arXiv:0907.5603v1 [hep-ph] 31 Jul 2009

LPNHE 2009–06

A Global Treatment Of VMD Physics Up To The ϕ : II. τ Decay and Hadronic Contributions To g − 2

M. Benayoun, P. David, L. DelBuono, O. Leitner

LPNHE Paris VI/VII, IN2P3/CNRS, F-75252 Paris, France

August 3, 2009

Abstract

Relying on the Hidden Local Symmetry (HLS) model equipped with a mechanism breaking the U(3)/SU(3)/SU(2) symmetries and generating a dynamical vector meson mixing, it has been shown that a global fit successfully describes the cross sections for the e^+e^− → π^+π^−, e^+e^− → (π^0/η)γ and e^+e^− → π^0π^+π^− annihilation channels. One extends this global fit in order to include also the dipion spectra from the τ decay, taking into account all reported information on their statistical and systematic errors. It is first shown that all e^+e^− data collected at Novosibirsk together with the BELLE and CLEO spectra can provide consistent results for a_μ(π^+π^−), the π^+π^− loop contribution to the muon g − 2 ; the global fit performed under various configurations returns errors reduced compared to existing estimations and very good fit probabilities. Integrated between 0.630 and 0.958 GeV, one finds a_μ(π^+π^−) = 359.48 ± 1.04_{exp} (in units of 10^{−10}) with an additional error of ≃ 1 unit due to the uncertainty on the BELLE sample absolute scale. Including KLOE data provides a value for a_μ(π^+π^−) consistent with the previous one and an improved accuracy, but a poorer probability. Including ALEPH data also results in degraded fit probabilities but always leads to an estimation for a_μ(π^+π^−) shifted upwards by ≃ 5 units. Relying on global fits to the data quoted above, one provides estimates of the π^+π^−, π^0γ, ηγ and π^0π^+π^− contributions to a_μ up to 1 GeV, removing only the ALEPH sample. These estimates are based on various global fit configurations, each yielding a good probability.

1

1 Introduction

It has been proved in [1] that the scope of the HLS model [2, 3], suitably broken [4], can be extended in order to include annihilation processes like e^+e^− → (π^0/η)γ, e^+e^− → π^+π^−π^0 and decay spectra like η/η^′ → π^+π^−γ, beside the e^+e^− → π^+π^− cross section. Actually, it also includes e^+e^− → K^+K^− and e^+e^− → K^0K^0 annihilations which will be examined separately as they raise known specific problems [5].

As it is extended in [1], the model may also account for processes like e^+e^− → η^′γ and e^+e^− → ωπ ; available data on the former annihilation process are scarce, data on the latter exist and may deserve to be studied. Actually, all VMD physics up to the ϕ meson mass is covered by our extended model [1] , except for channels involving scalar mesons. Indeed, we found no clear need for higher mass vector mesons up to the ϕ mass in e^+e^− annihilations ; anticipating somewhat on the following, one can assert that higher mass vector mesons have a marginal influence in τ decay up to about the ϕ mass and, seemingly, slightly beyond.

The issue is now to examine how the Extended (HLS) Model performs while including other processes like the τ^± → π^±π^0ν decay which is included in the HLS model, with minor effects of Isospin Symmetry breaking compared to e^+e^− annihilations. This leads us to report on the results of global fits including the existing τ dipion spectra beside the e^+e^− data. The energy range of validity of our model is limited approximately by the ϕ meson mass ; meanwhile, as far as issues like the muon g − 2 value are concerned, this is an energy region where a reliable model can address some questions in a novel way.

Indeed, an interesting outcome of such a global fit is the estimate it provides for various hadronic contributions to the muon g − 2. This covers the π^+π^− final state contribution, but also those from the (π^0/η)γ and π^+π^−π^0 final states. The improvements following from using simultaneously τ data and e^+e^− data as well as the consequences of having a reliable global model describing all VMD physics up to the ϕ meson are interesting issues. Indeed, the underlying unified (HLS) framework of our model correlates several decay channels because of their common underlying physics and phenomenological studies indicate that these physics correlations are well accepted by the data. Stated otherwise, one can examine in great details several consequences of accounting for τ decays and e^+e^− annihilations within a consistent framework.

This turns out to readdress the long–standing problem of the discrepancy between the BNL measurement [6] of g − 2 and the predictions based on e^+e^− annihilations and τ spectra as reported in the literature [7, 8, 9, 10, 11, 12]. A quite recent study [13] tends to lessen the disagreement between these two kinds of predictions, but not to resorb it.

Our present study is based on all the e^+e^− data sets used in [1] and on the published τ spectra. These are the dipion mass spectra collected some time ago by ALEPH [14] and CLEO [15] ; a valuable data set collected by the BELLE Collaboration, with a statistics of several million events, has been made recently available [16].

The paper is organized as follows. In Section 2, we study the inclusion of the dipion spectrum in the τ^± → π^±π^0ν decay within the full data set we submit to fitting with the Extended HLS Model defined in [1]. The consistency of this dipion spectrum – not affected by vector meson mixing – with all e^+e^− annihilation channels is investigated. The behavior of each τ data set – the ALEPH [14], CLEO [15] samples and the recently issued BELLE[16] data sample – are examined both separately and together. In this global context, one shows that

CLEO and BELLE data can accomodate the whole e^+e^− physics examined, while the ALEPH data set meets some difficulty.

In Section 3, we focus on the non–perturbative hadronic contributions to the muon g − 2, especially the π^+π^− one. We thoroughly examine the effects of the various e^+e^− and τ data sets and show that all data samples, except for ALEPH data, provide together a fully consistent picture. This leads us to comment on the effect of global scale uncertainties in the data samples which could be revealed by considering several samples simultaneously. We also conclude on the most likely value of several contributions to the muon g − 2 following from a global fit to a large sample of e^+e^− and τ data. The uncertainties yielded look improved with respect to usual. Finally, Section 4 is devoted to a summary of our conclusions.

In the present paper, which is the second part of a study started in [1], one will not discuss the properties or the results concerning the fits to the e^+e^− data in isolation. These have been discussed at length in [1] ; we also refer the reader to that paper for the details of our model. Finally, all notations have been carefully chosen in order to ensure full consistency with [1]

2 Including τ^± → π^±π^0ν Data

Our [4] addressed the long–standing reported disagreement between e^+e^− → π^+π^− data and the dipion spectrum in the τ^± → π^±π^0ν decay, mostly following from ALEPH data [14]. One aspect of this disagreement showed up through a s dependence of e^+e^− residuals relative to the τ data fit form factor, as demonstrated several times (see, for instance Figure 1 in [17]). Within the early form of our Extended Model, it so happens that the dynamical vector meson mixing [4] solves this problem. The context was already that of a global fit, however limited to e^+e^− → π^+π^− annihilation data and τ^± → π^±π^0ν decay data.

The difference between e^+e^− and τ based estimates of the hadronic contribution to the muon g − 2 has important consequences. Indeed, accounting for isospin symmetry breaking effects, the ALEPH dipion spectrum provides a prediction for the hadronic contribution which made the expected value of g − 2 close to its experimental measurement [6]. Instead, all theoretical estimates based on e^+e^− data deviate by more than 3 σ. Comprehensive discussions of this issue can be found in [7, 8, 9] and more recently in [12]. Summaries can also be found in [10, 11], for instance. A quite recent reanalysis of this discrepancy [13] concludes to a smaller disagreement between τ and e^+e^− based approaches (about 2 σ) ; consequently, the newly proposed τ based estimate moves farther from the BNL measurement.

It was shown in [4] that an appropriate account of isospin symmetry breaking, including its effects on the (ρ, ω, ϕ) mixing, solves certainly a part of the reported discrepancy between e^+e^− and τ data. The problem of the hadronic contributions to the muon g − 2 was not addressed. This issue is examined here in a wider context by revisiting the consistency pattern of the τ^± → π^±π^0ν data, on the one hand, and the much larger data set on the e^+e^− → π^+π^−, e^+e^− → (π^0/η)γ and e^+e^− → π^+π^−π^0 annihilation channels on the other hand. This is allowed by having extended the model presented in [4] in such a way that anomalous channels and non–anomalous channels are implemented within the unified framework presented in [1].

We do not comment any more on our dealing with the e^+e^− data sets and refer the reader to [4] for the e^+e^− → π^+π^− channel and to [1] for all other channels considered here. Because of the poor probability of the best fit to the KLOE data [18] already commented on in [1], the corresponding data sample is not included systematically in the set of e^+e^− → π^+π^− data samples considered ; however, its effects will be commented upon at the appropriate places. In order to fit the parameters of our ρ, ω, ϕ mixing scheme [4], one still uses a subset of 9 radiative decay width data which have been taken from the latest issue of the Review of Particle Properties [19] and are given explicitely in [1].

2.1 The τ Data Sets

Besides the data sets provided^1 by the ALEPH [14] and CLEO [15] Collaborations, a new sample has been recently made available by the BELLE Collaboration[16]. The ALEPH and CLEO data are treated as already emphasized in [4] ; however, the uncertainty on the absolute energy scale of CLEO data claimed [15, 21] to be about 0.9 MeV, did not show up significantly in our former analysis [4]. Anticipating somewhat on our present analysis, we confirm its effective consistency with zero and, therefore, we discard this freedom from now on.

Concerning the BELLE data, we have been provided [22] with all information concerning the dipion spectrum, the covariance matrix of statistical errors and the systematics. The systematics have been added in quadrature to the statistical error covariance matrix. A global scale uncertainty of ≃ 2% might have to be considered [22]. This can be inferred from the fit results produced in [16]. Indeed, letting free [16] F_π(0), – the absolute normalization factor – the fit χ^2 improves by 15 units and BELLE reports F_π(0) = 1.02 ± 0.01 ± 0.04. This scale uncertainty – which is thus worth examining – will be treated as a bin to bin correlated error in the way explained in Section 6 of [1]. If a significant value for the absolute scale is returned by fits, it has to be accounted for.

In a previous study [4], we limited ourselves to considering only the data points up to 0.9 GeV in order to avoid at most effects of higher mass vector mesons. In the present work, however, preliminary studies using the BELLE and CLEO data samples lead us to push this upper energy limit up to 1.0 GeV. Indeed, as in our e^+e^− fit studies [1], the influence of higher mass vector mesons seems negligible all along the energy region from threshold to 1.0 GeV – and even slightly above ; therefore, there is no physical ground to abstain from such an extension of the fitting range. The residual plots in [4] allow one to infer that the fit quality for CLEO data will not be seriously affected ; however, this should certainly degrade the fit quality of the ALEPH data.

2.2 The Model For τ^± → π^±π^0ν Decay

Our model for the pion form factor in τ decay is not concerned by the extension of the HLS model described in [1] and coincides with the formulae given in [4]. Let us recall the main pieces of information. The pion form factor can be written :

F^τ_π (s) = [ (1 − a 2 ) − F^τ_ρ (s)g_{ρππ} 1 D_ρ(s) ] (1) 1We discard, as in our [4], the OPAL data set [20].

where a is still the standard HLS parameter and g_{ρππ} = ag/2 in terms of the universal vector coupling g. The other ingredients are :

F^τ_ρ (s) = f^τ_ρ − Π_W (s)

D_ρ(s) = s − m^2 − δm^2 − Π^′_{ρρ}(s)

f^τ_ρ = agf^2_π + δm^2 g (2)

where m^2 = ag^2f^2_π is the ρ^0 meson Higgs–Kibble mass and δm^2 may account for a possible ρ^0 − ρ^± mass difference. D_ρ(s) is the inverse ρ^± propagator and Π^′_{ρρ}(s) is the charged ρ self–mass. F^τ_ρ (s) is the W − ρ transition amplitude which contains a loop correction besides a constant term. In terms of the pion ℓ_π(s) and kaon ℓ_K (s) amputated loops, one has the following expressions :

Π_W (s) = g_{ρππ} [ (1 − a 2 )ℓ_π(s) + 1 2z^2_A (z_A − a 2 )ℓ_K (s) ] + P_W (s)

Π^′_{ρρ}(s) = g^2_{ρππ} [ ℓ_π(s) + 1 2z^2_A ℓ_K (s) ] + P_ρ(s) (3)

where z_A = [f_K /f_π]^2 is the standard SU(3) breaking parameter in the BKY breaking scheme [23, 24], while P_W (s) and P_ρ(s) are subtraction polynomials with real coefficients to be fixed by external conditions. We have checked that one can safely identify ℓ_π(s) and ℓ_K (s) – both being charged–neutral meson loops – occuring in these expressions with the amputated π^+π^− and K^+K^− loops appearing in e^+e^− annihilations [4]. Using definitions given in [4] and reminded in the first part of the present work [1], one can, therefore, write :

Π_W (s) = 1 g_{ρππ} [ (1 − a 2 )Π^W_{ππ}(s) + (z_A − a 2 )ϵ_2(s) ]

Π^′_{ρρ}(s) = Π_{ρρ}(s) = Π^ρ_{ππ}(s) + ϵ_2(s) (4)

where ϵ_2(s) already carries its own subtraction polynomial, and :

Π^W_{ππ}(s) ≡ g^2_{ρππ}ℓ_π(s) + Q_W (s) (5)

In order to lessen the number of free parameters in our global fit procedure, we identify (as in [4]) Π^W_{ππ}(s) with Π^γ_{ππ}(s) (see Section 5 in [1]). On the other hand, as we neglect mass differences in loop calculations, one can identify the charged ρ self–mass Π^′_{ρρ}(s) with itsr neutral ρ partner, Π_{ρρ}(s) also reminded in Section 5 of [1].

Finally, in order to fit τ data, one has to correct for isospin symmetry breaking. For this purpose, short range [25] (S_{EW} = 1.0232) and long range [26, 27, 28] (G_{EM} (s)) radiative corrections have to be considered. While comparing with experimental data, the quantity in Eq. (1) has to be modified to^2 :

F^τ_π (s) =⇒ [S_{EW} G_{EM} (s)]^{1/2} F^τ_π (s) (6)

2We thank K. Maltman to have noticed the misprint in Eq. (29) of [4].

2.3 Preliminary Global Fits To e^+e^− and τ Data

For global fits, we consider all data sets involving e^+e^− → π^+π^− data together with all other data listed in [1], namely those on the e^+e^− → π^0γ, ηγ and π^+π^−π^0 channels. For reasons already emphasized in [1], we have only discarded the e^+e^− → π^+π^−π^0 data from [29, 30]. All e^+e^− data measurements with s < 1.05 GeV^2 are submitted to fit – in order to include the ϕ region – together with all τ data measurements with m_{ππ} < 1 GeV. In this Section, the ISR KLOE data sample on e^+e^− → π^+π^− is removed from the collection of data sets to be fit, except when explicitly stated.

In some preliminary fits, we examined possible effects which may produce some failure of the CVC assumption. For this purpose, we examined [4] the relevance of a mass difference δm^2 between neutral and charged ρ mesons. We also examined a possible difference between the coupling to pion pairs of the neutral and charged ρ mesons (resp. g and g +δg). Letting free δm^2 and δg, while fixing the normalisation of BELLE data, did not provide any improvement in the fit quality. The best fit returned δm^2 = (−0.9 ± 0.6) 10^{−3} GeV^2, a 1.5 σ effect only. This result led us to conclude that a ρ^0 − ρ^± mass difference is not presently significant^3. Therefore, we removed both δm^2 and δg from the list of free parameters, requiring them to vanish identically.

In the first series of fits, we let the scale factors free. Some numerical results obtained with various data set configurations are reported in Table 1. One notes that all scale factors introduced for the e^+e^− → π^+π^− and e^+e^− → π^0π^+π^− cross sections are in good correspondence with expectations. This result is understood as confirming the claims of the corresponding experiments concerning their correlated systematic uncertainties. It is, therefore, relevant to remove the corresponding rescaling factors^4 from the set of parameters to be fitted.

One also observes that the physics parameters only fluctuate within the quoted errors. Finally, Table 1 clearly shows that all Novosibirsk (NSK) data (4 different cross sections) are quite consistent with the τ decay data from CLEO and BELLE, if one refers to probabilities, always greater than the 90% level. Including the ISR KLOE data or ALEPH data produces a drop in probability, albeit reasonable (≃ 66%). This drop is entirely due to the intrinsically large χ^2 contribution of KLOE data [1]. On the other hand, one should also mention that including both KLOE and ALEPH data besides the NSK data ends up with a really poor probability : 3.5 %.

2.4 Final Global Fits To e^+e^− and τ Data

In this Section, we only refer to fits performed without the KLOE data set. Some results are reported in Table 2. We do not display results obtained separately with BELLE (B) and CLEO (C) data samples, as the results are similar to those (shown) obtained while including both B and C data sets simultaneously.

The first two data columns in Table 2 clearly illustrate that the fit quality remains optimum (above the 90% level) when including B and C only together with the decay data set (D) and all NSK data. More precisely, the individual χ^2 values clearly show that the description of each

3 With a smaller data set, we concluded in [4] to a 2.5 σ effect only.

4Then, the correlated scale uncertainties only appear in the full error covariance matrix in the way reminded in [1].

Expected No τ Data τ Data Set Configurations r.m.s. e^+e^− NSK + KLOE e^+e^− NSK NSK + BC NSK + ABC Scale New Timelike 0.4% (−0.9 ± 0.4)% (−0.4 ± 0.4)% (−0.2 ± 0.4)% (+1.2 ± 0.3) % Scale Old Timelike 1.0% (+0.7 ± 0.9)% (+0.8 ± 0.9)% (+0.9 ± 0.9)% (+1.4 ± 0.9) % Scale CMD–2 [31] 1.3% (−0.4 ± 1.2)% (−0.5 ± 1.2)% (−0.5 ± 1.2)% (−0.5 ± 0.9) % Scale CMD–2 [32] 2.5% (−2.5 ± 2.0)% (−2.0 ± 2.0)% (−2. ± 2.)% (−1.7 ± 2.0) % Scale CMD–2 [33] 4.6% (−4.7 ± 3.4)% (−4.2 ± 3.4)% (−4.2 ± 3.4)% (−4.0 ± 3.4) % Scale CMD–2 [34] 1.9% (−2.6 ± 1.6)% (−2.2 ± 1.6)% (−2.1 ± 1.6)% (−2.0 ± 1.6) % g — 5.568 ± 0.011 5.586 ± 0.019 5.566 ± 0.012 5.561 ± 0.011 x — 0.914 ± 0.014 0.908 ± 0.014 0.907 ± 0.013 0.905 ± 0.013 z_A — 1.496 ± 0.018 1.475 ± 0.019 1.472 ± 0.019 1.460 ± 0.019 z_V — 1.503 ± 0.028 1.459 ± 0.031 1.454 ± 0.028 1.433 ± 0.029 z_T — 1.332 ± 0.058 1.311 ± 0.057 1.309 ± 0.056 1.306 ± 0.055 a — 2.365 ± 0.011 2.356 ± 0.012 2.364 ± 0.011 2.379 ± 0.011 c_3 — 0.930 ± 0.011 0.936 ± 0.013 0.940 ± 0.009 0.939 ± 0.009 c_1 − c_2 — 1.210 ± 0.043 1.200 ± 0.047 1.215 ± 0.039 1.199 ± 0.039 χ^2/dof — 637.90/653 517.45/593 587.40/642 662.60/679 Probability — 65.6% 98.9% 93.9% 66.7% Table 1: Various fit configurations. e^+e^− NSK data stand for all annihilation processes discussed in the text. Inclusion of ALEPH, BELLE and CLEO data are referred to as A, B and C respectively. The errors shown are the parabolic errors from MINUIT.

e^+e^− data set is not modified by having included the B and C (τ) data samples. This is the same phenomenon already encountered with CLEO data only [4].

Fig. 1 shows the fit superimposed with B and C data points. The high energy limit of the fit region is indicated by an arrow. The ALEPH (A) data points (not submitted to fit) are also shown for information.

The fit residuals are given in Fig. 3 with the ALEPH data residuals (not fitted) superimposed. This last figure confirms, within the e^+e^− data global fit, the similarity of the B and C data sample properties already noticed by BELLE [16]. As far as higher mass resonances are concerned, Fig. 3 does not exhibit a clear signal of their influence within our fitted range and, seemingly, up to ≃ 1.2 GeV. This justifies our claim that higher mass resonances do not show up significantly in our fit region.

As seen from Table 2 this result supposes that the absolute scale of the BELLE data is modified by 4.84%, which is at 3 σ from zero. This result compares reasonably well with the scale information provided by the BELLE Collaboration^5 [16] :

Our fit [−4.84^{+1.37}_{−0.92}]% ⇐⇒ BELLE [−2. ± 1. ± 4.]% . (7)

Our larger shift, compared to BELLE standalone fit is a consequence of merging together BELLE data and the other data sets ; these can disclose a larger scale uncertainty than a BELLE data standalone fit. Indeed, in a standalone fit, a part of the scale uncertainty can be absorbed by other parameter values, especially those which govern the absolute scale of the Breit–Wigner or Gounaris–Sakurai functions describing the signal. In a global fit, however, the dipion spectra from e^+e^− annihilation and τ decay are so tightly related that such a compensation becomes harder to get. We have also checked that letting free δm^2 and δg does not change significantly the required BELLE spectrum rescaling.

Besides this fit using only BELLE and CLEO data, Table 2 gives also fit results obtained using A+B+C data sets together with the rest. The last data column shows that the fit probability, even if not as good as when using only B and C data sets, seems still reasonable (51 %). This should, however, not hide the fact that the individual value for χ^2/n_{points} is less favorable for A than for B or C. On the other hand, the fit quality of the (accurate) Novosibirsk π^+π^− data is significantly degraded (≃ 116/127 → 137/127). In this case also BELLE data are still found to prefer a rescaling at 2 σ from zero. The A, B and C spectra are shown with the fit function superimposed in Fig. 2 and reflect a reasonable understanding of the data.

Correspondingly, Fig. 4 displays the fits residuals of the three A, B and C data sets. One still observes the striking similarity of B and C residual distributions. As in [4], this plot exhibits specific structures in the ALEPH data set both at the ρ peak location and in the region above √ s ≥ 0.9 GeV. This second structure, not confirmed by the B and C data samples, can hardly be interpreted as the influence of higher mass resonances at low ππ invariant mass.

At this level of analysis, one can conclude that e^+e^− data and τ data do not exhibit important inconsistencies. One may only note that the ALEPH sample still accomodates the fit, but somewhat more hardly than the CLEO and BELLE samples. This difficulty is larger now than in [4] because of the few changes indicated above.

On the other hand, one may also wonder to reach as frequently such favorable probabilities. As can be seen in Table 2, this reflects the low contributions to the χ^2 yielded by the old ππ data [35, 36] (χ^2/n ≃ 0.6) and by the (recent) e^+e^− → (π^0/η)γ data [37, 38, 39, 40, 41, 42] (χ^2/n ≃ 0.75). Instead, the newly collected ππ data sets [31, 43, 44] yield χ^2/n ≃ 0.9 and the 3–pion data [31, 32, 33, 34, 45, 46] χ^2/n ≃ 1.1, quite comparable to CLEO data χ^2/n ≃ 1.2. Discarding the contribution of the scale penalty term, BELLE data yield χ^2/n ≃ 1.3.

5 The sign is changed in order to refer to rescaling the data rather than the model. This means that the data points have to be numerically rescaled downwards.

Data Set No τ Data τ Data Set Configurations (♯ data points) e^+e^− +BC +A + ABC Decays (9) 15.09 15.02 16.96 16.06 New Timelike (127) 114.83 115.59 136.68 137.03 Old Timelike (82) 52.71 53.85 58.63 59.76

π^0γ (86) 66.00 65.77 65.16 65.02 ηγ (182) 135.14 135.36 135.44 135.43 π^+π^−π^0 (126) 139.55 139.50 140.46 140.06 ALEPH (37) – – 59.29 63.02 CLEO (29) – 36.26 – 36.78 BELLE (19+1) – 25.55/31.07 – 25.88/28.31 BELLE Scale (%) — −4.84^{+1.37}_{−0.92} – −3.12^{+1.56}_{−0.91} χ^2/dof 523.32/597 592.75/646 612.60/634 681.48/683 Probability 98.6% 93.4% 72.2% 50.93 % Table 2: Individual χ^2 of the data samples under various fit configurations. The e^+e^− data sets are referred to in the text. Inclusion of ALEPH, BELLE and CLEO data sets are referred to in column flags as A, B and C respectively. The fit BELLE scale factor is provided with its

MINOS errors. The χ2 contribution for BELLE is displayed as (χ2 of the data points)/(Total

χ^2).

3 Consequences On The Hadronic Contribution to g − 2

An important outcome of our model and our treatment of the data sets – i.e. our fitting procedure – is related to the estimate of hadronic contributions to g − 2 up to 1 GeV. Mixing different processes correlated by the same underlying physics cannot be successful without some clear understanding of the errors in each data set, which should be properly implemented inside the fitting code. Our procedure relies on the whole available information on uncertainties (magnitude and kind). This allows us to draw conclusions directly from a global fit to several data sets, rather than combining physics information derived from separate fits to the individual data samples.

However, this does not guarantee that combining the various experiments will result in improved uncertainties. Indeed, the way systematic errors, especially scale uncertainties, combine in the fit procedure cannot be straightforwardly guessed. One may, nevertheless, expect the results to be more reliable ; indeed, assuming systematics are randomly distributed, the net result of mixing different experiments and/or data sets should be to neutralize them to a large extent^6.

The lowest order contribution of a given annihilation process e^+e^− → H to the muon anomalous magnetic moment a_μ = (g − 2)/2 is given by :

a_μ(H) = 1 4π^3 ∫_{scut} s_H ds K(s) σ(s) (8) where σ(s) is the Born cross section of the annihilation process e^+e^− → H, s_H its threshold squared mass and s_{cut} is an assumed end point of the non–perturbative region. K(s) is a known kernel [12] given by the integral : K(s) = ∫_1 0 dx x^2(1 − x) x^2 + (1 − x)s/m^2_μ

, (9)

m_μ being the muon mass. For s > 4m^2_μ, this writes : K(s) = x^2 2 (2 − x^2) +

(1 + x^2)(1 + x^2) x^2 [ ln (1 + x) − x + x^2 2 ] + 1 + x 1 − x x^2 ln x

with : x = 1 − β 1 + β and β = √ 1 − 4m^2_μ s (10)

and, for 0 < s ≤ 4m^2_μ, it becomes [12] (r = s/m^2_μ) : K(s) = 1 2 − r + 1 2 r(r − 2) ln r − (1 − 2r + r^2 2 ) √ r 4 − r arctan √ 4 − r r (11)

This expression has to be used in order to integrate the cross section for e^+e^− → π^0γ below the two–muon threshold.

Our global fit provides the theoretical Born cross sections with their parameter values, errors and their (full) covariance matrix. As illustrated above and in [1], the results obtained while fitting altogether several e^+e^− cross sections and τ spectra is satisfactory. Therefore, we consider that using our cross sections within a Monte Carlo, which fully takes into account the parameters, their errors and correlations, should provide a fairly well motivated value for each accessible a_μ(H) in our fitting range (i.e. from each threshold up to ≃1 GeV/c) and for their uncertainties which appropriately merge statistical and systematic errors.

6 Of course, one cannot completely exclude that systematics could ”pile up” coherently ; however, if the number of different data sets is large enough, one may think this possibility of limited influence.

3.1 Global Fit Results And e^+e^− Data

It is quite important to compare the outcome of our fit model and procedure with experimental data. This should allow to check for possible methodological biases and to substantiate how the merging of statistical and systematic errors operates.

CMD-2 [31, 43] and SND [44], for instance, have published a_μ(π^+π^−) obtained by integrating numerically, using the trapezoidal method, their measured e^+e^− → π^+π^− cross section over the interval √ s = 0.630 ÷ 0.958 GeV. We have run our code using separately each of the data sets given in resp. [31], [43] and [44] together with the set of decay partial widths of vector mesons needed in order to determine numerically our SU(3)/U(3)/SU(2) breaking parametrization.

Data Set Experimental Result Fit Solution Statistical Information

χ^2/dof Probability

CMD–2 (1995)[31] * 362.1 ± (2.4)_{stat} ± (2.2)_{syst} 360.43^{+3.10}_{−4.50} 41.18/42 50.7%

CMD–2 (1998) [43] 361.5 ± (1.7)_{stat} ± (2.9)_{syst} 359.70 ± 2.08 37.64/38 48.6%

SND (1998) [44] 361.0 ± (1.2)_{stat} ± (4.7)_{syst} 358.51 ± 2.14 25.47/44 98.8%

NSK New Timelike π^+π^− 360.00 ± 2.62_{exp} ± 0.63_{spline}^{∗∗∗} 359.16 ± 1.26 126.19/126 47.8%

NSK All Timelike π^+π^− 358.64 ± 1.28 177.49/208 93.9%

+ (π^0/η)γ 358.70 ± 1.25 371.69/468 99.96%

++ (π^+π^−π^0) 358.67 ± 1.28 523.32/597 98.6%

Table 3: Contributions to 10^{10}a_μ(ππ) from the invariant mass region 0.630 − 0.958 GeV/c. The appropriate partial width data subset is always considered together with the cross sections mentioned in the first column. The datum flagged by^{∗∗∗} is the combined value proposed in [13] for the New Timelike data altogether.

The results are given in the upper part of Table 3 and look in good correspondence with expectations. One should note that the results we quote derive from running MINOS which provides accurate information on errors [47]. The highly favorable probability for the SND spectrum [44] might be attributable to its larger systematics compared to CMD–2. The middle line in this Table shows the result obtained while fitting simultaneously the three Novosibirsk spectra [31, 43, 44] together. The global fit of these data sets, where systematics are certainly under good control, provides a strong reduction of the uncertainty – merging all reported systematic and statistical errors. The improvement of the uncertainty from the global fit solution compares favorably with the average value proposed by [13] using a spline method. Therefore, nothing obviously abnormal is recognized in this comparison.

The next three lines in Table 3 are also quite interesting. The first of these reports the result obtained when fitting using all available π^+π^− data sets^7 ; this turns out to include into the fitted data the so–called ”Old Timelike Data” [35, 36] (82 measurements) besides the ”New Timelike Data” (127 measurements). The central value for a_μ(ππ) is slightly shifted (−0.52 10^{−10}) but well inside the error range which is not modified. One also observes that the fit probability makes a large jump (≃ 50% ⇒ ≃ 90%), reflecting the larger uncertainties in the data from [35, 36] compared to those from [31, 43, 44].

This step also illustrates that uncertainties do not necessary scale as one could have naively expected (i.e. like ≃ 1/ √ n_{meas.}). This is certainly due to the magnitude of the errors and to biases in the ”Old Timelike Data” sets, where systematics are less controlled than in the ”New Timelike Data”. The last 2 lines in Table 3 confirm this conclusion ; indeed, including in the fit procedure the 86 measurements of e^+e^− → π^0γ, the 182 measurements of e^+e^− → ηγ and the 126 points of e^+e^− → π^0π^+π^− from [31, 32, 33, 34, 45, 46] does not improve, strictly speaking, the uncertainty ; however, it is satisfactory to check that the central value only fluctuates inside quite acceptable limits. This teaches us some remarkable facts :

• Improving systematics in all processes having the same underlying physics than π^+π^− might be useful to allow a better determination of their own contributions to a_μ, but also of a_μ(ππ) itself. Indeed, most physics parameters in the quoted processes are the same as in e^+e^− → π^+π^−. Conversely, higher quality π^+π^− data should improve estimating the contributions of the other related annihilation processes to a_μ.

• If errors are reasonably well understood and appropriately dealt with, adding poor quality data sets does degrade the result ; this also allows to confirm the stability of the central values.

3.2 Effects Of Including τ Spectra And KLOE Data

One may question the effects produced by introducing the τ decay data inside our collection of fitted data sets. These are expected to improve the model parameter values (and errors), if their systematics are indeed reasonably well controlled. Our strategy will be to consider all e^+e^− data sets used just above and look at the effect of including the A [14], B [16] and C [15] data samples in isolation or combined. The influence of KLOE data will be examined after this important step.

Table 4 collects our τ data sample results, except for the first line which is nothing but the final result in Table 3. Including only CLEO data [15] gives the results displayed at the line indexed by C. One clearly observes a perfect consistency with the previous line (e^+e^− only). It is worth reminding that CLEO data [15] have a free normalization.

The line flagged by B provides the corresponding result using only BELLE data [16] ; in this case, the rescaling term was left floating, which increases errors and covariance. One still observes a perfect consistency with the two preceeding lines, illustrating that, modulo this rescaling, the BELLE and CLEO data sets exhibit the same behavior.

7Except for KLOE [18] which is discussed below.

The ”BC” line corresponds to fitting both CLEO and BELLE data sets simultaneously with e^+e^− data and confirms what has been just stated. The line flagged B^∗C provides the result while fixing the scale at its fit value and modifying the covariance matrix as explained in Section 6 of [1], using the MINOS error squared. One should also note that fitting with all these data samples returned contributions to the total χ^2 exhibiting each a χ^2/n_{points} close to 1 (see Table 2). Therefore, the good global fit quality does not hide a poor description of some particular data set.

Data Set Fit Solution Statistical Information χ^2/dof Probability NSK e^+e^− Data 358.67 ± 1.28 523.32/597 98.6% + C [15] 358.96 ± 1.25 560.66/627 97.3% + B [16] 359.43 ± 1.24 554.98/616 96.3% + B C 359.62 ± 1.22 592.75/646 93.4% + B^∗ C 359.48 ± 1.04^{+0.82}_{−1.25} 586.75/646 94.4 % + A [14] 364.71 ± 1.03 612.60/634 72.2% + A B C 365.25 ± 0.98 681.47/683 50.9% + KLOE [18] 358.97 ± 1.13 654.65/660 55.1% + KLOE + B C 359.18 ± 1.12 728.58/709 29.7% + KLOE^∗ + B^∗ C 359.22 ± 0.88^{+0.85}_{−1.28} 719.20/706 35.7% + KLOE +A 364.17 ± 0.94 761.81/697 4.4% Table 4: Contributions to 10^{10}a_μ(ππ) from the invariant mass region 0.630 − 0.958 GeV/c. The various data set configurations are considered together with the e^+e^− data and the appropriate subset of decay partial widths. As in Table 3, B indicates that BELLE data have been treated without fixing the scale of the missing variance ; B^∗ indicates that the scale fixing has been performed in accordance with the method presented in [1]. The KLOE entries should be understood accordingly.

The next two lines in Table 4 display the results while including the ALEPH data set either in isolation (line flagged by A) or in conjunction with BELLE and CLEO data (line flagged by ABC). One should remind (see Table 2) that the χ^2 contribution of ALEPH is about 1.7 per data point in both cases. Compared to the effect of either B and C data sets, one observes a clear difference : the value for a_μ(ππ) is shifted upwards by ≃ 5 10^{−10} while the uncertainty scales down by ≃ 20%. This effect could interestingly be compared with the preliminary BaBar result obtained using the ISR method and presented at the Novosibirsk Conference PHIPSI08[48] :

a_μ(ππ) = (369 ± 0.8 ± 2.9) 10^{−10} ,

not yet superseded by a final estimate, which is even larger by ≃ 10 10^{−10}.

Therefore, accounting for ALEPH data together with our whole set of e^+e^− data is harder than with e^+e^− → π^+π^− data only. Instead, BELLE and CLEO data easily manage with data covering e^+e^− → π^+π^−, e^+e^− → π^0γ, e^+e^− → ηγ and e^+e^− → π^0π^+π^− annihilations. Concerning BELLE, this agreement supposes a constant rescaling of its spectrum by 4.8 % ; as emphasized in Subsection 2.4, this looks in reasonable correspondence with BELLE own published fit results. A look at Fig. 3 clearly indicates that a constant rescaling of ALEPH data would not solve the observed discrepancy.

Up to now, we have not introduced the KLOE [18] data into the data sets submitted to fit. Indeed, even if considered acceptable, its best χ^2/n_{points} looks large (≃ 1.8, see Table 1 in [1]). It is nevertheless instructive to point out explicitly its effects. Looking at Table 2 in [1] indicates that three among the rescaling coefficients can be cancelled out ; one only has to let vary those corresponding to the global scale (ε_0) and to the acceptance correction (ε_2) [18]. This provides the results given at the end of Table 4. Even if the probability decreases due to the intrinsically high (minimum) χ^2 of the KLOE data sample, one observes a good consistency of the a_μ(ππ) value derived from fitting the (rescaled) KLOE data together with all e^+e^− Novosibirsk, CLEO and the (rescaled) BELLE data. However, while including ALEPH data, a_μ(ππ) goes on showing the same dramatic change, as when KLOE data were left aside, together with a really poor global fit probability.

In order to assess the effects of a global fit, it is also interesting to compare the result for NSK+KLOE in Table 4 with the corresponding average published in [13] :

GlobalFit : a_μ(ππ) = 358.97±1.13 ⇐⇒ Average[13] : a_μ(ππ) = 358.37±2.08_{exp}±0.51_{spline}

in units of 10^{−10}. As for NSK data alone, the central values are in good correspondence and the uncertainty is significantly improved.

Another interesting piece of information is provided by the entry ”KLOE^∗ B^∗ C ” in Table 4. In this case, the two non–zero rescaling parameters (associated [18, 1] with resp. the global scale ε_0 and the acceptance correction ε_2 uncertainties) are fixed to their fitted value, as for BELLE. Comparing the value for a_μ(ππ) in this case and when leaving aside KLOE data (entry ”B^∗ C ” in the same Table), one gets a tiny shift downwards and an interesting improvement of the experimental (i.e. statistical + systematic) uncertainty.

The second error in the entries ”B^∗ C” and ”KLOE^∗ B^∗ C” is an estimate of the total error on the scales involved. This will be commented on just below.

In summary, the present analysis tends to indicate that an important part of the reported discrepancy between g − 2 estimates might well be between predictions relying on the ALEPH spectrum versus NSK+KLOE+B+C rather than an issue opposing e^+e^− annihilations on the one hand, and τ data as a whole, on the other hand.

In order to substantiate the results obtained up to now, we have reported most of our numerical results in Fig. 5. The naming convention used therein has been defined in the discussion above and is reminded in the captions of Tables 3 and 4. One should note in Fig. 5 that, introducing ALEPH data, always results in an increase of a_μ(ππ) by about 5 10^{−10}, whatever is the rest of the data sets submitted to the fit.

3.3 Comments On Our Model Uncertainties

Uncertainties intrinsic to our model may have to be estimated. For this purpose, having alternative models able to cover the same scope than our extended model would be desirable. Unfortunately, such models do not seem to exist which could cope with detailed descriptions of several decay channels over our whole fitting range. In our case, one cannot make such an estimate by changing, for instance. the ρ parametrization (Gounaris–Sakurai, Breit–Wigner . . . ) as sometimes done elsewhere. Indeed, the form factor lineshape is intrinsic to the model and already sharply constrained.

However, comparing our fit results for NSK and NSK+KLOE π^+π^− data with the corresponding ’combined’ results reported in [13] may provide some indication. Indeed, these are obtained using a spline interpolation between the data points and some specific prescription to combine uncertainties which certainly differs from ours.

The difference of central values compared to [13] may be interpreted as an information on our model uncertainty : using the Newtimelike NSK data, our model central value for a_μ(ππ) is lower by 0.8 and, using NSK+KLOE (not shown), by 0.6 (10^{−10}).

Among the data sets we use, only BELLE and KLOE data have to be rescaled. As noted in [1], we choosed to affect the rescaling factor to the data rather than to the fitting function. The effect of this choice might have to be controlled. For this purpose, we also rerun our code performing the changes correspondingly. In the fit referred to as ”B C” in Table 2, the scale factor for BELLE data (expected now positive) returned by the fit was (5.02^{+1.56}_{−1.00})% which compares well with the corresponding value given in Table 2 :(−4.84^{+1.37}_{−0.92})% . On the other hand, the results given at the line flagged by ”B C” in Table 4 was changed to 359.83 ± 1.17 with a fit probability of 92.0% ; therefore, the difference is not significant. If interpreted as a bias, it is only of 0.2σ. We did the same to compare to the line flagged by ”KLOE + B C” and end up with a difference of 0.3σ. We concluded that there is no significant difference between affecting the rescaling to the data or to the fitting functions in our minimization procedure, taking into account the magnitude of our uncertainties.

3.4 Absolute Scale Uncertainties

Therefore, even if at the level of dipion spectra, one does not observe a dramatic inconsistency between e^+e^− data and the A, B or C samples, estimating a_μ(ππ) magnifies the differences between otherwise almost similar behaviors. The ALEPH data sample then exhibits a specific behavior, while all other data sets cope with each other. New information which may lessen the importance of the CMD–2 and SND data sets would be welcome. The published KLOE [18] data already play in this direction ; the relatively poor fit quality of KLOE data, however, reflects that something in the systematics is still not under the best conceivable control. Fortunately, new high statistics e^+e^− → π^+π^− data samples, based on the ISR method, are expected to come soon from BaBar [48] and KLOE [49] and may allow to revisit this issue.

One can exemplify with BELLE data the importance of having a good control – or at least a good understanding – of the absolute scales. We have run the code by fixing the amount of global rescaling of the BELLE data. Three cases are reported in Table 5 : rescaling at the level obtained from the global fit (– 4.8%), applying no rescaling (0.0%) and an intermediate situation (–2.5%). One clearly sees that applying no correction to the data provides a value for a_μ(ππ) as large as if using ALEPH data ; however, the fit quality cannot hide the poor description of the BELLE data (χ^2 = 3.6 per measurement point), while the optimum is χ^2 = 1.4 per data point and the intermediate situation yields a χ^2 = 1.9 per data point. The effect of a single scale parameter able to improve the χ^2 per measurement from 3.6 to 1.4 can hardly be considered as a pure artifact. The standalone fit to BELLE data also yielded a quite significant improvement by letting the normalization (1 parameter) float, since a decrease of the χ^2 by 15 units is reported [16].

One may thus guess that the main problem with ALEPH data compared with the rest is a too high normalization. In this respect, one should note once more that the data from CLEO [15] are not globally normalized ; this is certainly why it accomodates all e^+e^− data so nicely.

Rescaling Fraction a_μ(ππ) BELLE χ^2 Global Probability

– 4.8% 359.48 ± 1.04 25.45 94.4%

–2.5% 361.50 ± 1.06 36.89 88.9%

0.0% 363.76 ± 1.07 70.37 46.9%

Table 5: BELLE data corrected by the (fixed) indicated fraction. The number of fit measurements is 19. Values for 10^{10} a_μ(ππ) integrated between 0.630 and 0.958 GeV are displayed.

One may take into account the (MINOS) errors on the Belle rescaling factor for our estimates of a_μ. Indeed, this provides the most motivated estimate of the BELLE scale uncertainty on a_μ(ππ). This is the exact meaning of the second asymmetric uncertainty written at the line flagged by ”B^∗ C ” in Table 4. Likewise, at the line flagged by ”KLOE^∗ B^∗ C ” in the same table, the second error is the combination of the scale uncertainties due to the single BELLE rescaling parameter and to the pair of KLOE rescaling parameters.

As a summary, our final result may be expressed as :

a_μ(π^+π^−; 0.630 ÷ 0.958 GeV) = [359.48 ± 1.04_{exp} + (^{+0.82}_{−1.25} )_{scale}] 10^{−10} (12)

corresponding to an (underlying) fit probability of 94.4%. This result compares well with the recent estimate by KLOE [50, 49] :

a_μ(ππ; 0.630 < m_{ππ} < 0.958) = (356.7 ± 3.1) 10^{−10} based on a newly collected data set, to be published soon.

3.5 Contributions to a_μ Up To 1 GeV

The discussion above leads us to consider the best motivated result as coming from a fit to the Novosibirsk e^+e^− data samples together with CLEO and (rescaled) BELLE data sets. While fitting e^+e^− data, the Born cross sections were multiplied by the factor [51] taking into account the photon hadronic VP [1].

Using these data samples, one can perform the estimate of several contributions^8 to a_μ up to 1 GeV/c. They are given in Table 6. For reference, we provide the results obtained while fitting without any τ sample in the first data column. In the second data column, we give the results when fitting with a floating BELLE scale parameter. In the third data column, we have solved for this parameter and modified the covariance matrix correspondingly (see Section 6 in [1]) ; this lessens the (MINOS) errors and reduces significantly the correlations. Actually, the probabilities referred to in Table 6 are the fit probabilities of the underlying data samples. The various contributions to a_μ are computed at the parameter values which provide the minimum χ^2 and the errors are estimated by a Monte Carlo which samples the physics parameters. For this sampling, the (MINOS) errors are used and the full parameter error covariance matrix allows to account for the correlations.

The (negligible) contribution of the annihilation process η^′γ is a prediction which is entirely determined by the ηγ decay channel and our model which implies a tight correlation between the ηγ and η^′γ final states [1]. So close to its threshold, this contribution could have been expected small ; it should become obviously larger while including the ϕ region.

One may attempt to estimate systematics specific to the uncertainty due to the BELLE absolute scale. As above, the best motivated choice is to look at the shifts of the central values of the various contributions to a_μ while changing the BELLE rescaling factor by +σ_+ and −σ_−. This provides the second error given in Table 6 and does not propagate significantly to channels others than π^+π^−.

The last data column gives, for information, the corresponding results including KLOE data [18]. The second error, when given, reflects the MINOS uncertainties associated with the 3 involved rescaling coefficients. The reported uncertainties are obtained by adding in quadrature the shifts between central values at the minimum χ^2 and at ±1σ. This is justified as the correlations among the 3 scale parameters, and of these with the other physics parameters, are weak.

Comparing, for each line, the various results gathered in Table 6 is quite interesting. It allows to substantiate the effect of including the τ decay data in the global fit ; one should also note the effect of fixing the rescaling factors for BELLE alone (third data column) or for BELLE and KLOE (fourth data column), as explained in Section 6 of [1].

As a final remark, one may conclude that the global fit method indeed performs as expected. Our results also illustrated that the correlated systematic errors do not behave as statistical errors in a global fit. One may find reasonable the observed property that including poor quality data does not produce improvements but does not spoil the results.

8Actually, one could have produced, as well, these contributions up to about 1.05 GeV/c in order to include the ϕ region. As our fitted region includes the ϕ peak, our results would be as reliable. However, the largest (KK) contribution involving the ϕ region is presently left aside because of the issue raised by [5] and still unsolved.

Process Individual Contributions

NSK (no τ) NSK + B + C NSK + B^∗ + C KLOE^∗ +B^∗ + C

π^+π^− 491.04 ± 1.84 492.80 ± 1.62 492.55 ± 1.28^{+1.10}_{−1.62} 492.56 ± 1.07^{+1.15}_{−1.66}

π^0γ 4.53 ± 0.04 4.53 ± 0.04 4.53 ± 0.04 4.53 ± 0.05

ηγ 0.17 ± 0.01 0.17 ± 0.01 0.17 ± 0.01 0.17 ± 0.01

η^′γ 0.01 ± 0.00 0.01 ± 0.00 0.01 ± 0.00 0.01 ± 0.00

π^+π^−π^0 36.99 ± 0.55 37.00 ± 0.55 37.01 ± 0.61 37.07 ± 0.62

Total 532.74 ± 1.92 534.51 ± 1.71 534.27 ± 1.50^{+1.10}_{−1.62} 534.33 ± 1.36^{+1.15}_{−1.66} Fit Probability 98.6% 93.4% 95.4% 35.7%

Table 6: Contributions to 10^{10}a_μ from thresholds up to 1 GeV/c. The error on the sum is computed coherently, i.e. as the r.m.s. of the sum and not the square root of the quadratic sum of the various individual errors. The first error merges the reported statistical and systematic errors ; for the second error, refer to the text.

As far as we know, our method is the first one which can associate a probability to the various reported contributions to the muon anomalous magnetic moment. Of course, the quoted probabilities refer to the fits underlying the estimates and not the estimates themselves, as these are only derived from computations using fit results. One may infer that our numerical results should increase the discrepancy between the prediction and the BNL measurement of the muon g − 2. Improved estimates can be expected from using the forthcoming data samples based on the ISR method.

4 Summary And Concluding Remarks

In the first part of this study [1], we defined the Extended HLS Model and reminded the mechanisms implementing U(3)/SU(3)/SU(2) symmetry breaking, noticeably the (invariant mass dependent) vector meson mixing. This was shown to provide a satisfactory simultaneous description of all e^+e^− data sets considered. The annihilation channels successfully covered (π^+π^−, π^0γ, ηγ and π^0π^+π^−) represent a large amount of data. It is also the largest set of annihilation channels simultaneously analyzed so far. The present work has confirmed [4] that the dipion spectrum in τ decay is also in the reach of this model without any further model input.

The τ data sets collected by the ALEPH, BELLE and CLEO Collaborations have been carefully examined in isolation and combined within the context of a global fit together with a large set of e^+e^− annihilation data. It has been shown that CLEO and BELLE data can be fitted together with e^+e^− annihilation data quite reasonably. BELLE data have to be rescaled in accordance with available experimental information ; with this (constant) rescaling, the BELLE spectrum yields a χ^2 per point of 1.3 in good correspondence with CLEO data (χ^2/n = 1.2) which carry a free scale. Considering or not BELLE and CLEO spectra together with e^+e^− annihilation data are found to produce little changes in probabilities, which stay always above the 90% level.

Including the ALEPH data sample also provides reasonable fits with, however, significantly smaller probabilities ; the ALEPH data sample then yields χ^2/n ≃ 1.6. This degradation of the fit quality of ALEPH data compared to previous work [4] is due to extending our fitted range from 0.9 to 1.0 GeV on the one hand and to having now much more e^+e^− annihilation channels, on the other hand.

The main aim of the present work was to study the effects of a global fit on the estimation of hadronic contributions to a_μ, the muon g − 2, from the various thesholds up to 1 GeV. For this purpose, our treatment of statistical and systematic errors accounted as closely as possible for the information provided for each data sample. The global fit is then supposed to find as uncertainty an information merging both kinds of uncertainties.

One first has checked that the fit performs as one could expect on individual e^+e^− → π^+π^− data samples. Comparing our fit results with individual experimental information [31, 43, 44] about the contribution of the reference region (0.630, 0.958) GeV to a_μ(π^+π^−) is already interesting : the information returned by the fit is found in good agreement with the corresponding experimental information. Performing the global fit with these data samples, where systematics have certainly been considered with great care, provides a quite reasonable averaging of the central values ; the shrinking of the error is also found in reasonable agreement with combining the individual uncertainties, having taken into account the correlations between these data sets.

The next step was to include the older e^+e^− → π^+π^− data samples [35, 36], where systematics are certainly not as well controlled as in [31, 43, 44]. This produces a shift Δa_μ(π^+π^−) ≃ −0.5 (in units of 10^{−10}) while leaving the uncertainty nearly unchanged. Including also the e^+e^− → (π^0/η)γ and e^+e^− → π^0π^+π^− data samples does not produce significant modifications, showing that the effects of systematics when combining data samples of various qualities may prevent improvements. Fortunately, when properly done, performing this combination does not degrade the information ; nevertheless, this allows to check the robustness of the fit information.

At this point where all information on e^+e^− annihilations – except for KLOE ISR data – are considered, one ends up with :

a_μ(π^+π^−; 0.630 ÷ 0.958) = 358.67 ± 1.28

(in units of 10^{−10}) where the error combines systematic and statistical uncertainties. The probability of the underlying fit to the data is 98.6%.

Including KLOE data increases this central value by 0.3 and shrinks the error by 10%. The underlying fit probability, although good, is reduced (55.1%).

Adding the various τ data to the set of e^+e^− data samples, is also worth being made stepwise, in order to substantiate problems and specific properties of each of the A (ALEPH), B (BELLE) and C (CLEO) data sets. First of all, the C data set – which has a free normalization – is well accepted by the e^+e^− data samples and does not modify neither the result shown above (central value and uncertainty) nor the (underlying) fit probability.

The B data set has to be scaled down by 4.8% in consistency with the BELLE claim about the absolute scale of their data sample [16] ((2 ± 1 ± 4)%). Then, within our global fit, as in the original standalone BELLE fit, the fit probability becomes quite good and the result presented above is modified to :

a_μ(π^+π^−; 0.630 ÷ 0.958) = 359.48 ± 1.04 + (^{+0.82}_{−1.25} )_{scale}

associated with a global fit probability of 94.4%. The first error merges the reported statistical and systematic uncertainties on the data and the second error is generated by the MINOS uncertainties on the BELLE rescaling factor. Including KLOE data allows large improvements, however at the expense of a significantly degraded probability. Nevertheless, the central value for a_μ(π^+π^−; 0.630 ÷ 0.958) is not unreasonably modified by having included KLOE data.

The above pattern undergoes important changes if the A data set is included in the set of data samples submitted to fit. Whatever is attempted, a_μ(π^+π^−; 0.630 − 0.958) gets shifted by ≃ 5 10^{−10} and the error substantially shrinks. The underlying fit probability gets reduced, sometimes dramatically (4.4% only when using also KLOE data).

The picture shown by our analysis is that the ALEPH data sample has a quite specific behavior compared to the BELLE and CLEO data sets. This was marginally revealed by fitting the spectra, but estimating a_μ magnifies the difference between B, C and A. Fig. 5 clearly illustrates the issue : the appropriate pattern might well be e^+e^− + B + C versus A, rather than e^+e^− versus τ.

Therefore, our tendency is to prefer providing our final results concerning the various contributions to a_μ from thresholds to 1 GeV, considering all NSK e^+e^− data samples together with BELLE and CLEO data, discarding the A data set and also KLOE data which also exhibits a large intrinsic χ^2 contribution. These are gathered in Table 6 together with the probabilities of the underlying fits. Our estimates are likely to increase the discrepancy between theoretical estimates of the muon g − 2 and the BNL measurement farther than the usually reported 3.3 σ.

One may also conclude that the global fit method performs as could be expected and is a useful tool in order to improve the estimates of the various hadronic contributions to the muon g − 2. For this purpose, one should stress that better data, with better controlled systematics in all decay channels, and not only for the π^+π^− final state, may be valuable. Indeed, the physics correlations between the various final states in e^+e^− annihilations may conspire (better than presently) with each other in order to provide improved values for all contributions.

Theoretical developments on the inclusion of scalar mesons and higher mass vector mesons within VMD–like frameworks are also desirable, as this could increase the underlying physics correlations between the various final states accessible in e^+e^− annihilations. Finally, understanding the issue raised by [5] about the coupling of the ϕ meson to KK pairs, may well be an important task in order to estimate reliably the ϕ region contribution to the muon g − 2.

Acknowledgments

We are indebted to H. Hayashii, Nara Women’s University, Nara, Japan, for having provided us with the BELLE data sample and for information concerning the BELLE Collaboration fits. M.B. gratefully acknowledges several useful discussions and mail exchanges with S. Eidelman, Budker Institute, Novosibirsk, Russia.

References

[1] M. Benayoun, P. David, L. DelBuono, and O. Leitner, Submitted to Eur. Phys. J. , hepph/0907.4047, A Global Treatment of VMD Physics Up to To the ϕ : I. e^+e^− Annihilations, Anomalies And Vector Meson Partial Widths.

[2] M. Harada and K. Yamawaki, Phys. Rept. 381, 1 (2003), hep-ph/0302103, Hidden local symmetry at loop: A new perspective of composite gauge boson and chiral phase transition.

[3] T. Fujiwara, T. Kugo, H. Terao, S. Uehara, and K. Yamawaki, Prog. Theor. Phys. 73, 926 (1985), Nonabelian Anomaly and Vector Mesons as Dynamical Gauge Bosons of Hidden Local Symmetries.

[4] M. Benayoun, P. David, L. DelBuono, O. Leitner, and H. B. O’Connell, Eur. Phys. J.

C55, 199 (2008), hep-ph/0711.4482, The Dipion Mass Spectrum In e^+e^− Annihilation and tau Decay: A Dynamical (ρ^0, ω, ϕ) Mixing Approach.

[5] A. Bramon, R. Escribano, J. L. L. M., and G. Pancheri, Phys. Lett. B486, 406 (2000), hep-ph/0003273, The ratio ϕ → K^+K^−/K^0K̄^0.

[6] Muon G-2, G. W. Bennett et al., Phys. Rev. D73, 072003 (2006), hep-ex/0602035, Final report of the muon E821 anomalous magnetic moment measurement at BNL.

[7] M. Davier, S. Eidelman, A. Hocker, and Z. Zhang, Eur. Phys. J. C27, 497 (2003), hepph/0208177, Confronting spectral functions from e^+e^− annihilation and tau decays: Consequences for the muon magnetic moment.

[8] M. Davier, S. Eidelman, A. Hocker, and Z. Zhang, Eur. Phys. J. C31, 503 (2003), hepph/0308213, Updated estimate of the muon magnetic moment using revised results from e^+e^− annihilation.

[9] M. Davier, A. Hocker, and Z. Zhang, Rev. Mod. Phys. 78, 1043 (2006), hep-ph/0507078, The physics of hadronic tau decays.

[10] M. Davier, eConf C0209101, WE03 (2002), hep-ex/0301035, Spectral functions from hadronic tau decays and QCD.

[11] S. I. Eidelman, (2009), 0904.3275, Standard Model Predictions for the Muon (g − 2)/2.

[12] F. Jegerlehner and A. Nyffeler, (2009), 0902.3360, The Muon g-2.

[13] M. Davier et al., (2009), 0906.5443, The Discrepancy Between tau and e+e- Spectral Functions Revisited and the Consequences for the Muon Magnetic Anomaly.

[14] ALEPH, S. Schael et al., Phys. Rept. 421, 191 (2005), hep-ex/0506072, Branching ratios and spectral functions of tau decays: Final ALEPH measurements and physics implications.

[15] CLEO, S. Anderson et al., Phys. Rev. D61, 112002 (2000), hep-ex/9910046, Hadronic structure in the decay τ^− → π^−π^0ν_τ .

[16] Belle, M. Fujikawa et al., Phys. Rev. D78, 072006 (2008), 0805.3773, High-Statistics Study of the τ^− → π^−π^0ν_τ Decay.

[17] M. Davier, Nucl. Phys. Proc. Suppl. 169, 288 (2007), hep-ph/0701163, The hadronic contribution to (g − 2)(μ).

[18] KLOE, A. Aloisio et al., Phys. Lett. B606, 12 (2005), hep-ex/0407048, Measurement of σ(e^+e^− → π^+π^−γ) and extraction of σ(e^+e^− → π^+π^−) below 1-GeV with the KLOE detector.

[19] Particle Data Group, c. Amsler et al., Phys. Lett. B667, 1 (2008), Review of particle physics.

[20] OPAL, K. Ackerstaff et al., Eur. Phys. J. C7, 571 (1999), hep-ex/9808019, Measurement of the strong coupling constant α_s and the vector and axial-vector spectral functions in hadronic tau decays.

[21] J.Urheim, private communication .

[22] H. Hayashii, private communication .

[23] M. Bando, T. Kugo, and K. Yamawaki, Nucl. Phys. B259, 493 (1985), On the Vector Mesons as Dynamical Gauge Bosons of Hidden Local Symmetries.

[24] M. Benayoun and H. B. O’Connell, Phys. Rev. D58, 074006 (1998), hep-ph/9804391, SU(3) breaking and hidden local symmetry.

[25] W. J. Marciano and A. Sirlin, Phys. Rev. Lett. 71, 3629 (1993), Radiative corrections to pi(lepton 2) decays.

[26] V. Cirigliano, G. Ecker, and H. Neufeld, (2001), hep-ph/0109286, Isospin violation and the magnetic moment of the muon.

[27] V. Cirigliano, G. Ecker, and H. Neufeld, Phys. Lett. B513, 361 (2001), hep-ph/0104267, Isospin violation and the magnetic moment of the muon.

[28] V. Cirigliano, G. Ecker, and H. Neufeld, JHEP 08, 002 (2002), hep-ph/0207310, Radiative tau decay and the magnetic moment of the muon.

[29] M. N. Achasov et al., Phys. Rev. D66, 032001 (2002), hep-ex/0201040, Study of the process e^+e^− → π^+π^−π^0 in the energy region √ s from 0.98 to 1.38 GeV.

[30] M. N. Achasov et al., Phys. Rev. D68, 052006 (2003), hep-ex/0305049, Study of the process e^+e^− → π^+π^−π^0 in the energy region √ s below 0.98 GeV.

[31] CMD-2, R. R. Akhmetshin et al., Phys. Lett. B578, 285 (2004), hep-ex/0308008, Reanalysis of hadronic cross section measurements at CMD- 2.

[32] R. R. Akhmetshin et al., Phys. Lett. B642, 203 (2006), Study of ϕ → π^+π^−π^0 with CMD-2 detector.

[33] R. R. Akhmetshin et al., Phys. Lett. B364, 199 (1995), Measurement of phi meson parameters with CMD-2 detector at VEPP-2M collider.

[34] R. R. Akhmetshin et al., Phys. Lett. B434, 426 (1998), Study of dynamics of ϕ → π^+π^−π^0 decay with CMD-2 detector.

[35] L. M. Barkov et al., Nucl. Phys. B256, 365 (1985), Electromagnetic Pion Form-Factor in the Timelike Region.

[36] A. Quenzer et al., Phys. Lett. B76, 512 (1978), Pion Form-Factor from 480-MeV to 1100-MeV.

[37] CMD2, R. R. Akhmetshin et al., Phys. Lett. B460, 242 (1999), hep-ex/9907003, Study of the radiative decay ϕ → ηγ with CMD-2 detector.

[38] CMD-2, R. R. Akhmetshin et al., Phys. Lett. B509, 217 (2001), hep-ex/0103043, Study of the Process e^+e^− → ηγ in c.m. Energy Range 600-1380 MeV at CMD-2.

[39] CMD2, R. R. Akhmetshin et al., Phys. Lett. B605, 26 (2005), hep-ex/0409030, Study of the Processes e^+e^− → ηγ, e^+e^− → π^0γ → 3γ in the c.m. Energy Range 600–1380 MeV at CMD-2.

[40] M. N. Achasov et al., Eur. Phys. J. C12, 25 (2000), Experimental study of the processes e^+e^− → ϕ → ηγ, π^0γ at VEPP-2M.

[41] M. N. Achasov et al., Phys. Lett. B559, 171 (2003), hep-ex/0302004, Experimental study of the e^+e^− → π^0γ process in the energy region √ s = 0.60 − 0.97 GeV.

[42] M. N. Achasov et al., Phys. Rev. D76, 077101 (2007), 0709.1007, Reanalysis of the e^+e^− → ηγ reaction cross section.

[43] CMD-2, R. R. Akhmetshin et al., Phys. Lett. B648, 28 (2007), hep-ex/0610021, Highstatistics measurement of the pion form factor in the rho-meson energy range with the CMD-2 detector.

[44] M. N. Achasov et al., J. Exp. Theor. Phys. 103, 380 (2006), hep-ex/0605013, Update of the e^+e^− → π^+π^− cross section measured by SND detector in the energy region 400- MeV < √ s < 1000-MeV.

[45] S. I. Dolinsky et al., Phys. Rept. 202, 99 (1991), Summary of experiments with the neutral detector at the e^+e^− storage ring VEPP-2M.

[46] CMD, L. M. Barkov et al., (1989), BudkerINP preprint 89-15, Novosibirsk.

[47] F. James and M. Roos, Comput. Phys. Commun. 10, 343 (1975), Minuit: A System For Function Minimization And Analysis Of The Parameter Errors And Correlations.

[48] M. Davier, Nucl. Phys. B Proc. Suppl. 189, 222 (2009), Measurement of the e^+e^− → π^+π^−(γ) Cross section with the ISR Method with BABAR.

[49] KLOE, G. Venanzoni et al., (2009), 0906.4331, A precise new KLOE measurement of |F_π|^2 with ISR events and determination of ππ contribution to a_μ for 0.592 < M_{ππ} < 0.975 GeV.

[50] KLOE, F. Ambrosino et al., Phys. Lett. B670, 285 (2009), 0809.3950, Measurement of σ(e^+e^− → π^+π^−γ(γ)) and the dipion contribution to the muon anomaly with the KLOE detector.

[51] F. Jegerlehner, www-com.physik.hu-berlin.de/ fjeger/.

Figure 1: Fit to the τ spectra from BELLE [16] and CLEO [15] data sets. The ALEPH data points [14] (not fitted) are also shown

Figure 2: Fit to the τ spectra from ALEPH [14], BELLE [16] and CLEO data data sets

Figure 3: Residuals distribution in the fit to the τ spectra from BELLE [16] and CLEO [15] data sets. The residuals of the ALEPH data points [14] (not fit) are also shown

Figure 4: Residuals distribution in the fit to the τ spectra from ALEPH [14],BELLE [16] and CLEO [15] data sets.

Figure 5: Values of a_μ(ππ) × 10^{10} integrated between 0.630 and 0.958 GeV. Data configurations have been defined in Table 3 for the first seven lines, and in Table 4 for the seven following lines. BELLE data scale is fitted.