arXiv:0909.4240v1 [hep-ph] 23 Sep 2009

Improved Soft-Wall model with a negative dilaton

Fen Zuo^∗ Key Laboratory of Frontiers in Theoretical Physics, Institute of Theoretical Physics, Chinese Academy of Sciences, Beijing 100190, China

Abstract

I propose to improve the IR Soft-Wall AdS/QCD model by changing the sign of the dilaton. The deformed model exhibits interesting properties, especially in describing chiral symmetry breaking. The expectation value of the scalar field X, which determines the quark mass and condensate, asymptotes to a constant in the IR, rather than blows up in the original model. In contrast to the estimate in ref. [1], this kind of solution will not lead to chiral symmetry restoration for highlyexcited states, due to the property of the harmonic oscillator equation. Instead, it will guarantee the Reggy behavior of the axial meson spectrum, and also the pseudoscalar mesons. The value of the condensate can be fixed by requiring that the pion be massless in the chiral limit. Finally I point out that the deformed background is actually confining, while the original one is not.

PACS numbers: 11.25.Tq, 11.10.Kk, 11.15.Tk 12.38.Lg

∗ Email: zuofen@itp.ac.cn.

I. MOTIVATION

The holographic dual of QCD, or AdS/QCD, has made significant progress in describing low energy hadron dynamics recent years. Except for predicting various low energy parameters with an un-expected precision, it joins together many traditional approaches to describe strong interactions, such as non-linear chiral symmetry realization, hidden local symmetry, QCD sum rule, light-cone perturbative theory, etc. However, it also suffers from many problems, one of which is the description of the experimentally well established Reggy trajectories of hadron spectrum. To overcome this, people propose to select a special background, namely a quadratically increasing dilaton together with a 5D AdS space-time [2]. 5D fields propagating in this background satisfy harmonic-oscillator type equations, and give exactly Reggy trajectories for various mesons. The model based on this background is often called soft-wall model, to be compared with the Hard-Wall model [3], where the background is a slice of AdS space-time.

While Reggy behavior is well described in this model, we now run into new troubles when trying to incorporating chiral symmetry breaking. If we introduce a tachyon-like scalar field X to break chiral symmetry as in the Hard-Wall model, the solution for the expectation value of X now diverges exponentially in the IR. This is unreasonable, since every mode should be regular in the bulk region according to the standard AdS/CFT prescription [4]. Practically, this solution adds an exponentially increasing term to the equation for the axial modes, and the previously obtained Reggy behavior was ruined. There has been some attempt to overcome this problem by adding higher dimensional terms to the potential of X [5], see also [6]. A more simple way is to change the sign of the dilaton, and push the divergence into the background. This may seem a little rude, but it does regularize the divergent solution. At the same time, it gives the same Reggy trajectories for the vector mesons, which has already been pointed out in ref.[2]. Moreover, explicit calculation shows that various mesons, including axial and pseudoscalar ones, will fall on Reggy trajectories with the same slope.

Another motivation comes from the consideration of confinement property of the background. The original Soft-Wall background is in some sense equivalent to adding a Gaussian factor e^{−z2} to the AdS metric. In ref. [7] this kind of background was shown to result confining potential between heavy quarks. However, a redundant Wick rotation was done for the z coordinate, leading to a plus sign in the exponent. It is just this increasing exponential which guarantees the confining property, according to the general criterion in Ref. [8]. Therefore, in order to obtain linear Reggy trajectories in a confining background, one is naturally led to consider a Gaussian factor e^{z2} , or a negative dilaton Φ ∼ −z^2. Since the dilaton contributes to the action in the form e^{−Φ}, which now increases quickly in the IR, this kind of background includes actually a quasi-hard wall, not a soft wall any more.

The paper is organized as follows. In the next section, I show that in the modified background chiral symmetry breaking can be naturally incorporated. The Reggy trajectories of various mesons, including the axial and pseudoscalar mesons, can be reproduced in the improved model. Some comments on the confining property of the background is given in Sec.III. In the last section I give a short summary.

II. IMPROVED SOFT-WALL MODEL

The 5D AdS spacetime can be given in the Poincaré coordinate as: g_{MN} dx^M dx^N = 1 z^2 ( η_{μν} dx^μdx^ν − dz^2 ) , (1)

where η_{μν} = Diag (1, −1, −1, −1) and μ, ν = (0, 1, 2, 3), M, N = (0, 1, 2, 3, z). The dilaton is now chosen to be Φ(z) = −Λ^2z^2, (2) which has an opposite sign to that in the original Soft-Wall model [2]. Without of generality, the only scale parameter Λ can be set to 1 and easily recovered from dimensional analysis when needed. As in Ref. [3], one introduces two sets of 5D gauge fields, A_L and A_R, to represent the gauged chiral symmetry. Then this symmetry is broken both explicitly and spontaneously by employing a tachyonic scalar field X. With the dilaton turned on, the action reads: S = ∫ d^5x^g√ e^{−Φ} Tr [ (D^M X)^†(D_M X) + 3X^†X − 1 4g^2_5

(A^{MN}_L A_{LMN} + A^{MN}_R A_{RMN}) ] , (3)

where A = A^at^a, F_{MN} = ∂_M A_N − ∂_N A_M − i[A_M , A_N ], DX = ∂X − iA_LX + iXA_R. The generators of the gauge group normalized as Tr t^at^b = δ^{ab}/2.

A. Vacuum Solution

A nonzero expectation value X_0 of X will breaks the SU(N_f )_L × SU(N_f )_R symmetry to the vector part. So one first takes A_L and A_R to be zero and solves the equation of motion for X. Denote the v(z) = 2X_0, then v(z) satisfies the following equation: ∂_z ( 1 z^3 e^{−Φ(z)}∂_zv(z) ) + 3 1 z^5 e^{−Φ(z)}v(z) = 0 (4)

The solution is given by v(z) = C_1 v_1(z) + C_2 v_2(z), (5) with v_1(z) = ze^{−z2} U(−1/2, 0; z^2) and v_2 = z^3e^{−z2}_1F_1(1/2, 2; z^2). Here U is the Tricomi function, and_1F_1 the Kummer function. Since U(−1/2, 0; z^2) → 1/ √ π and_1F_1 goes to unity as z → 0, one can identify C_1/ √ π as the quark mass and C_2 the condensate so that v(z) ∼ m_qz + σz^3. In the IR region z → ∞, v_1(z) vanishes as z^2e^{−z2} and v_2(z) → 1/ √ π, while in the original model one solution goes to a constant and the other diverges like z^2e^{z2} . So the divergence of v(z) is successfully absorbed into the background, and now v(z) becomes regular in the bulk. This will be important in guaranteeing the Reggy trajectories of the axial and pseudoscalar mesons, as shown in the following.

B. Vector Sector

Now consider the fluctuations around the vacuum, which will correspond to the bound states of various mesons. First we consider the fluctuations from the vector combination V = (A_L + A_R)/2. Taking the axial gauge V_z = 0 and Fourier transforming to the 4d momentum space, the transverse components V^T_μ then satisfies the following equation:

∂_z(e^{−B} ∂_zV^T_μ (q, z)) + q^2e^{−B} V^T_μ (q, z) = 0, (6)

where B = Φ(z) + log z. The normalizable solutions v_n, obtained at q^2 = m^2_{vn} , are then considered to be dual to vector mesons. Applying a Bogoliubov transformation v_n = e^{B/2}ψ^v_n, one obtains a Schrödinger equation:

− ψ^v_n^{′′} + V_v(z)ψ^v_n = m^2_{vn} ψ^v_n, (7)

with the potential V_v(z) = (B^′)^2/4 − B^{′′}/2 = z^2 + 3/(4z^2). (8)

Now the equation for ψ^v_n is exactly the same as in the Soft-Wall model, and the regular solutions are:

ψ^v_n(z) = e^{−z2/2}z^{3/2} √ 2 n + 1

L^1_n(z^2), (9) with L^m_n the associated Laguerre polynomials and

m^2_{vn} = 4(n + 1), n = 0, 1, 2, ... (10)

One can then use the experimental value for m_ρ to determine the parameter Λ, which gives Λ = m_ρ/2 ≃ 0.388GeV. The form of corresponding gauge fields reads

v_n(z) = e^{−z2} z^2 √ 2 n + 1

L^1_n(z^2). (11)

An extra exponential e^{−z2} now appears in v_n which forces it to vanish in the IR, while in ref. [2] v_n diverges as z^{2n+2}. The normalization condition is of the same form: ∫_∞ 0 e^{−Φ} z v_mv_n dz = δ_{mn}. (12)

Eq.7 also has m_{vn} = 0 solutions, given by v_0 ∝ 1 or v_0 ∝ e^{−z2} , and the later one is also normalized in the IR. Thus one may concludes that this solution will correspond to a massless ρ state! Due to this, Ref.[2] considered the choice with B ∼ −z^2 to be physically unacceptable. However, one can easily check that v_0 is always non-normalizable in the UV, and thus cannot be interpreted as a bound state. Actually the massless solutions also exist in the Hard-Wall model, and play an important role in the Hirn-Sanz proscription of chiral symmetry breaking [9].

Actually, the massless solution is just a special case (q^2 = 0) of the non-normalizable solution to Eq.7. This kind of solution can be separated into the source V^0_μ (q) and the bulk-to-boundary propagator V (q, z) as V^T_μ (q, z) = V (q, z)V^0_μ (q). The general solution for V (q, z) with the boundary condition V (q, 0) = 1 is given by V (q, z) = A e^{−z2} U( −q^2 4 , 0, z^2) + B z^2 e^{−z2}_1F_1(1 − q^2 4 , 2, z^2). (13)

At large z, U(^{−q2}_4 , 0, z^2) ∼ (z^2)^{q2/4} and_1F_1(1 −^{q2}_4 , 2, z^2) ∼ e^{z2} (z^2)^{−1−q2/4}. When q^2 < 0, the second part of the solution diverges in the IR, and thus should be discarded. Then A can be determined from the boundary condition to be A = Γ(1 − q^2/4). As the normalizable solutions v_n, the deformation of the dilaton just introduce an extra factor e^{−z2} to V (q, z). So the decomposition formula [10] still exists [11] V (q, z) = g_5 ∑ n f_nv_n(z) −q^2 + m^2_n

, (14)

with the same residues

f_n = 1 g_5z e^{z2} ∂_zv_n(z) | | | |_{z=ϵ→0} = √ 8(n + 1)

g_5

. (15)

The two-point correlator will be shifted by a constant, which can be absorbed into the subtraction constant, so the result is also the same [12]:

Π_V(−q^2) = − e^{z2} g^2_5 Q^2 V (q, z) ∂_zV (q, z) z | | | |_{z=ϵ} = − 1 2g^2_5 ψ ( 1 + Q^2 4 ) + Constant = − 1 2g^2_5 log Q^2 4 − 1 g^2_5 Q^2 + 1 3g^2_5Q^4

+ ... (16)

The large-Q^2 expansion in the last line then fixes the coupling g_5 = 2π, and also gives the dimension-2 coefficient and the gluon condensate [12].

C. Axial Sector

The fluctuations of the axial combination A = (A_L − A_R)/2 is a little complicated. The axial field can be separated into the transverse and longitudinal parts as A_μ = A_{μ⊥} + ∂_μφ, where ∂^μ A_{μ⊥} = 0. The longitudinal part φ will get entangled with the pseudoscalar fluctuations, so we decay to talk about them in the next subsection. The transverse part, after taking the axial gauge A_z = 0, satisfies the equations: [ ∂_z ( e^{−Φ} z ∂_zA^a_μ ) + q^2e^{−Φ} z A^a_μ − g^2_5 v(z)^2e^{−Φ} z^3 A^a_μ ] ⊥ = 0 , (17)

Again one takes the Bogoliubov transformation to change them into the Schrödinger form, and obtain the potential: V_a(z) = z^2 + 3 4z^2 + g^2_5v(z)^2

z^2

. (18)

From the IR behavior of v(z), the potential V_a(z) can be expanded as:

V_a(z) = z^2 + 3 4z^2 + g^2_5v(z)^2 z^2 = z^2 + [ 3 4 + g^2_5C^2_2 π ] z^{−2} + O(z^{−4}). (19)

Then we get the following spectrum approximately:

m^2_{an} ≈ 4n + 2 √ 1 + g^2_5 C^2_2 π + 2 (20)

Notice that due to the nonzero quark condensate C_2, the vector and axial spectrum are now split, with the leading order mass splitting independent of the excitation number n. This is in contrast to the estimation in [1], where a constant behavior of X at large z was believed to introduce only a 1/n deformation of the axial masses and lead to chiral symmetry restoration for highly excited states. The asymptotic wave functions in the IR are

a_n(z) = e^{−z2} z^{m+1} √ 2 n + m L^m_n (z^2), (21)

where m = √ 1 +^{g25 C22}_π . It can be easily seen that they have the wrong z → 0 behavior for general m and thus can not be employed to derive the decay constants.

It is also interesting to studying the non-normalizable modes. Due to the complicated form of v(z), we can only obtain approximate solutions at large z. This can be done as the normalizable mode by expanding v(z) in the IR v(z) ≈ C_2/ √ π + O(z^{−2}). (22)

Keeping only this constant term, the general solution for A(q, z) is

A(q, z) = A_1 z^ce^{−z2} U( c 2 − q^2 4 , c, z^2) + B_1 z^c e^{−z2}_1F_1( c 2 − q^2 4 , c, z^2) (23)

with c = 1 + m. Again B_1 must be set to zero, and then the propagator behaves in the IR as A(q, z) ∼ e^{−z2} (z^2)^{q2/4}. This mode also has the wrong z → 0 behavior for general c, so the parameter A_1 can not be fixed from the UV boundary condition. One may try to decompose this solution into a sum of the normalizable modes, as in Eq. 14, and then obtain the corresponding decay constants. Indeed A(q, z) has the right poles as in Eq.20. However, the derivation of the decomposition formula involves the UV behavior of various modes [10]. Thus a naive use of the formula is not proper and may lead to artificial results. To study the decay constants and the correlation function, one has to obtain the explicit solutions in the whole region.

D. (Pseudo)Scalar sector

Now we turn to the fluctuations around the scalar field X, and parameterizes X as X = (X_0 + S)exp(i2π) as in ref.[13] and ref. [14]. The equation for S is easily derived [14]: ∂_z ( 1 z^3 e^{−Φ(z)}∂_z S^a ) + 3 1 z^5 e^{−Φ(z)} S^a − q^2 1 z^3 e^{−Φ(z)} S^a = 0 . (24)

The Schrödinger potential becomes V_s(z) = z^2 +^3_{4z2} − 2, and the corresponding spectrum is given by m^2_{sn} = 4n + 2. Comparing with the corresponding spectrum in [14], one see that the deformation of dilaton decreases the masses of the scalar mesons.

Finally, the pseudoscalar fluctuations π and the longitudinal part of the axial field satisfy the coupled equations

∂_z ( e^{−Φ} z ∂_z φ^a ) + g^2_5 v(z)^2e^{−Φ} z^3

(π^a − φ^a) = 0 , (25)

− q^2∂_zφ^a + g^2_5 v(z)^2

z^2

∂_z π^a = 0 , (26) These two equations can be combined [15] to give the decoupled form equation:

∂_z [Γ(z) ∂_xy^a] + Γ(z) [ q^2 − β(z) ] y^a = 0 , (27)

where y^a ≡ [e^{−Φ(z)}/z][∂_z φ^a], β(z) ≡ g^2_5 v(z)^2/z^2 and Γ(z) ≡ z/[β(z)e^{−Φ(z)}]. One can then change this equation into the Schrödinger form with the Bogoliubov transformation y = e^{B̃/2}ỹ with B̃(z) = 2 log v(z) − Φ(z) − 3 log z. (28)

The corresponding Schrödinger potential becomes:

V_p = B̃′2 4 − B̃′′ 2 + g^2_5 v(z)^2

z^2

. (29)

By using the asymptotic behavior of v(z) at large z, the potential can be expanded as:

V_p = z^2 + ( g^2_5C^2_2 π − 9 4 ) z^{−2} − 4 + O(z^{−4}) (30)

Then the spectrum is approximately given by

m^2_{pn} ≈ 4n + 2 √ g^2_5C^2_2 π − 2 − 2. (31)

Since the quark mass C_1 does not appear, the lowest state must be massless. To satisfy this condition, one must choose^{g25 C22}_π = 3 at this order, which then induces that m^2_{pn} ≈ 4n and m^2_{an} ≈ 4n + 6. One can further expand the potential to higher power of z, and the potential will still be determined by v_2(z), since v_1(z) vanishes as z^2e^{−z2} . So one can always make the lowest state massless by carefully choosing the value of C_2. A physical π mass can then be obtained by taking the quark mass term as pertuabation.

One may try to obtain the Gell-Mann-Oakes-Renner (GOR) relation following the line in the Hard-Wall model [3]. Since now all the fluctuations, normalizable or not, are suppressed in the IR as z^ne^{−z2} , the generalization of the derivation in [] to our model is quite direct. However, there is a key step which seems to be wrong, that is the derivation of the pion decay constant from the nonnormalizable mode of Eq.17

f^2_π = − 1 g^2_5 ∂_z A(0, z) z | | | | z=ϵ , (32)

This is based on the assumption that the axial current correlator, which should has a pion pole, can be derived from the transverse part A_{μ⊥} only. But A_{μ⊥} by definition should correspond to axial mesons. From the discussion in the previous subsection we also find that A_{μ⊥} does not have a massless normalizable mode. The pion mode, can only come from the φ and π fields. Only the explicit form of them are obtained in the whole region, one can derive the pion decay constant and then the GOR relation.

III. COMMENTS ON THE CONFINEMENT PROPERTY OF THE MODEL

For a general background with non-trivial dilaton, one has to study the string frame metric to decide whether the background is confining or not, as done in ref.[16]. However, for backgrounds not derived from explicit Einstein’s equations, such as the background of the original Sot-Wall model and the present one, this may lead to ambiguities. A convenient way is to consider some phenomenologically equivalent background, where the dilaton is trivial. In the vector sector, the Soft-Wall model can also be described by adding a warp factor to the AdS metric [17]: g_{MN} dx^M dx^N = A(z) z^2 ( η_{μν} dx^μdx^ν − dz^2 ) , (33)

with A(z) = e^{−2Φ}. This background was considered to be confining, and the linear confining potential was derived to be E =^{R2}_{2πα′} · 2eΛ^2 · r. Here R is the AdS radius and α^′ the string intercept which is related the string tension as T_s =^1_{2πα′} . However, in their derivation a redundant Wick rotation in the z coordinate is performed. So in fact they are showing that to obtain a confining ”Soft-Wall” model, one has to change the sign of warp factor, or equivalently that of the dilaton.

The confining property of generic backgrounds with constant dilaton can be decided from the criterion given in ref. [8]. One first defines the following functions: f^2(z) = −g_{00}g_{μμ} g^2(z) = −g_{00}g_{zz}. (34) Confinement occurs if and only f(z) has a minimum or g(z) diverges at some point z = z_m, and the corresponding confining tension is given by f(z_m). For the above metric, one has f(z) = g(z) = e^{−2Φ}/z^2. The criterion can only be fulfilled when Φ(z) goes to −∞ in the IR. For the present choice Φ(z) = −Λ^2z^2, f(z) has a minimum at z_m =^{√2}_{2Λ} , and f(z_m) = 2eΛ^2. Taking into account of the AdS radius and the fundamental string tension, we thus reproduce the linear potential given in ref. [17].

IV. SUMMARY

The properties of a ”Soft-Wall” model with a negative dilaton are discussed. All the physical fluctuations become regular in the infrared region after the modification. The vacuum solution of the field X, which is dual to the quark bilinear operator, tends to a constant in the IR. This ensures the Reggy behavior of the spectrum of the pseudoscalar and axial mesons. At the same time, this does not lead to chiral symmetry restoration for highly excited mesons. The presence of a massless pion in the chiral limit determines the value of the quark condensate. We also point out that the present choice for the dilaton leads to confinement, while that of the original soft-Wall model does not. It is also found that there seems be some problem in the derivation of the GOR relation in the Hard-Wall model.

Note Added: While writing this paper, it appeared Ref. [18] that also propose to modify the sign of the dilaton in the Soft-Wall model to obtain confinement.

V. ACKNOWLEDGEMENTS

I would like to thank Prof. Yi-hong Gao for very useful discussions.

[1] M. Shifman and A. Vainshtein. Phys. Rev. D77 (2008): 034002 [arXiv: 0710.0863]. [2] Andreas Karch, Emanuel Katz, Dam T. Son, and Mikhail A. Stephanov. Phys. Rev. D74 (2006): 015005 [arXiv: hep-ph/0602229].

[3] Joshua Erlich, Emanuel Katz, Dam T. Son, and Mikhail A. Stephanov. Phys. Rev. Lett. 95 (2005): 261602 [arXiv: hep-ph/0501128].

[4] Edward Witten. Adv. Theor. Math. Phys. 2 (1998): 253-291 [arXiv: hep-th/9802150]. [5] Joseph I. Kapusta, Thomas M. Kelley, and Tony Gherghetta (2009): [arXiv: 0908.0725]. [6] Yan-Qin Sui, Yue-Liang Wu, Zhi-Feng Xie, and Yi-Bo Yang (2009): [arXiv: 0909.3887]. [7] Oleg Andreev and Valentine I. Zakharov. Phys. Rev. D74 (2006): 025023 [arXiv: hep-ph/0604204].

[8] Y. Kinar, E. Schreiber, and J. Sonnenschein. Nucl. Phys. B566 (2000): 103-125 [arXiv: hep-th/9811192].

[9] Johannes Hirn and Veronica Sanz. JHEP 12 (2005): 030 [arXiv: hep-ph/0507049]. [10] Sungho Hong, Sukjin Yoon, and Matthew J. Strassler. JHEP 04 (2006): 003 [arXiv: hep-th/0409118].

[11] H. R. Grigoryan and A. V. Radyushkin. Phys. Rev. D76 (2007): 095007 [arXiv: 0706.1543]. [12] Fen Zuo and Tao Huang. Chin. Phys. Lett. 24 (2008): 3601-3604 [arXiv: 0801.1172]. [13] Leandro Da Rold and Alex Pomarol. Nucl. Phys. B721 (2005): 79-97 [arXiv: hep-ph/0501218].

[14] P. Colangelo, F. De Fazio, Floriana Giannuzzi, F. Jugeau, and S. Nicotri. Phys. Rev. D78 (2008): 055009 [arXiv: 0807.1054].

[15] Herry J. Kwee and Richard F. Lebed. JHEP 01 (2008): 027 [arXiv: 0708.4054]. [16] U. Gursoy, E. Kiritsis, and F. Nitti. JHEP 02 (2008): 019 [arXiv: 0707.1349]. [17] Oleg Andreev. Phys. Rev. D73 (2006): 107901 [arXiv: hep-th/0603170]. [18] Guy F. de Teramond and Stanley J. Brodsky (2009): [arXiv: 0909.3900].