arXiv:hep-th/0609192v4 29 Aug 2007

YITP-SB-06-40

Shift Theorem Involving the Exponential of a Sum of Non-Commuting Operators in Path Integrals

Fred Cooper^{1, ∗} and Gouranga C. Nayak^{2, †} 1Physics Division, National Science Foundation, Arlington VA 22230 2 C. N. Yang Institute for Theoretical Physics, Stony Brook University, SUNY, Stony Brook, NY 11794-3840, USA (Dated: August 29, 2007)

Abstract

We consider expressions of the form of an exponential of the sum of two non-commuting operators of a single variable inside a path integration. We show that it is possible to shift one of the noncommuting operators from the exponential to other functions which are pre-factors and post-factors when the domain of integration of the argument of that function is from −∞ to +∞. This shift theorem is useful to perform certain integrals and path integrals involving the exponential of sum of two non-commuting operators.

PACS numbers: PACS: 11.15.-q, 11.15.Me, 12.38.Cy, 11.15.Tk

∗Electronic address: fcooper@nsf.gov †Electronic address: nayak@max2.physics.sunysb.edu

Typeset by REVTEX 1

I. INTRODUCTION

In background field methods in quantum field theory one often encounters the exponential of the sum of non-commuting operators inside the path integration. A simple example of this type occurs when looking at pair production of charged scalars [1] [2] in the presence of a time dependent background electric field E(t) in the longitudinal ( z) direction. In the Axial gauge A_z = 0 so that

A_0 = −E(t)z. (1)

The action can be written in the form [3]

S^{(1)} = −i ∫_∞ 0 ds s ∫_{+∞} −∞ dt < t| ∫_{+∞} −∞ dx < x| ∫_{+∞} −∞ dy < y| ∫_{+∞} −∞ dz < z| [e^{−is[(p̂0+eE(t)z)2−p̂2z −p̂2T −m2−iϵ]} − e^{−is(p̂2−m2−iϵ)}]|z > |y > |x > |t > . (2) Inserting complete set of |p_T > states ∫ d^2p_T |p_T >< p_T | = 1 we find (we use the normalization < q|p >=^{1√}_{2π} e^{iqp})

S^{(1)} = −i (2π)^2 ∫_∞ 0 ds s ∫ d^2x_T ∫ d^2p_T e^{is(p2T +m2+iϵ)}[ ∫_{+∞} −∞ dt < t| ∫_{+∞} −∞ dz < z| e^{−is[(−i ddt +eE(t)z)2−p̂2z]}|z > |t > − ∫ dt ∫ dz 1 4πs ]. (3)

In the coordinate representation the operators p̂_0 =^1_i^∂_{∂t} and E(t) do not commute with each other. In order to evaluate this type of Path Integral it is quite useful to be able to shift the derivative operator from the exponential to pre-factor and post-factor functions that occur when we insert complete sets of states in order to evaluate the Path Integral.

In particular we would like to show that the following theorem is true: (in what follows we will suppress the y integration)

∫_{+∞} −∞ dx f_1(y) < x| e^{−[(a(y)x+h ddy )2 +b( ddx ) +c(y)]} |x > f_2(y) = ∫_{+∞} −∞ dx f_1(y) < x − h a(y) d dy | e^{−[a2(y)x2 + b( ddx ) +c(y)]} |x − h a(y) d dy > f_2(y). (4) Here h is a constant and f, a, b, c are functions of single variable, such that the integration over x is well defined.

In the above equation the state vector contains a differential operator. However, the state vector |x −^h_{a(y)}^d_{dy} > contains the derivative operator^d_{dy} not^d_{dx} . Hence the state vector is in x space with^d_{dy} acting as a c-number shift in x. In order to see how one manipulates such objects we find < x + i a(y) d dy |p_x > f(y) = 1 √ 2π e^{i(x+ ia(y) ddy )px} f(y) = 1 √ 2π e^{ixpx} e^{− 1a(y) ddy px} f(y). (5) It can be noted that eq. (4) can not be derived by replacing x → x − h a(y) d dy (6) directly in eq. (4). This is because a(y) and x commute with each other in the exponential whereas a(y) and^d_{dy} do not commute with each other under this replacement. Hence we will use a similarity transformation technique in section II to derive the above theorem which avoids this problem. Eq. (4) leads to the special case W = ∫_{+∞} −∞ dx < x| e^{−(a(y)x+h ddy )2} |x > f(y) = ∫_{+∞} −∞ dx < x − h a(y) d dy | e^{−a2(y)x2} |x − h a(y) d dy > f(y). (7) Let us evaluate the left and right hand side of the above equation separately. For the left hand side we find W = ∫_{+∞} −∞ dx < x| e^{−(a(y)x+h ddy )2} |x > f(y) = ∫_{+∞} −∞ dx < x|x > e^{−(a(y)x+h ddy )2} f(y) = 1 2π ∫ dp ∫_{+∞} −∞ dx e^{−(a(y)x+h ddy )2} f(y) (8) where we have used < x|p >=^{1√}_{2π} e^{ixp} after inserting a complete set of |p > states ( ∫ dp|p >< p| = 1). Although eq. (8) is formally infinite, the x-integral inside W I(y) = 1 2π ∫_{+∞} −∞ dx e^{−(a(y)x+h ddy )2} f(y) (9) is finite. Now evaluating the right hand side of eq. (7) we find (after inserting a complete set of x^′ states) W = ∫_{+∞} −∞ dx ∫_{+∞} ∞ dx^′ < x − h a(y) d dy |x^′ > e^{−a2 (y)x′2} δ(x − h a(y) d dy − x^′) f(y) (10)

As mentioned above we can not integrate over x^′ by the replacement x^′ = x − h a(y) d dy (11)

in eq. (10) because a(y) and x^′ commute with each other in the exponential in eq. (10) whereas a(y) and^d_{dy} do not commute with each other under this replacement. However, we can perform the x integration by the replacement

x = x^′ + h a(y) d dy (12)

in eq. (10) because a(y)x is not present in eq. (10). Integrating over x we find W = ∫_{+∞} −∞ dx^′ < x^′|x^′ > e^{−a2(y)x′2} f(y) = 1 2π ∫ dp ∫_{+∞} −∞ dx e^{−a2(y)x2} f(y). (13) From the above equation the x integral expression is given by I(y) = 1 2π ∫_{+∞} −∞ dx e^{−a2(y)x2} f(y). (14) By equating eqs. (9) and (14) we find (as a result of the shift theorem) that the following integrals are equivalent. I(y) = ∫_{+∞} −∞ dx e^{−(a(y)x+h ddy )2} f(y) = ∫_{+∞} −∞ dx e^{−a2(y)x2} f(y). (15) This form of the shift theorem does not suffer from the formally infinite constant ⟨x|x⟩ = δ(0) = 1 2π ∫ dp. (16) We will check the validity of eq. (15) (order by order in h) by directly expanding the exponential in a Taylor series in h later in this paper.

This last identity allows one to immediately perform the x integration to obtain: I(y) = ∫_{+∞} −∞ dx e^{−(a(y)x+h ddy )2} f(y) = √ π a(y) f(y). (17)

As a result of this theorem being true, one can the rewrite the one loop effective action for scalar QED in the alternative form,

S^{(1)} = i (2π)^2 ∫_∞ 0 ds s ∫ d^2x_T ∫ d^2p_T e^{is(p2T +m2+iϵ)} [ ∫ dt ∫ dz 1 4πs − ∫_{+∞} −∞ dt < t| ∫_{+∞} −∞ dz < z + i E(t) d dt |e^{−is[(e2E2(t)z2−p̂2z]}|z + i E(t) d dt > |t >]. (18)

This form is useful in evaluating the Action [3].

This above theorem eq. (4) can be generalized to involve matrices as follows

I^{ij} (y) = ∫_{+∞} −∞ dx [f_1(y) < x| e^{−[(A(y)x + h[ ddy ])2 + B( ddx ) +C(y)]}|x > f_2(y)]^{ij} = ∫_{+∞} −∞ dx [f_1(y) < x − h A(y) [ d dy ]|e^{−[A2(y)x2 +B( ddx )+C(y)]}|x − h A(y) [ d dy ] > f_2(y)]^{ij} (19)

Here h is a constant and f^{ij}_1 (y), f^{ij}_2 (y), A^{ij} (y), C^{ij} (y), are (i, j) dimension matrices which do not commute with^d_{dy} ; δ^{ij} B(^d_{dx} ) is a function of^d_{dx} , chosen that the integration over x is well defined.

This shift by derivative technique will be very useful when one studies particle production from arbitrary background fields via Schwinger-like mechanisms in QED and QCD [1, 2]. Quark and gluon production from arbitrary classical chromofields is expected to be an important ingredient in the production and equilibration of the quark-gluon plasma found at the RHIC and LHC [4, 5].

This paper is organized as follows. In section II we provide general derivations of eqs. (4), and (19) by using similarity transformation techniques. These theorems have been checked in cases where we consider the integrals as a function of the variable h and assume that the integrals have a unique Taylor Series in h. For f(y) belonging to the class of functions which allow such a Taylor expansion, we verify eq. (15) in section III. We present our conclusions in section IV.

II. SIMILARITY TRANSFORMATION APPROACH FOR DERIVING THE “SHIFT THEOREM”

In this section we provide a general derivation of eqs. (4) and (19) by using similarity transformations. Before giving such a derivation we consider here a simple case (a(y) = a=constant) to show how the derivative operator acts as a c-number when x integration is from −∞ to +∞. We find by using Fourier transformation technique ∫_{+∞} −∞ dxe^{−(ax+h ddy )2} f(y) = ∫_{+∞} −∞ dxe^{−(ax+h ddy )2} ∫ dpf(p)e^{iyp} = ∫ dp ∫_{+∞} −∞ dxe^{−(ax+ihp)2} f(p)e^{iyp} = ∫ dp ∫_{+∞} −∞ dxe^{−a2 x2} f(p)e^{iyp} = ∫_{+∞} −∞ dxe^{−a2 x2} f(y). (20)

In the above we have assumed that f(y) is well enough behaved so that it is legal to change the order in which the integrations are taken. In what follows we will assume that f(y) is sufficiently differentiable, integrable etc. so that all the formal manipulations are valid.

However, this Fourier transformation technique does not work if a(y) is not a constant. This is because a(y) and^d_{dy} do not commute with each other in the exponential. For this purpose we use a similarity transformation technique to derive the shift theorem.

A. Shift Theorem Involving Non-Commuting Operators in the Exponential

Consider the following similarity transformations acting on x: x ± h a(y) d dy = e^{± ha(y) ddy ddx} x e^{∓ ha(y) ddy ddx} . (21) Since e^{ha(y) ddy ddx} commutes with b(^d_{dx} ) we find (a(y)x + h d dy )^2 + b( d dx ) = e^{ha(y) ddy ddx} [(e^{− ha(y) ddy ddx} a(y) e^{ha(y) ddy ddx} x)^2 + b( d dx )]e^{− ha(y) ddy ddx} . (22) Hence ∫_{+∞} −∞ dx f_1(y) < x| e^{−[(a(y)x+h ddy )2 + b( ddx ) +c(y)]} |x > f_2(y) = ∫_{+∞} −∞ dxf_1(y) < x| e^{ha(y) ddy ddx} e^{−[(e−} h a(y) d dy d dx a(y)e h a(y) d dy d dx x)^2+b(^d_{dx} )+e^− h a(y) d dy d dx c(y)e h a(y) d dy d dx ] e^{− ha(y) ddy ddx} |x > f_2(y). (23) Unlike the situation in eq. (6) we can now change the x integration variable to x^′ via x = x^′ − h a(y) d dy . (24)

This is because (unlike the left hand side of eq. (23)), a(y) and x can not be interchanged in the right hand side of eq. (23). Hence we can change the x variable to x^′ via eq. (24) which involves a derivative. With the above change in integration variable the integration limits for x^′ remain ±∞. Under this change of integration variable one also has dx = dx^′. With these changes we find from the equation (23) I(y) = ∫_{+∞} −∞ dx f_1(y) < x − h a(y) d dy | e^{ha(y) ddy ddx} e^{−[(e−} h a(y) d dy d dx a(y) e h a(y) d dy d dx (x−^h_{a(y)}^d_{dy} ))^2 + b(^d_{dx} ) + e^− h a(y) d dy d dx c(y) e h a(y) d dy d dx ] e^{− ha(y) ddy ddx} |x − h a(y) d dy > f_2(y). (25)

Using eq. (21) for the similarity transformation of (x −^h_{a(y)}^d_{dy} ) we find I(y) = ∫_{+∞} −∞ dxf_1(y) < x|e^{−[(a(y)x+h ddy )2+b( ddx ) +c(y)]}|x > f_2(y) = ∫_{+∞} −∞ dxf_1(y) < x − h a(y) d dy |e^{−[a2(y)x2 + b( ddx )+c(y)]}|x − h a(y) d dy > f_2(y). (26)

This concludes our derivation of eq. (4), and consequently the special case (15).

B. Shift Theorem Involving Matrices and Non-Commuting Operators in the Exponential

The above derivations can be easily extended to involve matrices. This will be useful for evaluating path integrals in SU(3) gauge theory in the presence of background field. We will derive eq. (19) in this section by using similarity transformation involving matrices.

We next consider the similarity transformation on the matrices xδ^{ij} as follows δ^{ij} x ± [ h A(y) [ d dy ]]^{ij} = [e^{± ddx hA(y) [ ddy ]}xe^{∓ ddx hA(y) [ ddy ]}]^{ij} (27) where A^{ij}(y) is y dependent matrix.

Since [e^{ddx hA(y) [ ddy ]}]^{ij} commutes with δ^{ij}B(^d_{dx} ) we find [(A(y)x + h[ d dy ])^2]^{ij} + δ^{ij}B( d dx ) = [e^{ddx hA(y) [ ddy ]}]^{im}[(e^{− ddx hA(y) [ ddy ]}A(y)e^{ddx hA(y) [ ddy ]}x)^2 + B( d dx )]^{ml} [e^{− ddx hA(y) [ ddy ]}]^{lj} . (28) Repeating the same logic as used previously, we obtain

I^{ij} (y) = ∫_{+∞} −∞ dx[f_1(y) < x|e^{−[(A(y)x+h[ ddy ])2+B( ddx )+C(y)]}|x > f_2(y)]^{ij} = ∫_{+∞} −∞ dx[f_1(y) < x − h A(y) [ d dy ]|e^{−[A2(y)x2 +B( ddx )+C(y)]}|x − h A(y) [ d dy ] > f_2(y)]^{ij}. (29)

Since this ”derivation” is rather formal and relies on similarity transformations that are not very familiar, we will now give examples demonstrating the usefulness and validity of the special case eq. (15), assuming that the integrals define a function which is Taylor ”expandable” in a series in h.

III. SOME SPECIAL CASES

In this section we would like to consider the special case A[h, y] = ∫_{+∞} −∞ dx e^{−(a(y)x+h ddy )2} f(y) (30) We would like to show that A[h, y] = ∫_{+∞} −∞ dx e^{−a2(y)x2} f(y) = A[h = 0, y]. (31) To do this we will need to assume that f(y) is such that A[h, y] has a unique Taylor expansion in the variable h.

To obtain the Taylor series we will use a theorem for two non-commuting operators A, B e^{−(A+B)} = e^{−A} [1 + ∞∑ n=1 (−1)^n n∏ i=1 [ ∫_{xi−1} 0 dx_i e^{xiA} B e^{−xiA}] ]. (32) Using eq. (32) in (30) we find e^{−(a(y)x+h ddy )2} f(y) = e^{−A} [1 − ∫_1 0 dx_1e^{x1A} B e^{−x1A} + ∫_1 0 dx_1 e^{x1A} B e^{−x1A} ∫_{x1} 0 dx_2e^{x2A} B e^{−x2A} − ∫_1 0 dx_1 e^{x1A} B e^{−x1A} ∫_{x1} 0 dx_2e^{x2A} B e^{−x2A} ∫_{x2} 0 dx_3e^{x3A} B e^{−x3A} + ..... ]f(y) (33) where (a(y)x + h d dy )^2 = A + B, A = a^2(y)x^2 B = 2x a(y) h d dy + x h da(y) dy + h^2 d^2 dy^2 . (34) Integrating x from −∞ to +∞ in eq. (33) we write A[h, y] = ∫_{+∞} −∞ dx e^{−A} [f(y) − I_1[h, y] + I_2[h, y] − I_3[h, y] + I_4[h, y] + ......] (35) where I_n[h, y] = ∫_{+∞} −∞ dx e^{−A} [ ∏_n i=1 [ ∫_{xi−1} 0 dx_i e^{xiA} B e^{−xiA}]]f(y) ∫_{+∞} −∞ dx e^{−A} (36) with x_0 =1 and n=1,2,3...etc. The I_n consist of a finite number of terms in h from h^n up to h^{2n} Using the expressions for A and B from eq. (34) and performing the x and x_i’s integrations explicitly in eq (36) we can obtain explicit expressions for all I_n. Then assuming that after we perform the integrations we can write A[h, y] = ∞∑ n=0 A_n[y]h^n (37)

we will find that except for n = 0 all the coefficients in the Taylor series in h are zero.

A. Examples using simple function for a(y) and f(y)

First, we will consider two examples for a(y) and f(y) to demonstrate how eq. (30) works before giving the result for general a(y) and f(y). If we look at each power of h in the expression of I_n, each odd power of h formally vanishes because it contains an odd integration over x (see eq. (34)). Example I: a(y) = y, f(y) = y.

Using a(y) = y and f(y) = y in eq. (36) we find

− I_1 = h^2 1 2y , I_2 = −h^2 1 2y − h^4 19 24y^3

(38)

which gives −I_1 + I_2 = −h^{4 19}_{24y3} , independent of terms containing two powers of h. Similarly we find

− I_3 = h^4 19 12y^3

+ h^6 35 48y^5

, I_4 = −h^4 19 24y^3

+ h^6 123 48y^5

+ h^8

4199 640y^7

(39)

which gives −I_1 + I_2 − I_3 + I_4 = h^{6 79}_{24y5} + h^{8 4199}_{640y7} , independent of terms containing four powers of h. This process can be repeated and we find −I_1 + I_2 − .....I_n is independent of terms containing upto n powers of h. Thus if we assume that our series in B gives us the unique Taylor Series in h , then we find that the answer is independent of h which is what we wished to show.

Example II: a(y) =^1_{y2} , f(y) = e^{−y}.

Using a(y) =^1_{y2} and f(y) = e^{−y} in eq. (36) we find

− I_1 = e^{−y} h^2[−1 + 2 y + 1 y^2

], I_2 = e^{−y}{ h^2[1 − 2 y − 1 y^2

] + h^4[ 1 2 − 2 y − 5 3y^2 + 5 6y^4

]},(40) which gives −I_1 + I_2 = e^{−y}h^4[^1_2 −^2_y −^5_{3y2} +^5_{6y4} ], independent of terms containing two powers of h (or^d_{dy} ). Similarly we find

−I_3 = e^{−y}{ h^4[−1 + 4 y + 20 3y^2 − 20 3y^4

] + h^6[− 1 6 + 1 y + 7 6y^2 − 7 2y^4 − 7 y^5 − 29 6y^6 ]}, I_4 = e^{−y}{ h^4[ 1 2 − 2 y − 5 y^2 + 35 6y^4

] + h^6[ 1 2 − 3 y − 49 6y^2 + 91 2y^4 + 91 y^5 + 101 2y^6 ] +h^8[ 1 24 − 1 3y − 1 2y^2 + 15 4y^4 + 15 y^5 + 1313 42y^6 + 736 21y^7 + 2855 168y^8 ]} (41)

which gives

−I_1 + I_2 − I_3 + I_4 = e^{−y}{h^6[ 1 3 − 2 y − 7 y^2 + 42 y^4 + 84 y^5 + 137 3y^6 ] +h^8[ 1 24 − 1 3y − 1 2y^2 + 15 4y^4 + 15 y^5 + 1313 42y^6 + 736 21y^7 + 2855 168y^8 ]} (42)

independent of terms containing four powers of h . So continuing this reasoning to larger n we find again naively the result is independent of h. Of course for the above choices of a(y), if one wants to also integrate over y one must exclude the origin in further integration over y for this result to make sense.

B. General a(y) and f(y)

For general a(y) and f(y) we find from eq. (36)

− I_1 = h^2 ( − f[y]a^′[y]^2 2a[y]^2 + a^′[y]f^′[y] a[y] + f[y]a^{′′}[y] 2a[y] − f^{′′}[y] ) (43) and I_2 = h^2 ( f[y]a^′[y]^2 2a[y]^2 − a^′[y]f^′[y] a[y] − f[y]a^{′′}[y] 2a[y] + f^{′′}[y] ) + h^4 ( 5f[y]a^′[y]^4 24a[y]^4 − a^′[y]^3f^′[y] a[y]^3 − f[y]a^′[y]^2a^{′′}[y] a[y]^3 + 2a^′[y]f^′[y]a^{′′}[y] a[y]^2 + 3f[y]a^{′′}[y]^2 8a[y]^2 + 4a^′[y]^2f^{′′}[y] 3a[y]^2 − 7a^{′′}[y]f^{′′}[y] 6a[y] + 7f[y]a^′[y]a^{(3)}[y]

12a[y]^2 − 2f^′[y]a^{(3)}[y] 3a[y] − a^′[y]f^{(3)}[y] a[y] − f[y]a^{(4)}[y] 6a[y] + 1 2 f^{(4)}[y] ) (44)

By adding eqs. (43) and (44) we find

−I_1 + I_2 = h^4 ( 5f[y]a^′[y]^4

24a[y]^4 − a^′[y]^3f^′[y] a[y]^3 − f[y]a^′[y]^2a^{′′}[y] a[y]^3 + 2a^′[y]f^′[y]a^{′′}[y] a[y]^2 + 3f[y]a^{′′}[y]^2 8a[y]^2 +

4a^′[y]^2f^{′′}[y]

3a[y]^2 − 7a^{′′}[y]f^{′′}[y] 6a[y] + 7f[y]a^′[y]a^{(3)}[y] 12a[y]^2 − 2f^′[y]a^{(3)}[y] 3a[y] − a^′[y]f^{(3)}[y] a[y] − f[y]a^{(4)}[y] 6a[y] + 1 2 f^{(4)}[y] )

(45)

which is independent of terms containing two powers of h.

Similarly evaluating I_3 and I_4 we find that −I_1 + I_2 − I_3 + I_4 does not contain terms up to four powers of h.

This process can be repeated up to arbitrary powers of h so we find that the coefficients of h^n for n=1,2,3.... vanish

Thus if there is a unique Taylor series for A[h, y], then we obtain

A[h, y] = A[h = 0, y] (46)

which is what we wanted to show.

IV. CONCLUSIONS

To conclude, we have shown that, remarkably, inside of integrals over the entire real line one can shift the non-commuting derivative operator (not depending on the integration variable) which occurs in exponentials just as if it were a constant. In particular we have shown that

∫_{+∞} −∞ dx f_1(y) < x| e^{−[(a(y)x+h ddy )2 +b( ddx ) + c(y)]} |x > f_2(y) = ∫_{+∞} −∞ dx f_1(y) < x − h a(y) d dy | e^{−[a2(y)x2 + b( ddx ) + c(y)]} |x − h a(y) d dy > f_2(y), (47)

as well as its extension to Matrix functions, where h is a constant and f, a, b c are functions of single variable chosen that the integration over x is well defined. This shift theorem should prove useful in the evaluation of Path Integrals that occur when utilizing the background field method. A discussion of pair production from a time dependent electric field which will utilize this theorem will be the subject of a subsequent paper [3].

Acknowledgments

We thank Warren Siegel, George Sterman and Peter van Nieuwenhuizen for discussions. This work was supported in part by the National Science Foundation, grants PHY-0354776 and PHY-0345822. One of us (F.C.) would like to thank both the Santa Fe Institute and the Physics Department at Harvard University for their hospitality while this work was done.

[1] W. Heisenberg and H. Euler, Z. Physik 98, (1936) 714. J. Schwinger, Phys. Rev. 82 (1951) 664.

V. Weisskopf, Kong. Dans. Vid. Selsk. Math-fys. Medd. XIV No. 6 (1936); English translation in: Early Quantum Electrodynamics: A Source Book, A. I. Miller, (Cambridge University Press, 1994).

[2] G. Nayak and P. van Nieuwenhuizen Phys. Rev. D71 (2005) 125001; F. Cooper and G. C.

Nayak, Phys. Rev. D73 (2006) 065005; G. C. Nayak, Phys. Rev. D72 (2005) 125010. [3] F.Cooper and G. Nayak e-Print: hep-th/0611125 [4] F. Cooper and E. Mottola, Phys. Rev. D 40, 456 (1989); Y. Kluger, J. M. Eisenberg, B. Svetitsky, F. Cooper and E. Mottola, Phys. Rev. Lett. 67 (1991) 2427; Y. Kluger, J. M. Eisenberg, B. Svetitsky, F. Cooper and E. Mottola, Phys. Rev. D 45 (1992)4659. F. Cooper, J.M. Eisenberg, Y. Kluger, E. Mottola, and B. Svetitsky, Phys. Rev. D 48 (1993) 190. hep-ph/9212206; F.Cooper, J. Dawson, Y. Kluger and H. Shepard, Nuclear Physics A566 (1994) 395c.

[5] F. Cooper, E. Mottola and G. C. Nayak, Phys. Lett. B 555, 181 (2003); G. C. Nayak, et al, Nucl. Phys. A 687, 457 (2001); G. C. Nayak and V. Ravishankar, Phys. Rev. D55 (1997) 6877; Phys. Rev. C58 (1998) 356; R. S. Bhalerao and G. C. Nayak, Phys. Rev. C61 (2000) 054907; G. C. Nayak, JHEP 9802:005,1998; Phys. Lett. B442 (1998) 427; G. C. Nayak and W. Greiner, hep-th/0001009; D. D. Dietrich, G. C. Nayak and W. Greiner, Phys. Rev. D64 (2001) 074006; hep-ph/0009178; J. Phys. G28 (2002) 2001; C-W. Kao, G. C. Nayak and W. Greiner, Phys. Rev. D66 (2002) 034017; F. Cooper, C-W. Kao and G. C. Nayak, Phys. Rev. D66 (2002) 114016.

[6] We thank George Sterman for pointing this to us.

[7] Ashok Das, “Finite Temperature Field Theory” World Scientific , Singapore(1997).