arXiv:0907.1904v2 [hep-ph] 15 Jul 2009

A new limit for the noncommutative

space-time parameter

M. Moumni

Physics Department, University Med Khider of Biskra; Algeria mmoumni@univ-batna.dz

A. BenSlama

Physics Department, University Mentouri of Constantine; Algeria

S. Zaim

Physics Department, University Med Abidi of Batna; Algeria

Abstract

We study the phenomenological aspects of space-time noncommutativity on the hydrogen atom. We find that the noncommutative effects are similar to those obtained by considering the extended nature of the proton in the atom. To the first order in the noncommutative parameter, it is equivalent to an electron in the field of both a Coulombian and an electric dipole potentials and this allows us to get a new bound for this parameter.

Key words: Noncommutative space-time, Hydrogen atom, Dipole potential

1 Introduction:

In the recent years there has been a large interest in the study of noncommutative geometry. Taking space-time coordinates to be noncommutative is an old idea which goes back to the thirties of the last century. The goal was that the introduction of a noncommutative structure to space-time at small length scales could introduce an effective cut off which regularize divergences in quantum field theory. However this theory was plagued with several problems such as the violation of unitarity and causality, which make people abandon it.

Preprint submitted to Elsevier 16 July 2009

However non Commutative geometry was pursued on the mathematical side and especially with the work of Connes in the eighties of the last century [1].

In 1999, the interest for non commutative geometry is renewed by the work of Seiberg and Witten on string theory [2]. They showed that the dynamics of the endpoints of an open string on a D-brane in the presence of a magnetic background field can be described by a Yang-Mills theory on a noncommutative space-time.

Noncommutative space-time is a deformation of the ordinary one in which the coordinates are promoted to Hermitian operators which do not commute:

[x^μ_{nc}, x^ν_{nc}] = iθ^{μν} = i C^{μν} Λ_{NC} (1)

where θ^{μν} is a deformation parameter and nc indices denote noncommutative coordinates. Ordinary space-time is obtained by making the limit θ^{μν} → 0. The noncommutative parameter is an anti-symmetric real matrix, assumed here to be constant. Λ_{NC} is the energy scale where the noncommutative effects of the space-time will be relevant and C^{μν} are dimensionless parameters. For a review, one can see reference [3].

In the literature, there are a lot of phenomenological studies giving bounds on the noncommutative parameter. For example, the OPAL collaboration founds Λ_{NC} ≥ 140 GeV [4], various noncommutative QED processes give the range Λ_{NC} ≥ 500 GeV −1.7 T eV [5], high precision atomic experiment on the Lamb shift in the hydrogen atom gives the limit Λ_{NC} ≤ 10^4 GeV [6]; all these bounds deal with space-space noncommutativity. For the space-time case, the bound θ ≲ 9.51 × 10^{−18}m.s was found from quantum gravity considerations [7].

We work here on the space-time version of the noncommutativity; thus instead of (1), we use: [ x^j_{st}, x^0_{st} ] = iθ^{j0} (2)

and we are interested in the phenomenological consequences (the st indices are for space-time noncommutative coordinates). We focus on the hydrogen atom because it is a simple and a well studied quantum system and so it can be taken as an excellent test for noncommutative signatures.

The aim of this work is to find an upper limit for the noncommutative parameter in order to have a bound spectrum of the hydrogen atom.

2 Noncommutative Hydrogen Atom:

To build the Hamiltonian and as solutions to the relations (2), we choose the transformations:

x^j_{st} = x^j + iθ^{j0}∂_0 (3) All the others coordinates remain as usual. The usual ”non noncommutative” coordinates x^j satisfy the usual canonical permutation relations. For convenience we use the vectorial notation: −→r_{st} = −→r + i−→θ ∂_0 = −→r − 1 ℏ −→ θ E (4)

where: −→ θ ≡ ( θ^{10}, θ^{20}, θ^{30} ) = ( θ^1, θ^2, θ^3 ) (5) The relations (3) and (4) can be seen as a Bopp’s shift.

We are dealing with stationary solutions of the Schrödinger equation, so we consider the energy as a constant parameter. In our computation, we use the standard equation; this is possible because it has been showed in [8] and [9], that the spectrum is unchanged if one replaces the standard Schrödinger equation with its noncommutative image if the spatial coordinates commute in its noncommutative form (the only noncommutativity being between time and space coordinates), and this is the case here. As the kinetic energy depends on the momentum which remains unchanged, it does not change; so we look for the Coulombian potential and construct its noncommutative image. We write it as the usual one but with the new coordinates: V_{NC} (r) = − e^2 r_{st} = − e^2 √∑ x^j_{st} · x^j_{st} (6) or: V_{NC} (r) = − e^2 √ (−→r −^1_ℏ −→ θ E) · (−→r −^1_ℏ −→ θ E) (7) We have: 1 r_{st} = 1 √ (−→r_{st})^2 = 1 r 1 − 2 E ℏ −→r −→θ r^2 + E^2 ℏ^2 θ^2 r^2

−^1_2 (8) To make the development in series of the expression, we choose: ε = −2 E ℏ −→r −→θ r^2 + E^2 ℏ^2 θ^2 r^2 (9) and consider it as a small parameter because of the smallness of θ. For example, to the second order of ε, one has:

(1 + ε)^{− 12} = 1 − 1 2 ε + 3 8 ε^2 + O ( ε^3 ) (10) or: 1 r_{st} = 1 r 1 + E ℏ −→r −→θ r^2 − E^2 2ℏ^2 θ^2 r^2 + 3E^2 2ℏ^2 (−→r −→ θ )^2 r^4

+ O(θ^3)

(11)

The other higher order terms are higher power in θ and can be neglected. With an adequate choice of the coordinates: −→ θ = θ^{30} −→ k = θ_{st} −→ k (12)

the noncommutative Coulombian potential writes (Θ represents the angle): V_{NC} (r) = − e^2 r − e^2Eθ_{st} ℏ cos Θ r^2 − e^2E^2θ^2_{st} 2ℏ^2

(3 cos^2 Θ − 1)

r^3

+ O(θ^3) (13)

This expression is similar to the potential energy of an electric charge q due to the presence of a distribution of charges q_i:

V (r) = ∑ q 4πϵ_0 q_i r_i = q 4πϵ_0 [ ∑ q_i r + ∑ a_iq_i cos Θ_i r^2 + ∑ a^2_i q_i (3 cos^2 Θ_i − 1) 2r^3

+ O(a^3_i ) ] (14)

where: −→r_i = −−→A_iM = −−→OM − −−→OA_i = −→r − −→a_i (15) Here, M and A_i refer to the positions of the charges q and q_i and O is the origin.

The relations (13) and (14) can be compared to each other term by term; the terms are the Coulombian, the dipolar and the quadrupolar contributions to the potential. This implies that the noncommutative Coulombian potential is equivalent to an electron in a field of a distribution of positive and negative charges which are not equal ( ∑ q_i ≠ 0) so it gives the Coulombian contribution (a positive net charge here), and the distribution is not spherically symmetric and this adds the multipolar contributions. Such a distribution exists in the hydrogen atom in the proton; it is a extended positively charged system composed of three quarks, two have positive charges and the third has a negative one.

As mentioned in [10], due to the fact that the proton has a structure and is a composite particle, noncommutativity cannot be applied to it as for elementary particles like electron, and the proton behaves essentially as a commutative particle in the noncommutative hydrogen atom. Thus, we applied noncommutativity only to the electron, however we found that it is equivalent to consider the internal electric structure of the proton. As the relations (4) and (15) are similar, the equivalence is true to any order of the development.

To find limits on θ, we consider the first order terms; this gives the potential:

V_{NC} (r) = − e^2 r − e^2 ℏ E −→r −→θ r^3

(16)

The additional term to the Coulombian one is an electric dipole potential:

V_{E.D} (r) = −→ D · −→r r^3

(17)

where the dipole moment is proportional to the noncommutative parameter: −→ D = e^2 ℏ E −→ θ (18)

The two terms do not correspond to an usual electric dipole with zero net charge (a pure electric dipole). Using the angular notation, the potential becomes: V_{NC} (r) = − e^2 r − D cos Θ r^2 ; D = αcEθ_{st} (19) This expression looks like the potential of a molecular anion; a system composed with a molecule and an electron (the molecule is not necessary neutral). Such a system is capable of supporting bound states if the dipole moment is smaller than a critical value which depends on the azimuthal quantum number [11].

D ≤ D_m (20)

Since there is no limitation on the dimensions of the anion, we apply this result to our system. As the smallest value for this limit is when the quantum number vanishes and because the s-orbitals exist in the hydrogen atom, we choose this value as a limit for our computation:

D ≤ D_0 = 5.421 · 10^{−30}Cm(= 0.6393a.u) (21)

We have: θ_{st} ≤ D_0 αcE (22)

and to consider all the states of the electron, we take the smallest value which corresponds to the first energy state. So we find the fundamental limit:

θ_{st} ≲ 1.14 · 10^{−18}ms (23)

The limit is 8 times smaller than the one obtained using quantum gravity considerations [7].

3 Conclusion:

In this work, we look for the phenomenological effects of space-time noncommutativity on the hydrogen atom. We found that applying noncommutativity to the electron in the H-atom is equivalent to consider the extended nature of the proton in the nucleus; not as a QCD particle but as an composite charged system. By making the similitude with molecular anions, we got an upper limit for the NC parameter which is smaller than the one obtained by quantum gravity considerations (the molecular anion is considered here to have both a net charge and a dipole moment like in [11], while it is generally taken as a pure dipole in chemistry). The limit is fundamental because if the NC parameter exceeds the value obtained here, the fundamental state of the hydrogen atom (n = 1; l = 0 ; m = 0) no longer exist.

The dipole potential has off diagonal contributions to Hamiltonian matrix, so the signature on the energy levels of the H-atom is different from the one obtained in the space-space case in [7] where the additional terms are diagonal (in preparation).

In [11], it is shown that if the dipole moment exceeds the critical value then the reality of the representation will be violated in the angular part of the solution of the Schrödinger equation. It would be interesting to see what would happen to the orbital near this limit using tools like Poincare sections.

Acknowledgments:

Mr Moumni M would like to thanks Mr Delenda Y and Mr Aouachria M for their discussions and recommendations and Mrs Merzougui G for her encouragements.

References

[1] A. Connes, Noncommutative Geometry, Academic Press, 1994.

[2] N. Seiberg and E. Witten, String theory and Noncommutative Geometry, JHEP.

09 (1999) 032.

[3] RJ. Szabo, Quantum Field Theory on Noncommutative Spaces, Phys. Rept. 378 (2003) 207.

[4] G. Abbiedi & al, Test of non-commutative QED effect in the process e^+e^− → γγ, Phys. Lett. B568 (2003) 181.

[5] JL. Hewett & al, Signals for Non-Commutative Interactions at Linear Colliders, Phys. Rev. D. D64 (2001) 075012.

[6] M. Chaichian, MM. Sheikh-Jabbari and A. Tureanu, Hydrogen Atom Spectrum and the Lamb Shift in Noncommutative QED, Phys. Rev. Lett. 86 (2001) 2716.

[7] A. Saha, Time-Space Noncommutativity in Gravitational Quantum Well scenario, Eur. Phys. J. C51 (2007) 199-205 (and the references therein).

[8] AP. Balachandran, TR. Govindarajan, C. Molina and P. Teotonio-Sobrinho, Unitary quantum physics with time-space noncommutativity, JHEP. 0410 (2004) 072.

[9] AP. Balachandran and A. Pinzul, On time-space noncommutativity for transition processes and noncommutative symmetries, Mod. Phys. Lett. A20 (2005) 023.

[10] M. Chaichian, MM. Sheikh-Jabbari and A. Tureanu, Comments on the Hydrogen Atom Spectrum in the Noncommutative Space, Eur. Phys. J. C36 (2004) 251-252.

[11] AD. AlHaidari, Analytic solution of the Schrödinger equation for an electron in the field of a molecule with an electric dipole moment, Ann. Phys. 323 (2008) 1709.