0905.1523 [hep-th]. S. Chen and J. Jing, arXiv:0905.2055 [gr-qc]. B. Chen, S. Pi and J. Z. Tang, arXiv:0905.2300 [hep-th].

C. Charmousis, G. Niz, A. Padilla and P. M. Saffin, arXiv:0905.2579 [hep-th]. D.-W. Pang, arXiv:0905.2678 [hep-th]. M. Li and Y. Pang, arXiv:0905.2751 [hep-th]. J. Chen and Y. Wang, arXiv:0905.2786 [gr-qc].

T. P. Sotiriou, M. Visser and S. Weinfurtner, arXiv:0905.2798 [hep-th]. G. Bertoldi, B. A. Burrington and A. Peet, arXiv:0905.3183 [hep-th]. Y.-W. Kim, H. W. Lee and Y. S. Myung, arXiv:0905.3423 [hep-th]. E. N. Saridakis, arXiv:0905.3532 [hep-th]. S. Mukohyama, arXiv:0905.3563 [hep-th]. G. Calcagni, arXiv:0905.3740 [hep-th].

X. Gao, Y. Wang, R. Brandenberger and A. Riotto, arXiv:0905.3821 [hep-th]. M. Minamitsuji, arXiv:0905.3892 [astro-ph.CO]. A. Wang and Y. Wu, arXiv:0905.4117 [hep-th]. A. A. Kocharyan, arXiv:0905.4204 [hep-th]. S. Nojiri and S. D. Odintsov, arXiv:0905.4213 [hep-th]. M. Sakamoto, arXiv:0905.4326 [hep-th]. M.-i. Park, arXiv:0905.4480 [hep-th].

S. Weinfurtner, A. White and M. Visser, arXiv:0905.4530 [gr-qc]. M. B.-Cantcheff, N. Grandi and M. Sturla, arXiv:0906.0582 [hep-th]. Y. S. Myung, arXiv:0906.0848 [hep-th].

C. Germani, A. Kehagias and K. Sfetsos, arXiv:0906.1201 [hep-th]. A. Ghodsi and E. Hatefi, arXiv:0906.1237 [hep-th]. F.-W. Shu, Y.-S. Wu, arXiv:0906.1645 [hep-th]. Y.-F. Cai and E. N. Saridakis, arXiv:0906.1789 [hep-th]. D. Blas, O. Pujolas and S. Sibiryakov, arXiv:0906.3046 [hep-th].

19) Y. Kawamura, Prog. Theor. Phys. 121 (2009), 289; Prog. Theor. Phys. 121 (2009), 1049. 20) F. R. Klinkhamer and G. E. Volovik, JETP Letters 81 (2005), 551.