arXiv:hep-th/0602261 v1 24 Feb 2006

Exact master equation for a noncommutative Brownian particle

Nuno Costa Dias^∗ João Nuno Prata^† Departamento de Matemática Universidade Lusófona de Humanidades e Tecnologias Av. Campo Grande, 376, 1749-024 Lisboa, Portugal and Grupo de Física Matemática Universidade de Lisboa Av. Prof. Gama Pinto 2 1649-003, Lisboa, Portugal

February 24, 2006

Abstract

We derive the Hu-Paz-Zhang master equation for a Brownian particle linearly coupled to a bath of harmonic oscillators on the plane with spatial noncommutativity. The results obtained are exact to all orders in the noncommutative parameter. As a by-product we derive some miscellaneous results such as the equilibrium Wigner distribution for the reservoir of noncommutative oscillators, the weak coupling limit of the master equation and a set of sufficient conditions for strict purity decrease of the Brownian particle.

1 Introduction

The question of space-time noncommutativity has a long-standing story. It was put forward by Snyder [1], Heisenberg, Pauli [2] and Yang [3] as a means to regularize quantum field theories. However, the development of renormalization techniques and certain undesirable features of noncommutative theories such as the breakdown of Lorentz invariance have hindered further research in this direction. More recently, several important developments in various approaches to the quantization of gravity have revived the interest in the concept of noncommutative space-time. See for instance [4] in the context of 3d gravity. In the realm of string theory, the discovery that the low energy effective theory of a D-brane in the background of a Neveu-Schwarz-Neveu-Schwarz B field lives on a space with spacial noncommutativity [5], [6], [7] has triggered an enormous amount of research in this field. From another perspective, a simple heuristic argument, based on Heisenberg’s uncertainty principle, the equivalence principle and the Schwarzshild metric, shows that the Planck length seems to be a lower bound on the precision of a measurement of position [8]. This reenforces the point of view that a new (noncommutative) geometry of space-time will emerge at a fundamental level. The simplest way to implement these ideas in quantum field theories is by adding to the phase-space noncommutativity of quantum mechanics a new space-time noncommutativity. Connes’ noncommutative geometry [9], [10] provides a suitable mathematical framework for the formulation

∗nuno.dias@ulusofona.pt †joao.prata@ulusofona.pt

of quantum field theories in noncommutative space-time. These theories have been intensively studied in the literature (for a review see [11], [12]). In most of the approaches [10], [13] the space-time coordinates x^μ do not commute, either in a canonical way

[x^μ, x^ν ] = θ^{μν} , (1)

or in a Lie-algebraic way [x^μ, x^ν ] = C^{μν}_β x^β, (2)

where θ^{μν} and C^{μν}_β are constants. In general, one assumes that θ^{0i} = 0 (or C^{0i}_β = 0) (i.e. that time is an ordinary commutative parameter) to avoid problems with the lack of unitarity.^1

Adopting this point of view many authors have addressed the problem of testing the existence of spacetime noncommutativity in nature by resorting to a quantum mechanical approximation to the complete quantum field theory. This theory of quantum mechanics with noncommutativity of the canonical type (1) is conventionally known as noncommutative quantum mechanics. This sort of theory also appears in the context of quantum constrained systems [16].

Ho and Kao [17] derived quantum mechanics from noncommutative quantum field theory in the nonrelativistic limit and showed that particles with opposite charges display opposite noncommutativity. Bolonek and Kosińsky [18] proved that Heisenberg’s uncertainty principle is somewhat more restrictive in noncommutative quantum mechanics in the sense that e.g. on the noncommutative plane there are no quantum states saturating simultaneously more than one of the uncertainty relations. Most of the research thus far aims at finding upper bounds on the noncommutative parameters or at evaluating noncommutative corrections to ordinary quantum mechanical systems such as the harmonic oscillator, the Landau problem, the hydrogen atom, Lamb shift etc. [19]-[23]. Unfortunately, all these corrections seem to be too small to be detected experimentally with present technology.

In this work we shall consider the plane with spatial noncommutativity:

[q̂_i, q̂_j] = iθϵ_{ij} , [q̂_i, p̂_j] = ih̄δ_{ij} , [p̂_i, p̂_j] = 0, i, j = 1, 2, (3)

where ϵ_{12} = −ϵ_{21} = 1, ϵ_{11} = ϵ_{22} = 0 and θ is a real constant. All the particles appearing in the ensuing analysis will be assumed to display the same noncommutative parameter θ. We shall frequently use the notation: a ∧ b = a^T ϵb = ∑ i,j=1,2 ϵ_{ij} a_ib_j = a_1b_2 − a_2b_1. (4)

It may seem unnatural to have spatial noncommutativity and not the full phase space noncommutativity with the last commutation relation in (3) replaced by [19], [22]: [p̂_i, p̂_j] = iηϵ_{ij} , i, j = 1, 2. (5) We shall however consider the simpler version in (3) to avert unnecessary technical complications. Various arguments lead to the following estimate [24]:

θ ≤ 4 × 10^{−40}m^2. (6)

To derive the noncommutative version of a quantum mechanical system one may follow two equivalent strategies. In the first case, one considers the usual Hamiltonian where now position dependent functions are multiplied by resorting to the Moyal ⋆_θ-product [15]. If one considers e.g. a Hamiltonian of the form

Ĥ = p̂^2 2m + V (q̂), (7)

1This claim seems debatable. See [14] for an alternative.

where q̂ = (q̂_1, q̂_2), p̂^2 = p̂^2_1 + p̂^2, then the eigenvalue equation reads: − h̄^2 2m ∇^2_qψ(q) + V (q) ⋆_θ ψ(q) = Eψ(q), (8)

where ∇_q = (∂/∂q_1, ∂/∂q_2) and

A(q) ⋆_θ B(q) = exp ( iθ 2 ∇_q ∧ ∇_q′ ) A(q)B(q^′) | | | |_{q′ =q} . (9)

One may however follow an alternative (but equivalent) route by noting that through a sort of ”Seiberg- Witten map” [8] R̂_i = q̂_i + θ 2h̄ ϵ_{ij}p̂_j , Π̂_i = p̂_i, (10)

the noncommutative algebra (3) may be transformed into the usual Heisenberg algebra: [ R̂_i, R̂_j ] = [ Π̂_i, Π̂_j ] = 0, [ R̂_i, Π̂_j ] = ih̄δ_{ij} . (11)

In eq.(10) and henceforth we shall adopt the Einstein convention. Once the Hamiltonian (7) has been expressed in terms of the canonical variables (R̂, Π̂), the usual quantization procedure follows. In particular, the space of states of noncommutative quantum mechanics remains L^2 ( R^2, dR ) . The aim of this research project is to study the emergence of ordinary quantum mechanics in the context of noncommutative quantum mechanics. We shall follow [25] and call this the noncommutativecommutative (NC-C) transition. This question is as pertinent as the question of how the classical world emerges in quantum theory [26]. It is well known that, in this case, there is no simple answer. Depending on the system [25] the criteria for classicality may vary. One may consider the formal limits h̄ → 0, n → 0 (n is some quantum number), N → ∞ (N is the number of particles), or, alternatively, various approximations such as Ehrenfest’s theorem, WKB approximations, high-temperature expansions or coherent states. In many cases one even resorts to combinations of various of these criteria.

Our strategy to induce a NC-C transition consists of coupling our noncommutative system to an external bath and thus treat it as an open system. This is well known in the context of environmentinduced decoherence where a Brownian particle interacts with a heat bath at thermal equilibrium [26]. To keep our calculations as simple as possible we shall assume as in [33] that the reservoir is constituted of identical bosonic particles interacting through a potential which has an absolute minimum and that there are no appreciable deviations from the equilibrium. Moreover we require that the coupling be weak so that only the linear response will be considered. This is commonly known as the harmonic approximation. The difference here is that all the particles involved live on the noncommutative plane with identical noncommutative parameter θ. In the present paper we shall obtain an exact master equation (to all orders in θ) for the reduced Wigner function of the Brownian particle which is the noncommutative extension of the Hu-Paz-Zhang equation [30], [31]. In our derivation we shall follow closely the method of Halliwell and Yu [32]. For this purpose a Weyl-Wigner formulation for noncommutative quantum mechanics is required. Some work in this direction has already been developed [8], [25], [34]. For our purposes we just need to recapitulate a few basic facts. In addition to the Moyal ⋆_θ-product defined in (9) which involves only the position variables we shall also consider the usual Moyal ⋆_{h̄}-product:

A(z) ⋆_{h̄} B(z) = exp ( ih̄ 2 ∇_z · J∇_z′ ) A(z)B(z^′) | | | |_{z′ =z} , (12)

where ∇_z = (∂/∂q, ∂/∂p), z = (q, p), etc and J is the 2d × 2d symplectic matrix: J = ( 0_{d×d} −1_{d×d} 1_{d×d} 0_{d×d} ) (13) and d is the number of degrees of freedom (in this paper d = 2). However, the basic algebraic structures for noncommutative quantum mechanics in phase space are the super ⋆-product [25]:

A(z) ⋆ B(z) = A(z) ⋆_{h̄} ⋆_θB(z) = exp ( ih̄ 2 ∇_z · J∇_z′ + iθ 2 ∇_q ∧ ∇_q′ ) A(z)B(z^′) | | | |_{z′ =z} , (14)

and the super Moyal bracket: [A(z), B(z)] = 1 ih̄ (A(z) ⋆ B(z) − B(z) ⋆ A(z)) . (15) The dynamics of the noncommutative Wigner function is dictated by the super Moyal equation: ∂W ∂t (z, t) = [H(z), W (z, t)]. (16) Finally, the noncommutative Wigner function for a state at equilibrium (β =^1_{kB T} ) with density matrix

ρ̂ = ( T re^{−βĤ} )_{−1} e^{−βĤ} (17)

is given by [34] W (z) = Ne^{−βH}_⋆ , (18) where N is a normalization constant, z may this time represent a collection of positions and momenta for several particles and ϕ(β, z) ≡ e^{−βH}_⋆ is the noncommutative exponential solution of the equation: ∂ϕ ∂β = − 1 2 (H ⋆ ϕ + ϕ ⋆ H) (19)

and subject to the boundary condition:

ϕ (β = 0, z) = 1, ∀z ∈ T^∗M. (20)

It is also important to note that the linear entropy p[W ] ≡ ∫ dz W^2(z), (21)

associated with the state W is still a measure of the purity of the system. In ref.[34] the authors proved that there is an upper bound for the linear entropy just like in the commutative case. Indeed if the system is an state represented by the noncommutative Wigner function W (q, p) then:

p[W ] =^1_{(2πh̄)d} , if W (z) is a pure state

p[W ] <^1_{(2πh̄)d} , if W (z) is a mixed state

(22)

This is all that will be required for the purposes of this paper in terms of the Weyl-Wigner formulation of noncommutative quantum systems. In a forthcoming paper [37] we shall return to the issue of deformation quantization on noncommutative spaces.

This paper is organized as follows. In the next section we obtain an expression for the noncommutative Wigner distribution of a collection of noninteracting noncommutative harmonic oscillators at thermal equilibrium as well as various expectation values which will be useful for the sequel. In section 3 we derive the noncommutative Hu-Paz-Zhang equation up to time-dependent coefficients. In section 4 we solve the Heisenberg equations of motion and determine the coefficients of the master equation for arbitrary harmonic environment. As a particular case we address the weak coupling limit in section 5. In section 6 we obtain the equation that governs the dynamics of the linear entropy and state sufficient conditions for a strict decrease of this quantity. Finally, in section 7 we present our conclusions.

2 Equilibrium distribution and momenta for a heat bath of noncommutative harmonic oscillators

The purpose of this section is to compute the equilibrium Wigner distribution for a bath of two-dimensional noncommutative harmonic oscillators at temperature T =^1_{kB β} . We assume the oscillators to be noninteracting and we may therefore start by evaluating the distribution for a single particle of mass m and frequency ω. Its position and momentum variables are q̂ = (q̂_1, q̂_2), p̂ = (p̂_1, p̂_2), respectively, and we assume that they obey the noncommutative algebra (3). The Hamiltonian reads:

Ĥ (q̂, p̂) = p̂^2 2m + 1 2 mω^2q̂^2. (23)

In terms of R̂ and Π̂ (cf.(10)), the Hamiltonian may be expressed as: Ĥ (q̂, p̂) = Ĥ ( R̂, Π̂ ) = 1 2m [ 1 + ( mωθ 2h̄ )_2]

Π̂^2 + 1 2 mω^2R̂^2 − mω^2θ 2h̄ L̂, (24)

where L̂ ≡ R̂ ∧ Π̂ is the angular momentum. The equilibrium density matrix at temperature T is then:

ρ̂ = N exp [ −βĤ (q̂, p̂) ] = N exp [ −βĤ ( R̂, Π̂ )] , (25)

where N is a normalization constant. To obtain the corresponding Wigner function in noncommutative phase-space we may resort to the generalized Weyl-Wigner map W^{(q,p)}_{(R,Π)} introduced in [27]. Indeed, it is easy to prove that the application of this map induces in the phase space T^∗M the super ⋆-product (⋆ = ⋆_{h̄}⋆_θ) mentioned in the introduction. This map consists of applying the Weyl-map based on the Heisenberg algebra (R, Π) (cf(11)) and, subsequently, performing the phase-space version of the operator diffeomorphism (10). We are thus looking for the noncommutative exponential ϕ (β, R, Π) ≡ exp_{⋆h̄} { − β 2m [ 1 + ( mωθ 2h̄ )_2]

Π^2 − β 2 mω^2R^2 + mω^2θβ 2h̄ L } , (26)

where ⋆_{h̄} is the usual Moyal product based on the Heisenberg variables (R, Π) (cf.(12)). Let us rewrite the previous equation as:

ϕ (β, R, Π) = ψ (k_1, k_2, R, Π) = exp_{⋆h̄} [ ik_1 ( Π^2 2M + 1 2 MΩ^2R^2 ) + ik_2ΩL ] , (27)

where M =^m_{1+(λ/ω)2} , Ω = ω √ 1 + (λ/ω)^2, λ =^{mω2 θ}_{2h̄}

k_1 = iβ, k_2 = −iβ^λ_Ω

(28)

The exponential (27) is well known. We have computed it elsewhere [28] (see also [29]) in the context of the two-dimensional commutative harmonic oscillator. The solution is:

ψ (k_1, k_2, R, Π) = cos^{−1} [_{h̄Ω} 2 (k_1 + k_2) ] cos^{−1} [_{h̄Ω} 2 (k_1 − k_2) ] × × exp {_i Ωh̄ tan [_{h̄Ω} 2 (k_1 + k_2)

] (_{Π2} 2M +^1_2 MΩ^2R^2 + ΩL ) +^i_{Ωh̄} tan [_{h̄Ω} 2 (k_1 − k_2)

] (_{Π2} 2M +^1_2 MΩ^2R^2 − ΩL )} . (29)

To finish our calculation we need to go back to the coordinates (q, p) using (10). A simple calculation leads to: ϕ (β, q, p) = cosh^{−1} [ h̄β 2 (Ω + λ) ] cosh^{−1} [ h̄β 2 (Ω − λ) ] × exp [ a(β)p^2 + c(β)q^2 + 2b(β)L ] , (30)

where this time L = q ∧ p and

a(β) = −^{(Ω+λ)2}_{2h̄M Ω3} tanh [_{h̄β} 2 (Ω − λ) ] −^{(Ω−λ)2}

2h̄M Ω^3 tanh [_{h̄β} 2 (Ω + λ) ]

c(β) = −^{M Ω}_{2h̄} { tanh [_{h̄β} 2 (Ω − λ) ] + tanh [_{h̄β} 2 (Ω + λ) ]}

b(β) = −^{(Ω+λ)}_{2h̄Ω} tanh [_{h̄β} 2 (Ω − λ) ] +^{(Ω−λ)}_{2h̄Ω} tanh [_{h̄β} 2 (Ω + λ) ] (31)

To check our result, we remark the following. The exponential (30) is formally a solution of (19,20) with T^∗M ≃ R^4. We have checked explicitly that our expression (30) is indeed a solution. Finally, from (18,30), we conclude that the equilibrium Wigner distribution is:

W (q, p) = N(β) exp [ a(β)p^2 + c(β)q^2 + 2b(β)L ] , (32)

where N(β) is the normalization constant. To derive N(β) let us first define the following generating function: Z(ξ, η) ≡ ∫ dq ∫ dp W (q, p) exp (ξ · q + η · p) = π^2N ac − b^2 exp [ aξ^2 + cη^2 + 2bη ∧ ξ 4(b^2 − ac) ] . (33)

The normalization is then given by the condition Z(0, 0) = 1. We thus get: N(β) = ac − b^2 π^2 = 1 (πh̄)^2 tanh [ h̄β 2 (Ω + λ) ] tanh [ h̄β 2 (Ω − λ) ] . (34)

We finally have: W (q, p) = 1 (πh̄)^2 tanh [ h̄β 2 (Ω + λ) ] tanh [ h̄β 2 (Ω − λ) ] exp [ a(β)p^2 + c(β)q^2 + 2b(β)L ] . (35)

Notice that in the commutative limit θ → 0, the following holds: Ω → ω, λ → 0, b(β) → 0 a(β) → −^1_{mωh̄} tanh (_{h̄ωβ} 2 ) , c(β) → −^{mω}_{h̄} tanh (_{h̄ωβ} 2 ) (36)

Consequently:

W (q, p) −→ tanh (_{h̄ωβ} 2 ) πh̄ 2 exp [ − 2 ωh̄ tanh ( h̄ωβ 2 ) ( p^2 2m + 1 2 mω^2q^2 )] , (37)

which is the correct result for a two-dimensional commutative harmonic oscillator.

Let us now consider N noninteracting harmonic oscillators with masses m_n and frequencies ω_n. The corresponding variables ( q^{(n)}, p^{(n)} ) obey the noncommutative algebra: [ q^{(n)}_i , q^{(m)}_j ] = iθδ_{n,m}ϵ_{ij} , [ q^{(n)}_i , p^{(m)}_j ] = ih̄δ_{n,m}δ_{i,j} , [ q^{(n)}_i , p^{(m)}_j ] = 0. (38)

The Hamiltonian is: Ĥ ({ q̂^{(n)}, p̂^{(n)} }) = N∑ n=1 Ĥ^{(n)} ( q̂^{(n)}, p̂^{(n)} ) , Ĥ^{(n)} ( q̂^{(n)}, p̂^{(n)} ) = ( p̂^{(n)}

)_2 2m_n + 1 2 m_nω^2_n ( q̂^{(n)}

)_2 . (39)

The equilibrium distribution for the heat bath is then given by: W^b ({ q^{(n)}, p^{(n)} }) = ∏_N n=1 W^b_n ( q^{(n)}, p^{(n)} ) , W^b_n ( q^{(n)}, p^{(n)} ) =^1_{(πh̄)2} tanh [_{h̄β} 2 (Ω_n + λ_n) ] tanh [_{h̄β} 2 (Ω_n − λ_n) ] exp [ a_n(β) ( p^{(n)} )_2

+ c_n(β) ( q^{(n)} )_2 + 2b_n(β)L^{(n)} ] , (40) where, obviously:

L^{(n)} = q^{(n)} ∧ p^{(n)}, λ_n =^{mnω2nθ}_{2h̄} , M_n =^{mn}_{1+(λn/ωn)2} , Ω_n = ω_n √ 1 + (λ_n/ω_n)^2

a_n(β) = −^{(Ωn+λn )2}

2h̄M_n Ω^3_n tanh [_{h̄β} 2 (Ω_n − λ_n) ] −^{(Ωn−λn)2} 2h̄M_nΩ^3_n tanh [_{h̄β} 2 (Ω_n + λ_n) ]

c_n(β) = −^{Mn Ωn}_{2h̄} { tanh [_{h̄β} 2 (Ω_n − λ_n) ] + tanh [_{h̄β} 2 (Ω_n + λ_n) ]}

b_n(β) = −^{(Ωn +λn)}_{2h̄Ωn} tanh [_{h̄β} 2 (Ω_n − λ_n) ] +^{(Ωn−λn)} 2h̄Ω_n tanh [_{h̄β} 2 (Ω_n + λ_n) ]

(41)

The corresponding generating function is:

Z^b ({ ξ^{(n)}, η^{(n)} }) = N∏ n=1 Z^b_n ( ξ^{(n)}, η^{(n)} ) , Z^b_n ( ξ^{(n)}, η^{(n)} ) = exp a_n ( ξ^{(n)} )_2 + c_n ( η^{(n)} )_2 + 2b_nξ^{(n)} ∧ η^{(n)}

4 (b^2_n − a_nc_n) . (42) Let us now compute some expectation values using this generating function:

< q̂^{(n)}_i >= ∂ ∂ξ^{(n)}_i Z^b ({ ξ^{(n)}, η^{(n)} }) | | | | | ({ξ^{(n)},η^{(n)}})=0 = ∂ ∂ξ^{(n)}_i Z^b_n ( ξ^{(n)}, η^{(n)} ) | | | | | (ξ^{(n)},η^{(n)})=0

= 0. (43)

Similarly:

< p̂^{(n)}_i >= 0 (44)

We also have <^{q̂} (n) i p̂^{(m)}_j +p̂^{(m)}_j q̂^{(n)}_i 2 >=^∂_{∂ξ(n)i}^∂_{∂η(m)j} Z^b ({ ξ^{(n)}, η^{(n)} }) | | | | | ({ξ^{(n)},η^{(n)}})=0 = δ_{n,m}^∂_{∂ξ(n)i}^∂_{∂η(n)j} Z^b_n ( ξ^{(n)}, η^{(n)} ) | | | | | (ξ^{(n)},η^{(n)})=0 =

= −^{h̄δn,m ϵij}_{4Ωn} { (Ω_n + λ_n) coth [_{h̄β} 2 (Ω_n + λ_n) ] − (Ω_n − λ_n) coth [_{h̄β} 2 (Ω_n − λ_n) ]} (45) and < p̂^{(n)}_i p̂^{(m)}_j >= δ_{n,m}^∂_{∂η(n)i}^∂_{∂η(n)j} Z^b_n ( ξ^{(n)}, η^{(n)} ) | | | | | (ξ^{(n)},η^{(n)})=0 =

=^{h̄δn,m δij MnΩn} 4 { coth [_{h̄β} 2 (Ω_n + λ_n) ] + coth [_{h̄β} 2 (Ω_n − λ_n) ]} (46)

Finally: <^{q̂} (n) i q̂^{(m)}_j +q̂^{(m)}_j q̂^{(n)}_i 2 >= δ_{n,m}^∂_{∂ξ(n)i}^∂_{∂ξ(n)j} Z^b_n ( ξ^{(n)}, η^{(n)} ) | | | | | (ξ^{(n)},η^{(n)})=0 =

=^{h̄δn,mδij} 4M_nΩ^3_n { (Ω_n + λ_n)^2 coth [_{h̄β} 2 (Ω_n + λ_n) ] + (Ω_n − λ_n)^2 coth [_{h̄β} 2 (Ω_n − λ_n) ]} (47)

In the commutative limit we recover the expected results [32]: < p̂^{(n)}_i p̂^{(m)}_j >−→^{h̄mnωnδn,m δi,j}_2 coth (_{h̄βωn} 2 )

<^{q̂} (n) i p̂^{(m)}_j +p̂^{(m)}_j q̂^{(n)}_i 2 >−→ 0 <^{q̂} (n) i q̂^{(m)}_j +q̂^{(m)}_j q̂^{(n)}_i 2 >−→^{h̄δn,m δi,j}_{2mnωn} coth (_{h̄βωn} 2 ) (48)

3 The noncommutative Brownian particle

In this section we shall consider the combined system of a noncommutative quantum Brownian particle and the heat bath of the previous section. The Brownian particle is an oscillator of mass M and bare frequency Ω. Its coordinates and momenta are (q, p). We assume the particle to be linearly coupled to the environment so that the total Hamiltonian reads:

Ĥ = p̂^2 2M + 1 2 MΩ^2q̂^2 + N∑ n=1 Ĥ^{(n)} + q̂ ·^N ∑ n=1 C_nq̂^{(n)}, (49)

where Ĥ^{(n)} is as in eq.(39). As usual [33], [32] we assume that at time t = 0 the system and environment are uncorrelated: W_0 ( q, p; { q^{(n)}, p^{(n)} }) = W^S_0 (q, p) · W^b_0 ({ q^{(n)}, p^{(n)} }) , (50)

where W^b_0 is given by (40). The Wigner function of the combined ensemble satisfies the noncommutative Moyal equation (16): ih̄^{∂W}_{∂t} = H ⋆ W − W ⋆ H ⇐⇒^{∂W}_{∂t} = −^p_M · ∇_qW + MΩ^2q · ∇_pW + ∑ n ( −^{p(n)}_{mn} · ∇_q(n) + m_nω^2_nq^{(n)} · ∇_p(n) ) W + + ∑ n C_n ( q^{(n)} · ∇_p + q · ∇_p(n) ) W +^θ_{h̄} ∑ n ( m_nω^2_nq^{(n)} + C_nq ) ∧ ∇_q(n) W +^θ_{h̄} ( MΩ^2q + ∑ n C_nq^{(n)} ) ∧ ∇_qW. (51) The reduced Wigner function of the Brownian particle is obtained from W by tracing out the environment’s degrees of freedom: W_r(q, p) ≡ ∫ [∏ n dq^{(n)}dp^{(n)} ] W ( q, p, { q^{(n)}, p^{(n)} }) . (52)

Let us now perform this integration in eq.(51). We shall assume that W and its first derivatives vanish at infinity, so that there will be no phase-space surface contributions. The result is: ∂W_r ∂t = −^p_M · ∇_qW_r + MΩ^2q · ∇_pW_r + ∑ n C_n∇_p · ∫ [∏ m dq^{(m)}dp^{(m)} ] q^{(n)}W ( q, p, { q^{(m)}, p^{(m)} }) + +^θ_{h̄} MΩ^2q ∧ ∇_qW_r −^θ_{h̄} ∑ n C_n∇_q ∧ ∫ [∏ m dq^{(m)}dp^{(m)} ] q^{(n)}W ( q, p, { q^{(m)}, p^{(m)} }) . (53)

So we have to evaluate the following quantities: G(q, p) ≡ ∑ n C_n ∫ [∏ m dq^{(m)}dp^{(m)} ] q^{(n)}W ( q, p, { q^{(m)}, p^{(m)} }) . (54)

Following the same argument as in [32] we conclude that: G(q, p) = [A(t)q + B(t)p + C(t)∇_q + D(t)∇_p] W_r(q, p), (55) where A, B, C, D are, for the time being, arbitrary time dependent 2 × 2 matrices. We then get from (53): ∂W_r ∂t = −^p_M · ∇_qW_r + MΩ^2q · ∇_pW_r + (∇_pW_r) · A(t)q + ∇_p · (B(t)pW_r) + ∇_p · (C(t)∇_qW_r) + ∇_p · (D(t)∇_pW_r) +

+^θ_{h̄} MΩ^2q ∧ ∇_qW_r −^θ_{h̄} ∇_q ∧ (A(t)qW_r) −^θ_{h̄} ∇_q ∧ (B(t)pW_r) −^θ_{h̄} ∇_q ∧ (C(t)∇_qW_r) −^θ_{h̄} ∇_q ∧ (D(t)∇_pW_r) . (56) Our task is now to determine the coefficients A, B, C, D. From eq.(51) we have: d dt < q̂_i > =^{<p̂i>}_M +^θ_{h̄} MΩ^2ϵ_{ij} < q̂_j > +^θ_{h̄} ϵ_{ij} ∑ n C_n < q̂^{(n)}_j > d dt <^{q̂iq̂j +q̂jq̂i}_2 > =^1_M <^{q̂ip̂j +p̂j q̂i}_2 > +^θ_{h̄} MΩ^2ϵ_{ik} <^{q̂jq̂k +q̂kq̂j}_2 > +^θ_{h̄} ϵ_{ik} ∑ n C_n < q̂_jq̂^{(n)}_k > + (i ←→ j) d dt <^{p̂iq̂j +q̂jp̂i}_2 > =^1_M < p̂_ip̂_j > −MΩ^2 <^{q̂iq̂j +q̂jq̂i}_2 > − ∑ n C_n < q̂^{(n)}_i q̂_j > +^θ_{h̄} MΩ^2ϵ_{jk} <^{p̂iq̂k +q̂kp̂i}_2 > +

+^θ_{h̄} ϵ_{jk} ∑ n C_n < p̂_iq̂^{(n)}_k > (57) Alternatively, we may perform the calculation using eq.(56) instead: d dt < q̂_i > =^{<p̂i>}_M +^θ_{h̄} MΩ^2ϵ_{ij} < q̂_j > +^θ_{h̄} ϵ_{ij} A_{jk} < q̂_k > +^θ_{h̄} ϵ_{ij} B_{jk} < p̂_k > d dt <^{q̂iq̂j +q̂jq̂i}_2 > =^1_M <^{q̂ip̂j +p̂jq̂i}_2 > +^θ_{h̄} MΩ^2ϵ_{ik} <^{q̂jq̂k +q̂kq̂j}_2 > +^θ_{h̄} ϵ_{ik}A_{kl} <^{q̂jq̂l+q̂lq̂j}_2 > + +^θ_{h̄} ϵ_{ik}B_{kl} <^{q̂jp̂l+p̂lq̂j}_2 > +^θ_{h̄} ϵ_{kj} C_{ki} + (i ←→ j) d dt <^{p̂iq̂j +q̂jp̂i}_2 > =^1_M < p̂_ip̂_j > −MΩ^2 <^{q̂iq̂j +q̂jq̂i}_2 > −A_{ik} <^{q̂jq̂k +q̂kq̂j}_2 > −B_{ik} <^{q̂jp̂k +p̂kq̂j}_2 > +C_{ij} +^θ_{h̄} MΩ^2ϵ_{jk} <^{p̂iq̂k +q̂kp̂i}_2 > +^θ_{h̄} ϵ_{jk} A_{kl} <^{p̂iq̂l+q̂lp̂i}_2 > +^θ_{h̄} ϵ_{jk} B_{kl} < p̂_ip̂_l > −^θ_{h̄} ϵ_{jk} D_{ki} (58) Equating (57) and (58), we obtain the following relations: ∑ n C_n < q̂^{(n)}_i >= A_{ij} < q̂_j > +B_{ij} < p̂_j > M_{jk} =^θ_{h̄} ϵ_{jl}N_{lk} = M_{11}δ_{jk}

(59)

where: M_{jk} ≡ ∑ n C_n < q̂^{(n)}_j q̂_k > −A_{jl} <^{q̂kq̂l+q̂lq̂k}_2 > −B_{jl} <^{q̂kp̂l+p̂lq̂k}_2 > +C_{jk} = Λ_{jk} + C_{jk} N_{jk} ≡ ∑ n C_n < q̂^{(n)}_j p̂_k > −A_{jl} <^{p̂kq̂l+q̂lp̂k}_2 > −B_{jl} < p̂_kp̂_l > +D_{jk} = Ω_{jk} + D_{jk} (60)

Now let us go back to eq.(56) and consider all the terms that include contributions from the matrices C and D: ( C_{ij} −^θ_{h̄} ϵ_{jk} D_{ki} )_{∂2Wr} ∂p_i∂q_j + Dij ∂^2W_r ∂p_i∂p_j + θ h̄ ϵ_{ij} C_{ik}^{∂2Wr}_{∂qj ∂qk} = = [( M_{ij} −^θ_{h̄} ϵ_{jk} N_{ki} ) − Λ_{ij} +^θ_{h̄} ϵ_{jk} Ω_{ki} ]_{∂2Wr} ∂p_i∂q_j + (Nij − Ωij ) ∂^2W_r ∂p_i∂p_j + θ h̄ ϵ_{ij} (M_{ik} − Λ_{ik})^{∂2Wr}_{∂qj ∂qk} = = ( −Λ_{ij} +^θ_{h̄} ϵ_{jk} Ω_{ki} )_{∂2Wr} ∂p_i∂q_j − Ωij ∂^2W_r ∂p_i∂p_j − θ h̄ ϵ_{ij} Λ_{ik}^{∂2Wr}_{∂qj∂qk} , (61)

where we used (60) and the fact that M and N are symmetric and antisymmetric, respectively. Since the matrices M, N do not contribute to our equation it is perfectly consistent to set them to zero. Altogether we have: ∑ n C_n < q̂^{(n)}_i >= A_{ij} < q̂_j > +B_{ij} < p̂_j > ∑ n C_n < q̂^{(n)}_j q̂_k >= A_{jl} <^{q̂kq̂l+q̂lq̂k}_2 > +B_{jl} <^{q̂kp̂l+p̂lq̂k}_2 > −C_{jk} ∑ n C_n < q̂^{(n)}_j p̂_k >= A_{jl} <^{p̂kq̂l+q̂lp̂k}_2 > +B_{jl} < p̂_kp̂_l > −D_{jk} (62)

The coefficients A, B, C, D may now be determined from the previous equation once we have computed the expectation values < q̂_i >, < q̂^{(n)}_i q̂_j >, etc of the Heisenberg picture operators by solving the equations of motion. Since the Hamiltonian is quadratic we have the following linear solutions:

q̂^{(n)}_i (t) = α^{(n)}_{ij} (t)q̂_j (t) + β^{(n)}_{ij} (t)p̂_j (t) + ∑ m ( a^{(n,m)} ij (t)q̂^{(m)}_j (0) + b^{(n,m)}_{ij} (t)p̂^{(m)}_j (0) )

q̂_i(t) = α_{ij} (t)q̂_j (0) + β_{ij} (t)p̂_j (0) + ∑ m ( a^{(m)}_{ij} (t)q̂^{(m)}_j (0) + b^{(m)}_{ij} (t)p̂^{(m)}_j (0)

) (63)

for some time dependent coefficients α^{(n)}_{ij} , β^{(n)}_{ij} , etc. Notice that we have chosen to express q̂^{(n)}_i in terms of q̂_j (t) and p̂_j (t), instead of q̂_j (0) and p̂_j (0). This is for later convenience [32]. If we substitute (63) in (62) by keeping (43,44) in mind, we obtain:

A_{ij} (t) = ∑ n C_nα^{(n)}_{ij} (t), B_{ij} (t) = ∑ n C_nβ^{(n)}_{ij} (t) C_{ij} (t) = − ∑ n,m C_n { a^{(n,m)} il [ a^{(m)}_{jl} < [ q̂^{(m)}_l (0)

]_2

> +b^{(m)}_{jk} <^{p̂(m)k (0)q̂(m)l (0)+q̂(m)l (0)p̂(m)k (0)} 2 > ] +

+b^{(n,m)}_{il} [ a^{(m)}_{jk} <^{q̂(m)k (0)p̂(m)l (0)+p̂(m)l (0)q̂(m)k (0)}

2 > +b^{(m)}_{jl} < [ p̂^{(m)}_l (0)

]_2 > ]}

D_{ij} (t) = −M ∑ n,m C_n { a^{(n,m)} ik [ ȧ^{(m)}_{jk} < [ q̂^{(m)}_k (0)

]_2

> +ḃ^{(m)}_{jl} <^{q̂(m)k (0)p̂(m)l (0)+p̂(m)l (0)q̂(m)k (0)} 2 > ] +

+b^{(n,m)}_{ik} [ ȧ^{(m)}_{jl} <^{p̂(m)k (0)q̂(m)l (0)+q̂(m)l (0)p̂(m)k (0)}

2 > +ḃ^{(m)}_{jk} < [ p̂^{(m)}_k (0)

]_2 > ]}

(64)

Our task in the next section will be to determine the coefficients A, B, C, D.

4 Solution of the equations of motion

From (63,64) the problem is solved once we have the solutions of the equations of motion for the Heisenberg picture operators. For the sake of simplicity we shall omit the hats over the operators. There is no risk of confusion here as all variables appearing in this section are operators. The calculations in this section are lengthy and involved. The relevant results are stated in equations (71,79,80,81,84,88,89,93,99,106,108). To keep the task as tractable as possible we have chosen to follow ref. [32] step-by-step and to adopt their notation.

To solve the equations of motion it turns out to be more convenient to consider the following set of variables: { Q_i = q_i +^θ_{h̄} ϵ_{ij} p_j P_i = p_i { Q^{(n)}_i = q^{(n)}_i +^θ_{h̄} ϵ_{ij} p^{(n)}_j P^{(n)}_i = p^{(n)}_i

(65) The rationale for this choice resides in the fact that P_i = MQ̇_i, P^{(n)}_i = m_nQ̇^{(n)}_i . (66) We then get the following set of equations of motion: Q̈_i + Ω2Q_i +^1_M ∑_n C_nQ^{(n)}_i −^θ_{h̄} MΩ2ϵ_{ij}Q̇_j −^θ_{h̄} ∑ C_n^mn_M ϵ_{ij}Q̇^{(n)}_j = 0

Q̈^{(n)}_i + ω2_nQ^{(n)}_i +^Cn_{mn} Q_i −^θ_{h̄} m_nω2_nϵ_{ij}Q̇^{(n)}_j −^θ_{h̄} C_n^M_{mn} ϵ_{ij}Q̇_j = 0

(67)

We start by solving the latter equation. The homogeneous equation reads: Q̈^{(n)}_i + ω^2_nQ^{(n)}_i − θ h̄ m_nω^2_nϵ_{ij}Q̇^{(n)}_j = 0 (68) Upon diagonalization we obtain the following solution:

Q^{(n)}_i (t) = λ^{(n)}_{ij} (t)Q^{(n)}_j (0) + ρ^{(n)}_{ij} (t)

P^{(n)}_j (0) m_n , (69) subject to the initial conditions:

Q^{(n)}_i (t = 0) = Q^{(n)}_i (0), Q̇^{(n)}_i (t = 0) =

P^{(n)}_i (0) m_n . (70)

The matrices λ^{(n)}, ρ^{(n)} are given by:

λ^{(n)}_{ij} (t) =^1_{2Ωn} ∑ σ=± {δ_{ij} (Ω_n − σλ_n) cos [(Ω_n + σλ_n) t] + σϵ_{ij} (Ω_n − σλ_n) sin [(Ω_n + σλ_n) t]}

ρ^{(n)}_{ij} (t) =^1_{2Ωn} ∑ σ=± {δ_{ij} sin [(Ω_n + σλ_n) t] − σϵ_{ij} cos [(Ω_n + σλ_n) t]}

(71)

where Ω_n, λ_n are given by (41). It is useful to remark that: λ̇^{(n)}_{ij} = −ω^2_nρ^{(n)}_{ij} , ρ̇^{(n)}_{ij} = λ^{(n)}_{ij} + 2λ_nϵ_{ik} ρ^{(n)}_{kj} . (72) The matrix λ^{(n)} is a solution of the differential equation: λ̈^{(n)}_{ij} + ω^2_nλ^{(n)}_{ij} − 2λ_nϵ_{ik}λ̇^{(n)}_{kj} = 0. (73) Because of relation (72), ρ^{(n)} is a solution of the same equation. Finally, they obey the following initial conditions (cf.(70)): λ^{(n)}_{ij} (t = 0) = δ_{ij} ρ^{(n)}_{ij} (t = 0) = 0 λ̇^{(n)}_{ij} (t = 0) = 0 ρ̇^{(n)}_{ij} (t = 0) = δ_{ij}

(74)

A particular solution of the second inhomogeneous equation in (67) is given by:

g^{(n)}_i (t) = − C_n m_n ∫_t 0 ds ρ^{(n)}_{kj} (t − s) ( δ_{ik} − Mθ h̄ ϵ_{ik} d ds ) Q_j (s), (75)

which satisfies the initial conditions:

g^{(n)}_i (t = 0) = ġ^{(n)}_i (t = 0) = 0. (76)

Altogether, the complete solution of the second equation in (67) subject to the conditions (70) is:

Q^{(n)}_i (t) = λ^{(n)}_{ij} (t)Q^{(n)}_j (0) + ρ^{(n)}_{ij} (t)

P^{(n)}_j (0) m_n + g^{(n)}_i (t). (77)

If we substitute this expression in the first of eqs.(67) we obtain after some algebra the noncommutative Langevin equation:

Q̈_i(t) + Ω^2Q_i(t) − θ h̄ MΩ^2ϵ_{ij}Q̇_j (t) + 2 M ∫_t 0 ds η_{kj} (t − s) ( δ_{ik} − Mθ h̄ ϵ_{ik} d ds ) Q_j (s) = f_i(t) M , (78)

where the dissipation matrix kernel η(t) is given by:

η_{ij} (t) = d dt γ_{ij}(t), (79)

with:

γ_{ij} (t) = ∫_{+∞} 0 dω ω [I_{ij} (ω) cos(ωt) + J_{ij} (ω) sin(ωt)] . (80)

The spectral densities read:

I_{ij} (ω) = ∑ n C^2_n ω^2 4m_nω^2_nΩ_n δij [δ(ω − Ωn − λn) + δ(ω − Ωn + λn)] J_{ij} (ω) = ∑ n C^2_n ω^2 4m_nω^2_nΩ_n ϵij [δ(ω − Ωn − λn) − δ(ω − Ωn + λn)] (81)

Finally, the inhomogeneous term in (78) is:

f_i(t) = − ∑ n C_n [ λ^{(n)}_{ij} (t) + 2λ_nϵ_{ik} ρ^{(n)}_{kj} (t) ] Q^{(n)}_j (0) + [( 1 + 4λ^2_n ω^2_n ) ρ^{(n)}_{ij} (t) − 2λ_n ω^2_n ϵ_{ik} λ^{(n)}_{kj} (t) ] P^{(n)}_j (0) m_n . (82) The eq.(78) describes the motion of a noncommutative Brownian particle in a dissipative medium with ”random” force f_i(t) satisfying (cf.(43-47),(65),(82)): < f_i(t) >= 0, < { f_i(t), f_j (t^′) } >= h̄ν_{ij} (t − t^′), (83) where {A, B} = (AB + BA) /2 is the anticommutator and

ν_{ij} (t) = ∫_{+∞} 0 dω coth ( h̄βω 2 ) [I_{ij} (ω) cos(ωt) + J_{ij} (ω) sin(ωt)] (84)

is the noise kernel. Notice that in the commutative limit θ → 0, eqs.(71,81,82) reduce to: λ^{(n)}_{ij} (t) −→ δ_{ij} cos(ω_nt), ρ^{(n)}_{ij} (t) −→^{δij}_{ωn} sin(ω_nt) I_{ij} (ω) −→ δ_{ij} ∑ n C^2_n 2m_nω_n δ(ω − ωn), Jij (ω) −→ 0 f_i(t) −→ − ∑ n C_n [ Q^{(n)}_i (0) cos(ω_nt) +^{P (n)i (0)}_{mn}^{sin(ωnt)}_{ωn} ] , (85) which are the expected results [32]. Our aim is to solve eq.(78). As in [32], we solve it for two different sets of initial conditions^2:

Q_i(s = 0) = Q_i(0), Q̇_i(s = 0) =

P_i(0) M , (86) and Q_i(s = t) = Q_i(t), Q̇_i(s = t) = P_i(t) M , (87)

where t is any given time. We shall also consider the elementary functions u_{ij} (s), v_{ij} (s), linearly independent solutions of the homogeneous integrodifferential equations [30], [31]:

Σ̈_{ij} (s) + Ω^2Σ_{ij} (s) − θ h̄ MΩ^2ϵ_{ik}Σ̇_{kj} (s) + 2 M ∫_s 0 dτ η_{kl}(s − τ) ( δ_{ik} − Mθ h̄ ϵ_{ik} d dτ ) Σ_{lj} (τ) = 0, (88)

with the boundary conditions: { u_{ij} (s = 0) = δ_{ij} , u_{ij} (s = t) = 0, v_{ij} (s = 0) = 0, v_{ij} (s = t) = δ_{ij}

(89)

We shall tacitly assume that the inverse matrices of v̇_{ij} (0) and u̇_{ij} (t) exist. The solution of the homogeneous equation (78) (f_i(t) = 0) and (86) is then:

ω_i(s) = [ u_{ij} (s) − v_{ik} (s) (v̇(0))^{−1}_{kl} u̇_{lj} (0) ] Q_j (0) + v_{ik}(s) (v̇(0))^{−1}_{kj}

P_j (0) M . (90)

The particular solution to eq.(78) with initial conditions ω̃_i(s = 0) = ˙ω̃_i(s = 0) = 0, can be formally written as: ω̃_i(s) = 1 M ∫_s 0 dτ G^{(1)}_{ij} (s, τ)f_j(τ), (91)

where G^{(1)}(s) is the Green function of eq.(78), which we assume to be such that:

G^{(1)}_{ij} (s, s^−) = 0, d ds G^{(1)}_{ij} (s, τ) | | | |_{τ =s−} = δ^{ij} . (92)

And therefore:

G^{(1)}_{ij} (s, τ) = { L_{ik}(s, τ)L^{′−1}_{kj} (τ, τ), if s > τ 0, otherwise , { L_{ij} (s, τ) = u_{ij} (s) − v_{ik}(s) (v(τ))^{−1}_{kl} u(τ)_{lj} L^′_{ij} (τ, τ) =^∂_{∂s} L_{ij} (s, τ) | | |_{s=τ} (93)

The solution of (78) with the conditions (86) is then:

Q_i(s) = ω_i(s) + ω̃_i(s) = [ u_{ij} (s) − v_{ik} (s) (v̇(0))^{−1}_{kl} u̇_{lj} (0) ] Q_j (0) + v_{ik} (s) (v̇(0))^{−1}_{kj}^{Pj (0)}_M − ∑ n C_n M ∫_s 0 dτ G^{(1)}_{ij} (s, τ) [ λ^{(n)}_{jk} (τ) + 2λ_nϵ_{jl}ρ^{(n)}_{lk} (τ) ] Q^{(n)}_k (0) − ∑ n C_n M ∫_s 0 dτ G^{(1)}_{ij} (s, τ) [( 1 +^{4λ2n}_{ω2n} ) ρ^{(n)}_{jk} (τ) −^{2λn}_{ω2n} ϵ_{jl}λ^{(n)}_{lk} (τ)

]_P (n)_{k (0)} m_n .

(94)

2As in [32] s is henceforth the variable and t a specific fixed time. This is related with the fact that in eq. (63) we expressed q^{(n)}_i (t) in terms of qi(t), pi(t) and not qi(0), pi (0).

Likewise, from (66,92,94) we get:

P_i(s) = M [ u̇_{ij} (s) − v̇_{ik} (s) (v̇(0))^{−1}_{kl} u̇_{lj} (0) ] Q_j (0) + v̇_{ik}(s) (v̇(0))^{−1}_{kj} P_j (0) − ∑ n C_n ∫_s 0 dτ [_d ds G^{(1)}_{ij} (s, τ) ] [ λ^{(n)}_{jk} (τ) + 2λ_nϵ_{jl}ρ^{(n)}_{lk} (τ) ] Q^{(n)}_k (0)

− ∑ n C_n ∫_s 0 dτ [_d ds G^{(1)}_{ij} (s, τ) ] [( 1 +^{4λ2n}_{ω2n} ) ρ^{(n)}_{jk} (τ) −^{2λn}_{ω2n} ϵ_{jl}λ^{(n)}_{lk} (τ)

]_P (n)_{k (0)} m_n ,

(95)

Next, we look for the solutions of the homogeneous eq.(78) (f_i(t) = 0) with initial conditions (87). The result is:

Z_i(s) = [ v_{ij} (s) − u_{ik}(s) (u̇(t))^{−1}_{kl} v̇_{lj} (t) ] Q_j (t) + u_{ik} (s) (u̇(t))^{−1}_{kj}

P_j (t) M . (96)

The solution of the inhomogeneous eq.(78) with the conditions Z̃_i(s = t) = ˙Z̃_i(s = t) = 0, is given by:

Z̃_i(s) = 1 M ∫_s t dτ G^{(2)}_{ij} (s, τ)f_j(τ), (s ≤ t) (97) where G^{(2)}(s) is the Green function of eq.(78), for s ≤ t, with initial conditions:

G^{(2)}_{ij} (s, s^+) = 0, d ds G^{(2)}_{ij} (s, τ) | | |_{τ =s+} = δ^{ij} , (98)

given by

G^{(2)}_{ij} (s, τ) = { L_{ik}(s, τ)L^{′−1}_{kj} (τ, τ), if τ > s 0, otherwise

, (99)

and L_{ik} (s, τ) is as in eq.(93). The solution of (78) with the conditions (87) is then:

Q_i(s) = Z_i(s) + Z̃_i(s) = [ v_{ij} (s) − u_{ik} (s) (u̇(t))^{−1}_{kl} v̇_{lj} (t) ] Q_j (t) + u_{ik}(s) (u̇(t))^{−1}_{kj}^{Pj (t)}_M + + ∑ n C_n M ∫_t s dτ G^{(2)}_{ij} (s, τ) [ λ^{(n)}_{jk} (τ) + 2λ_nϵ_{jl}ρ^{(n)}_{lk} (τ) ] Q^{(n)}_k (0)+ + ∑ n C_n M ∫_t s dτ G^{(2)}_{ij} (s, τ) [( 1 +^{4λ2n}_{ω2n} ) ρ^{(n)}_{jk} (τ) −^{2λn}_{ω2n} ϵ_{jl}λ^{(n)}_{lk} (τ)

]_P (n)_{k (0)} m_n .

(100)

From (66,98,100) we get:

P_i(s) = M [ v̇_{ij} (s) − u̇_{ik}(s) (u̇(t))^{−1}_{kl} v̇_{lj} (t) ] Q_j (t) + u̇_{ik} (s) (u̇(t))^{−1}_{kj} P_j (t)+ + ∑ n C_n ∫_t s dτ [_d ds G^{(2)}_{ij} (s, τ) ] [ λ^{(n)}_{jk} (τ) + 2λ_nϵ_{jl}ρ^{(n)}_{lk} (τ) ] Q^{(n)}_k (0)+ + ∑ n C_n ∫_t s dτ [_d ds G^{(2)}_{ij} (s, τ) ] [( 1 +^{4λ2n}_{ω2n} ) ρ^{(n)}_{jk} (τ) −^{2λn}_{ω2n} ϵ_{jl}λ^{(n)}_{lk} (τ)

]_P (n)_{k (0)} m_n .

(101)

Substitution of (100) in (75,77) yields:

Q^{(n)}_i (t) = λ^{(n)}_{ij} (t)Q^{(n)}_j (0) + ρ^{(n)}_{ij} (t)^P (n) j (0) m_n −^{Cn}_{mn} ∫_t 0 ds ρ^{(n)}_{kj} (t − s) ( δ_{ik} −^{M θ}_{h̄} ϵ_{ik}^d_{ds} ) {[ v_{jl}(s) − u_{ja}(s) (u̇(t))^{−1}_{ab} v̇_{bl}(t) ] Q_l(t) + u_{ja}(s) (u̇(t))^{−1}_{al}^{Pl(t)}_M + + ∑ m C_m M ∫_t s dτ G^{(2)}_{ja} (s, τ) [ λ^{(m)}_{al} (τ) + 2λ_mϵ_{ar}ρ^{(m)}_{rl} (τ) ] Q^{(m)}_l (0)+ + ∑ m C_m M ∫_t s dτ G^{(2)}_{ja} (s, τ) [( 1 +^{4λ2m}_{ω2m} ) ρ^{(m)}_{al} (τ) −^{2λm}_{ω2m} ϵ_{ar}λ^{(m)}_{rl} (τ)

]_P (m)_{l (0)} m_m } . (102) And similarly:

P^{(n)}_i (t) = m_nλ̇^{(n)}_{ij} (t)Q^{(n)}_j (0) + ρ̇^{(n)}_{ij} (t)P^{(n)}_j (0) −C_n ∫_t 0 ds ρ̇^{(n)}_{kj} (t − s) ( δ_{ik} −^{M θ}_{h̄} ϵ_{ik}^d_{ds} ) {[ v_{jl}(s) − u_{ja}(s) (u̇(t))^{−1}_{ab} v̇_{bl}(t) ] Q_l(t) + u_{ja}(s) (u̇(t))^{−1}_{al}^{Pl (t)}_M + + ∑ m C_m M ∫_t s dτ G^{(2)}_{ja} (s, τ) [ λ^{(m)}_{al} (τ) + 2λ_mϵ_{ar}ρ^{(m)}_{rl} (τ) ] Q^{(m)}_l (0)+ + ∑ m C_m M ∫_t s dτ G^{(2)}_{ja} (s, τ) [( 1 +^{4λ2m}_{ω2m} ) ρ^{(m)}_{al} (τ) −^{2λm}_{ω2m} ϵ_{ar}λ^{(m)}_{rl} (τ)

]_P (m)_{l (0)} m_m } . (103) Using these expressions as well as the relations (63,65), we obtain after some manipulations: α^{(n)}_{ij} (t) = −^{Cn}_{mn} ∫_t 0 ds [( 1 +^{4λ2n}_{ω2n} ) ρ^{(n)}_{kl} (t − s) −^{2λn}_{ω2n} ϵ_{kr} λ^{(n)}_{rl} (t − s) ] ( δ_{ik} −^{M θ}_{h̄} ϵ_{ik}^d_{ds} ) [ v_{lj} (s) − u_{la}(s) (u̇(t))^{−1}_{ab} v̇_{bj} (t) ]

β^{(n)}_{ij} (t) = −^{Cn}_{mnM} ∫_t 0 ds [( 1 +^{4λ2n}_{ω2n} ) ρ^{(n)}_{lk} (t − s) −^{2λn}_{ω2n} ϵ_{lr}λ^{(n)}_{rk} (t − s) ] ( δ_{il} −^{M θ}_{h̄} ϵ_{il}^d_{ds} ) × × { u_{ka}(s) (u̇(t))^{−1}_{aj} +^{θM}_{h̄} ϵ_{rj} [ v_{kr}(s) − u_{ka}(s) (u̇(t))^{−1}_{ab} v̇_{br}(t) ]} (104) And also: a^{(n,m)} ij (t) = [ λ^{(n)}_{ij} (t) + 2λ_nϵ_{ik}ρ^{(n)}_{kj} (t) ] δ_{n,m} −^{CnCm}_{mnM} ∫_t 0 ds ∫_t s dτ [ λ^{(m)}_{kj} (τ) + 2λ_mϵ_{kr} ρ^{(m)}_{rj} (τ) ] × ×Λ^{(2)}_{lk} (s, τ) [( 1 +^{4λ2n}_{ω2n} ) ρ^{(n)}_{il} (t − s) −^{2λn}_{ω2n} ϵ_{ip}λ^{(n)}_{pl} (t − s) ]

b^{(n,m)} ij (t) =^ρ (n) ij (t) m_n δn, m − C_nC_m m_nm_m M ∫_t 0 ds ∫_t s dτ ρ^{(m)}_{kj} (τ)Λ^{(2)}_{lk} (s, τ)× × [( 1 +^{4λ2n}_{ω2n} ) ρ^{(n)}_{il} (t − s) −^{2λn}_{ω2n} ϵ_{ip}λ^{(n)}_{pl} (t − s) ]

(105)

where

Λ^{(k)}_{ij} (s, τ) = ( δ_{il} − θ h̄ Mϵ_{il} d ds ) G^{(k)}_{lj} (s, τ), k = 1, 2. (106)

Finally:

a^{(n)}_{ij} (t) = −^{Cn}_M ∫_t 0 ds [ λ^{(n)}_{kj} (s) + 2λ_nϵ_{kl}ρ^{(n)}_{lj} (s) ] Λ^{(1)}_{ik} (t, s) b^{(n)}_{ij} (t) = −^{Cn}_{mn M} ∫_t 0 ds ρ^{(n)}_{kj} (s)Λ^{(1)}_{ik} (t, s)

(107)

We are now in a position to calculate all the coefficients appearing in the master equation. The result is:

A_{ij} (t) = 2 ∫_t 0 ds η_{kl}(t − s) ( δ_{ik} −^{M θ}_{h̄} ϵ_{ik}^d_{ds} ) [ v_{lj} (s) − u_{la}(s) (u̇(t))^{−1}_{ab} v̇_{bj} (t) ]

B_{ij} (t) =^2_M ∫_t 0 ds η_{lk}(t − s) ( δ_{il} −^{M θ}_{h̄} ϵ_{il}^d_{ds} ) { u_{ka}(s) (u̇(t))^{−1}_{aj} +^{θM}_{h̄} ϵ_{rj} [ v_{kr}(s) − u_{ka}(s) (u̇(t))^{−1}_{ab} v̇_{br} (t) ]}

C_{ij} (t) =^{h̄}_M ∫_t 0 dλ Λ^{(1)}_{jk} (t, λ)ν_{ik}(t − λ) +^{2h̄}_{M 2} ∫_t 0 ds ∫_t s dτ ∫_t 0 dλ Λ^{(1)}_{jk} (t, λ)Λ^{(2)}_{lr} (s, τ)η_{il}(t − s)ν_{rk} (τ − λ) D_{ij} (t) = h̄ ∫_t 0 dλ [_d dt G^{(1)}_{jk} (t, λ) ] ν_{ik} (t − λ) +^{2h̄}_M ∫_t 0 ds ∫_t s dτ ∫_t 0 dλ η_{il}(t − s) [_d dt G^{(1)}_{jk} (t, λ) ] Λ^{(2)}_{lr} (s, τ)ν_{rk}(τ − λ) (108) Two remarks are now in order. First of all the integrals in the previous expressions should be regarded as improper in the sense that e.g ∫_t 0 ds = lim_{ϵ→0}+ ∫_{t+ϵ} 0 . This is also required in the commutative case [32].

Secondly, as in the commutative case, all the matrices in the previous equation are in principle completely determined once the dissipation and noise kernels η_{ij} (t), ν_{ij} (t) are given. In particular, they do not depend on the initial conditions of the Brownian particle.

5 The weak coupling limit

As a particular case we consider a weak coupling between the Brownian particle and the heat bath. We will determine the matrices (108) to order O ( C^2_n ) . As η_{ij}(t), ν_{ij} (t) are of order O ( C^2_n ) , we conclude from (108) that we shall need the functions u_{ij} (t), v_{ij} (t) only to zero-th order:

Σ̈_{ij} (s) + Ω^2Σ_{ij} (s) − θ h̄ MΩ^2ϵ_{ik}Σ̇_{kj} (s) = 0. (109)

The general solution is obviously (cf.(68)):

Σ_{ij} (s) = m_{ik}ρ_{kj} (s) + n_{ik} λ_{kj} (s), (110)

where m_{ij} , n_{ij} are real constants and:

λ_{ij} (s) =^1_{2Σ} ∑ σ=± [δ_{ij} (Σ − σλ) cos((Σ + σλ)s) + σϵ_{ij} (Σ − σλ) sin ((Σ + σλ)s)]

ρ_{ij} (s) =^1_{2Σ} ∑ σ=± [δ_{ij} sin ((Σ + σλ)s) − σϵ_{ij} cos ((Σ + σλ)s)]

(111)

with λ = MΩ^2θ 2h̄ , Σ = Ω √ 1 + ( λ Ω )_2 . (112)

Notice that as before:

λ_{ij} (s = 0) = ρ̇_{ij} (s = 0) = δ_{ij} , λ̇_{ij} (s = 0) = ρ_{ij} (s = 0) = 0. (113)

To compute A_{ij} (t), B_{ij} (t) we do not really need the functions u_{ij} (s), v_{ij} (s), but rather the alternative set

R_{ij} (s) = v_{ij} (s) − u_{ik}(s) (u̇(t))^{−1}_{kl} v̇_{lj} (t), T_{ij}(s) = u_{ik}(s) (u̇(t))^{−1}_{kj} , (114)

which are equally linearly independent solutions of (109) with initial conditions:

R_{ij} (s = t) = Ṫ_{ij} (s = t) = δ_{ij} , Ṙ_{ij} (s = t) = T_{ij} (s = t) = 0 (115)

From (110,113) we obtain:

R_{ij} (s) = λ_{ij} (s − t), T_{ij}(s) = ρ_{ij} (s − t) (116) We then get from (108):

A_{ij} (t) = 2 ∫_t 0 ds η_{kl}(s) ( δ_{ik} +^{M θ}_{h̄} ϵ_{ik}^d_{ds} ) λ_{jl}(s) B_{ij}(t) =^2_M ∫_t 0 ds η_{kl}(s) ( δ_{ik} +^{M θ}_{h̄} ϵ_{ik}^d_{ds} ) [ ρ_{jl}(s) −^{θM}_{h̄} ϵ_{jr} λ_{rl}(s) ] (117)

In the commutative limit (λ → 0, Σ → Ω), λ_{ij} (t) → δ_{ij} cos(Ωt), ρ_{ij} (t) → δ_{ij} Ω sin(Ωt), η_{ij} (t) → δ_{ij} η(t), (118)

where: η(t) = − ∑ n C^2_n 2m_nω_n sin(ω_nt) (119)

is the commutative dissipation kernel. We then have: A_{ij} (t) → 2δ_{ij} ∫_t 0 ds η(s) cos(Ωs), B_{ij}(t) → 2δ_{ij} Mω_n ∫_t 0 ds η(s) sin(Ωs) (120)

as expected [32]. To compute C_{ij} (t), we need (s < τ):

G^{(1)}_{ij} (s, τ) = [u_{ik}(s)v_{kl}(τ) − v_{ik} (s)u_{kl}(τ)] [u̇_{lr}(τ)v_{rj}(τ) − v̇_{lr}(τ)u_{rj} (τ)] . (121)

Again, this is a solution of (109) in the variable s with conditions:

G^{(1)}_{ij} (s, τ) | | |_{s=τ} = 0, d ds G^{(1)}_{ij} (s, τ) | | |_{s=τ} = δ^{ij} . (122)

Therefore the solution is:

G^{(1)}_{ij} (s, τ) = ρ_{ij} (s − τ). (123)

The same holds for G^{(2)}_{ij} (s, τ) with s < τ. Notice that in eq.(108) the second term in the expression for C_{ij} (t) is of order greater than O ( C^2_n ) . We are thus left with:

C_{ij} (t) = h̄ M ∫_t 0 ds ν_{ik}(s) ( δ_{jl} − θM h̄ ϵ_{jl} d ds ) ρ_{lk}(s). (124)

Similarly: D_{ij} (t) = h̄ ∫_t 0 ds ν_{ik} (s) ( δ_{jl} − θM h̄ ϵ_{jl} d ds ) ρ̇_{lk}(s). (125)

In the commutative limit: C_{ij} (t) → h̄δ_{ij} MΩ ∫_t 0 ds ν(s) sin(Ωs), D_{ij} (t) → h̄δ_{ij} ∫_t 0 ds ν(s) cos(Ωs), (126)

where ν(s) = ∫_{+∞} 0 dω coth ( h̄βω 2 ) I(ω) cos(ωt), I(ω) = ∑ n C^2_n 2m_nω_n δ(ω − ω_n) (127)

are the commutative noise kernel and spectral density, respectively. Again this is in agreement with known results.

6 Linear entropy

A common issue in the context of dissipative quantum mechanics is that of finding general conditions of dissipativity [35], [36], i.e conditions under which the purity of a state is guaranteed to decrease. Using the noncommutative Hu-Paz-Zhang equation derived in section 3 we may now obtain a set of sufficient conditions for this ”H-theorem” to hold for the reduced Wigner function W_r. After a simple calculation we obtain: ṗ[W_r] = T r ( B − θ h̄ ϵA ) p[W_r] − ∫ dz ∇_z W_r · J ∇_zW_r, (128)

where z and ∇_z are as in eq.(12). The 2 × 2 matrices A, B, C and D are as in (64), ϵ is the 2 × 2 matrix with entries ϵ_{ij} and J is the 4 × 4 matrix:

J = θ h̄ (C^T ϵ − ϵC) C^T −^θ_{h̄} ϵD C +^θ_{h̄} D^T ϵ D + D^T

(129)

Since p[W_r] ≥ 0, we then have the following set of sufficient conditions for strict ”purity” decrease:

(i) the 2 × 2 matrix B −^θ_{h̄} ϵA has nonpositive trace; and (ii) the 4 × 4 matrix J is positive semidefinite.

7 Conclusions and outlook

Let us restate our results. We computed the equilibrium Wigner distribution for the reservoir of noncommutative harmonic oscillators as well as the first and second order moments of this distribution. Assuming uncorrelated but otherwise arbitrary initial distributions for the Brownian particle and the bath, we derived the exact noncommutative extension of the Hu-Paz-Zhang master equation to all orders in θ. As a particular case we considered the weak coupling regime and stated sufficient conditions for strict decrease of the purity of the Brownian particle.

In a forthcoming paper [37] we shall develop the deformation quantization for noncommutative systems further. This will be relevant to extract the results concerning the NC-C transition which was our initial purpose. In particular, we shall address Ohmic and non-Ohmic regimes, state necessary conditions for the NC-C transition and study entanglement in this context. We shall also investigate the possibility of a NC-classical transition by-passing the NC-C transition. Indeed, an interesting question is that of whether we may perform the limit h̄ → 0 before θ → 0. In other words, if it makes sense to obtain a noncommutative classical limit. The authors in [25] claim that this is not possible as all the terms appearing in the dynamical equations which involve the noncommutative parameter are of the form^θ_{h̄} . However, we feel that this requires further investigation. In particular we should not discard the possibility of taking the limit θ → 0, h̄ → 0 while keeping θ̃ = θ/h̄ constant.

We expect various time scales for the different transitions and should, therefore, consider a situation where various systems (with different decohering time scales) coexist. We may thus envisage the possibility of extending hybrid ensembles of coupled classical and quantum subsystems [38], [39], [40], [41] to hybrid classical-quantum commutative-quantum noncommutative systems.

Finally, it should be interesting to study the appearance of certain symmetries once the NC-C transition occurs. We are obviously thinking of toy models for Lorentz invariance.

Acknowledgments

The authors wish to thank O. Bertolami and A. Mikovic for useful comments and for reading the manuscript. This work was partially supported by the grants POCTI/MAT/45306/2002 and POCTI/0208/2003 of the Portuguese Science Foundation.

References

[1] H.S. Snyder, Phys. Rev. 71 (1947) 38, Phys.Rev. 72 (1947) 68.

[2] Letter of Heisenberg to Peierls (1930), Letter of Pauli to Oppenheimer (1946), Wolfgang Pauli, Scientific correspondence, Ed. Karl von Meyenn, Springer-Verlag, 1993.

[3] C.N. Yang, Phys. Rev. 72 (1947) 874.

[4] L. Freidel, E.R. Livine, Effective 3d Quantum Gravity and Non-Commutative Quantum Field Theory, Proceeding of the Conference ”Quantum Theory and Symmetries 4” (2005) (Varma, Bulgaria).

[5] A. Connes, M.R. Douglas, A. Schwarz, JHEP 02 (1998) 003. [6] M.R. Douglas, C. Hull, JHEP 02 (1998) 008. [7] N. Seiberg, E. Witten, JHEP 09 (1999) 032. [8] M. Rosenbaum, J.D. Vergara, hep-th/0505127.

[9] A. Connes, Noncommutative Geometry (1994), Academic Press, London. [10] P. Martinetti, Mod. Phys. Lett. A 20 (2005) 1315. [11] M.R. Douglas, N.A. Nekrasov, Rev. Mod. Phys. 73 (2001) 977. [12] R.J. Szabo, Phys. Rept. 378 (2003) 207. [13] O. Bertolami, L. Guisado, JHEP 0312 (2003) 013.

[14] S. Doplicher, K. Fredenhagen, J. Roberts, Phys. Lett. B331 (1994) 39, Commun. Math. Phys. 172 (1995) 187.

[15] L. Mezincescu, hep-th/0007046.

[16] H.O. Girotti, Noncommutative Quantum Field Theories, lectures delivered at the XII Summer School Jorge Andre Swieca (2003), Campos de Jordan, SP, Brazil, hep-th/0301237.

[17] P.-M. Ho, H.-C. Kao, Phys. Rev. Lett. 88 (2002) 151602.

[18] K. Bolonek, P. Kosiński, Acta Phys. Polon. B34 (2003) 2575, Phys. Lett. B547 (2002) 51. [19] O. Bertolami et al., Phys. Rev. D 72 (2005) 025010.

[20] M. Chaichian, M.M. Sheikh-Jabbari, A. Tureanu, Eur. Phys. J. C36 (2004) 251-252. [21] V. P. Nair, A.P. Polychronakos, Phys. Lett. B505 (2001) 267-274. [22] A.E.F. Djemai, H. Smail, Commun. Theor. Phys. 41 (2004) 837844. [23] J. Gamboa et al., Mod. Phys. Lett. A16 (2001) 2075-2078.

[24] S.M. Carroll et al., Phys. Rev. Lett. 87 (2001) 141601. [25] A. Eftekharzadeh, B.L. Hu, Braz. J. Phys. 35 (2005) 333-342.

[26] D. Giulini et al., Decoherence and the Appearence of a Classical World in Quantum Theory (1996), Springer.

[27] N.C. Dias, J.N. Prata, J. Math. Phys. 42 (2001) 5565. [28] N.C. Dias, J.N. Prata, Ann. Phys. 311 (2004) 120-151.

[29] F. Bayen et al., Annals of Physics 111 (1978) 61; Annals of Physics 110 (1978) 111. [30] B.L. Hu, J.P. Paz, Y. Zhang, Phys. Rev. D45 (1992) 2843. [31] B.L. Hu, J.P. Paz, Y. Zhang, Phys. Rev. D47 (1993) 1576. [32] J.J. Halliwell, T. Yu, Phys. Rev. D53 (1996) 2012. [33] A.O. Caldeira, A.J. Leggett, Physica 121A (1983) 587. [34] S. Jing, F. Zuo, T. Heng, JHEP (2004). [35] D.A. Lidar, A. Shabani, R. Alicki, quant-ph/0411119. [36] G. Lindblad, Commun. Math. Phys. 48 (1976) 119. [37] O. Bertolami, N.C. Dias, J.N. Prata, In preparation. [38] L. Diosi, J.J. Halliwell, Phys. Rev. Lett. 81 (1998) 2846. [39] M.J.W. Hall, M. Reginatto, Phys. Rev. A 72 (2005) 062109. [40] N.C. Dias, J. Phys. A: Math. Gen. 4 (2001) 771. [41] N.C. Dias, J.N. Prata, quant-ph/0005019.