arXiv:hep-th/0610021 v1 1 Oct 2006

hep-th/0610021 MCTP-06-25

A Geometric Action for the Courant Bracket

Xiaolong Liu^1, Leopoldo A. Pando Zayas^2,

Vincent G. J. Rodgers^1 and Leo Rodriguez^1

1 Department of Physics and Astronomy The University of Iowa Iowa City, IA 52242

2 Michigan Center for Theoretical Physics Randall Laboratory of Physics, The University of Michigan Ann Arbor, MI 48109-1040

Abstract

An important operation in generalized complex geometry is the Courant bracket which extends the Lie bracket that acts only on vectors to a pair given by a vector and a p-form. We explore the possibility of promoting the elements of the Courant bracket to physical fields by constructing a geometric action based on the Kirillov-Kostant symplectic form. The action generalizes Polyakov’s twodimensional quantum gravity which might be viewed as the geometric action for the Virasoro algebra. In particular, we show that the action arising from the centrally extended Courant bracket for a pair of a vector and a zero form is similar to the action obtained from the semidirect product of the Virasoro algebra with the affine Kac-Moody algebra with group U(1). We also discuss the general case of p-forms but the situation is more restricted.

1 Introduction

Understanding fluxes in string theory is one of the most active recent directions. Two immediate applications are found in the AdS/CFT correspondence and in moduli stabilization which plays a central role in phenomenological string model building. One of the best understood situations pertains to the B-field. Recently, there has been a successful cross fertilization between the mathematical and physics communities on this topic. In particular, generalized complex geometry has been shown to be relevant for various aspects of string theory with fluxes.

Generalized complex geometry has been introduced by Hitchin as a form of constructing differential geometry with a B-field [1,2]. More mathematically, a generalization of complex geometry, which basically considers structures in the tangent bundle of a manifold T , is to consider structures in T ⊕^∗T , that is, in the sum of the tangent and the cotangent bundle. A more complete account of generalized complex geometry can be found in [3]. The interplay of this concept with the physics of supersymmetric sigma-models is still being explored but has already clarified various interesting properties of background with fluxes (for reviews see [4]). An example of generalized complex geometry is bi-Hermitian geometry which was already known in physics more than twenty years ago due to the work of Gates, Hull and Rocek [5].

From symmetries to actions: The paradigm for constructing an action given a symmetry algebra came from the seminal work of Kirillov [6–8], who recognized the important relation between symplectic structures and coadjoint orbits. The paradigm can be summarized for a symmetry group G as:

• Identify the algebra of symmetries, G associated with the group G.

• Write a pairing < X̃ | Y > between Y an element of G and X̃ an element of G^∗.

• Using the adjoint representation, demand that the pairing be invariant. This allows us to define the coadjoint representation.

• The orbits of each element of the coadjoint representation, say X̃, corresponds to a symplectic manifolds with G/H symmetry where H is the subgroup that leaves X̃ invariant. For W and Z elements of G, the natural symplectic two-form on the orbit of X̃ is simply Ω~_X (W, Z) ≡< X̃ | [W, Z] > .

• Use the natural symplectic structure on the orbits to build a Geometric Action,

S~_X = ∫ Ω~_X . The fields in the geometric action corresponds to elements of the group G while X̃ is a background field that dictates the symmetry of the action.

The Courant bracket can be viewed as an extension of the Lie bracket of vector fields by acting on pairs given by a vector an a p-form [9]. For the particular case of p = 0, and in the appropriate dimension, it furnishes a generalization of the Virasoro algebra. Thus, our interest in constructing geometric actions for the Courant bracket is twofold. First, we are interest in any generalization of the Virasoro algebra, simply because this is the symmetry underlying conformal invariance in two dimensions and correspondingly string theory. Second, we hope to clarify the role of the Courant bracket as a central element in generalized complex geometry using physics tools particularly those related to worldsheet.

The goal of the present paper is to carry out explicitly the above program for the Courant bracket. We start by constructing the coadjoint representation. Since the orbit of every coadjoint element of a Courant bracket is equipped with a natural symplectic structure, that symplectic structure can be used to build an invariant action. In the particular case of p = 0, we will construct the geometric action for the Courant bracket and show that its central extension is a generalization of the Lioville action for the Virasoro algebra.

The paper is organized as follows. Section 2 contains a brief review of generalized complex geometry and introduces the Courant bracket. Section 3 reviews in detail the construction of geometric actions and presents Polyakov’s two-dimensional quantum gravity as the geometric action for the Virasoro algebra. In section 4 we explicitly construct the action that results from the Courant bracket in the case of p = 0. We also consider the central extension of this case and find that it is, in many aspects, similar to the action obtained from the semidirect product of the Virasoro algebra with a Kac-Moody affine algebra with group U(1). Section 5 discusses the general case p ≠ 0. We find that the action is well-defined for a restricted set of elements in T ⊕ Λ^pT^∗. We present our conclusions and point out some interesting open directions in section 6.

2 Generalized complex geometry and the Courant bracket

Motivated by the prominent role that the B-field plays in string theory Hitchin initiated a program to study differential geometry by considering structures in T ⊕T^∗ rather than the standard tangent bundle T . An element of this generalized bundle is of the form (X, ξ) where X is a vector and ξ a one-form. This bundle comes with a natural indefinite metric via the interior product of a one-form and a vector: ⟨(X, ξ), (X, ξ)⟩ = −i_X ξ. The B-field appears naturally in this picture since a two-from naturally introduces an automorphism of T ⊕ T^∗ according to B : (X, ξ) → (X, ξ + i_X B). Thus, in this picture the B-field generates isometries of the natural metric discussed above since i_X i_X B = 0.

In principle, there is no canonical Lie bracket for this bundle, one can however introduce the Courant bracket which has a number of interesting and natural properties. The Courant bracket is a generalization of the Lie bracket on sections of the tangent bundle T to sections of the bundle T ⊕ T^∗. Let X and Y be vector fields and ξ and η p-forms. The Courant bracket is defined on pairs (T, ξ) ∈ C^∞ (T ⊕ Λ^pT^∗) as [(X, ξ), (Y, η)] = ( [X, Y ], L_X η − L_Y ξ − 1 2 d [ i_X η − i_Y ξ ] ) . (2.1)

An important property of the Courant bracket is that it allows non-trivial automorphisms defined by a closed p + 1-form α ∈ C^∞ (Λ^{p+1}T^∗):

A(X, ξ) = (X, ξ + i_X α) (2.2)

Using that [L_X , i_Y ] = i_{[X,Y ]} one can easily check that A([(X, ξ), (Y, η)] = [A(X, ξ), A(Y, η)]. (2.3) In the case of p = 1, as noted above, this automorphism is a natural place for introducing the B-field.

In general the Courant bracket does not satisfy the Jacobi identity. This property makes it necessary for us to introduce the definition of Dirac structure which will play an important role in our analysis.

Definition: A Dirac structure on M is a subbundle E ∈ T ⊕ T^∗ such that: • E is maximally isotropic for natural metric. • Sections of E are closed under the Courant bracket.

One interesting case is p = 0, in this case the Courant bracket does satisfy the Jacobi identity. It takes the form [(X, f), (Y, g)] = ([X, Y ], L_X g − L_Y f) . (2.4)

3 From adjoint action to invariant action

Let us begin by considering an algebra G. The action of the adjoint representation on itself is realized through the commutator,

X ∗ Y = [X, Y ], (3.1)

where X and Y are in the adjoint representation. We introduce a representation dual to the adjoint representation by constructing an invariant scalar ⟨X̃|Y ⟩ = C(X̃, Y ), (3.2) where the X̃ is an element in the dual representation. C(X̃, Y ) represents a scalar with respect to the algebra so that for any Z and Y in the adjoint representation, and any X̃ in the dual representation Z ∗ C(X̃, Y ) = 0. (3.3) By using Leibnitz rule we can extract the action of the adjoint elements on the dual elements, Z ∗ ⟨X̃|Y ⟩ = 0 → ⟨Z ∗ X̃|Y ⟩ + ⟨X̃|Z ∗ Y ⟩ = 0, (3.4) and since the action of the adjoint representation on itself is known we conclude that ⟨Z ∗ X̃|Y ⟩ = −⟨X̃|Z ∗ Y ⟩ = −⟨X̃|[Z, Y ]⟩. (3.5) We define the coadjoint representation as the elements, say X̃, which are dual to the algebra so that the action of any element of the adjoint representation, Z ∗ X̃ is defined through ⟨Z ∗ X̃|Y ⟩ = −⟨X̃|[Z, Y ]⟩. (3.6) The group action of G on X̃ is generated by the adjoint representation for those elements of the group that are connected to the identity. Since the algebra generates the group G, one can use the algebra to make infinitesimal changes to the coadjoint element X̃. For fixed X̃, the group action on X̃ defines the coadjoint orbit of X̃. There are some group elements that leave X̃ invariant. The isotropy algebra, H of X̃ is determined by the subalgebra of elements that send X̃ to zero. In other words, F is said to be in H if F ∗ X̃ = 0. H generates the isotropy group H. The coadjoint orbit of X̃ is then characterized by the coset space G/H. The adjoint action of X̃ determines the tangent space on the orbit of X̃. One may write that δ_ZX̃ = Z ∗ X̃ on the coadjoint orbit. Given two coadjoint elements X̃_1 and X̃_2 on the orbit of X̃, one may define symplectic two form by writing

Ω~_X (X̃_1, X̃_2) = ⟨X̃ | [F_1, F_2]⟩,

where δ_{F1}X̃ = X̃_1 and δ_{F2}X̃ = X̃_2. It is symplectic since Ω~_X (X̃_1, X̃_2) is closed by virtue of the Jacobi identity of the algebra and nondegenerate [6–8,10]. This is known in the literature as the Kostant-Kirillov form. Using Ω~_X (X̃_1, X̃_2) the construction of the geometric action for the coadjoint orbit of X̃ is straightforward. To proceed with the construction of the geometric action, one fixes the background fields X̃. This chooses the symmetry of the action via G/H. Then by using the group action on X̃, integrates this symplectic two form over a two-dimensional manifold and recovers the geometric action. S~_X = ∫ Σ Ω~_X . (3.7)

This geometric action has inherited the G/H symmetry of the orbit. We come to the explicit construction of the action in sections 4 and 5.

3.1 From the Virasoro algebra to the Polyakov action

Let us briefly review how the 2D gravity à la Polyakov arises as the geometric action of a particular orbit of the Virasoro algebra. We view the Virasoro group as the group of diffeomorphisms of a line or the circle DiffS^1.

The Virasoro algebra is the centrally extended algebra of Lie derivatives in one dimension. Recall that in any dimension the algebra of Lie derivatives can be written as L_ξη^a = −ξ^b∂_bη^a + η^b∂_bξ^a = (ξ ∘ η)^a, (3.8)

and satisfies, [L_ξ, L_η ] = L_{ξ∘η}. (3.9)

In one dimension, we can centrally extend this algebra by including a two cocycle which is coordinate invariant and satisfies the Jacobi identity. We write the commutation relations as [(L_ξ, a), (L_η, b)] = (L_{ξ∘η}, (ξ, η)). (3.10)

Here (ξ, η) is called a two-cocycle and maps a pair of elements of the algebra into complex numbers and also satisfies the Jacobi identity. The two cocycle depends on

Figure 1: Coadjoint Orbits

the one-dimensional metric g_{ab}, an arbitrary rank two tensor D_{ab}, and a constant, c: (ξ, η) = c 2π ∫ (ξ^a∇_a∇_b∇_cη^c) dx^b + 1 2π ∫ (ξ^aD_{ab}∇_cη^c) dx^b − (ξ ↔ η). (3.11)

Here the index structure is left intact in order to show the invariance of the two cocycle. The one dimensional metric tensor g_{ab} is compatible with the covariant deriviative operator ∇. Only the triple derivative term is special to the one dimensional construction as it will not satisfy the Jacobi identity in other than one dimension. The term containing D_{ab} can exist as a two-cocycle for the algebra of Lie derivatives over any line integral in higher dimensions.

Now taking advantage of the fact that we are in one dimension we write, (ξ, η) = c 2π ∫ (ξη^{′′′} − ξ^{′′′}η) dx + 1 2π ∫ (ξη^′ − ξ^′η)(D + c(Γ^′ − 1 2 Γ^2)) dx, (3.12) where Γ is the one dimensional Christoffel symbol Γ^i_{j k}. Here the index structure is suppressed and^′ denotes derivation with respect to the coordinate. The two cocycle then can be reduced to (ξ, η) = c 2π ∫ (ξη^{′′′} − ξ^{′′′}η) dx + 1 2π ∫ (ξη^′ − ξ^′η) B dx, (3.13) which depends on, B = D + c (Γ^′ −^1_2 Γ^2). B is called a quadratic differential. This separation of the ‘triple derivative’ term from the quadratic differential is due to the fact that the ‘triple derivative’ term will separately satisfy the Jacobi identity. Even though neither the ‘triple derivative’ term of the quadratic differential are covariant expressions, the two-cocycle is still coordinate invariant. Different choices of B determine different symmetries.

The Lie derivative of B with respect to ξ is δB = −2ξ^′B − ξB^′ − c ξ^{′′′}. (3.14) A suitable pairing between the centrally extended algebra element (ξ^β , α) and a coadjoint element (B_{ργ} , b) may be written as ⟨(B_{ργ} , b) | (ξ^β , α)⟩ = 1 2π ∫ ξ^β B_{βγ}dx^γ + b α. (3.15)

Again, after suppressing the index structure, the centrally extended algebra element

F = ((ξη^′ − ξ^′η), ∫ (ξη^{′′′} − ξ^{′′′}η) dx) and the coadjoint element B = (B,^c_{2π} ) can be paired to give the two-cocycle from Eq.[3.13]; ⟨B | F⟩ = ⟨(B, c 2π ) | ( (ξη^′ − ξ^′η), ∫ (ξη^{′′′} − ξ^{′′′}η) dx ) ⟩ = (ξ, η). (3.16)

It is worth remarking that the object Γ^′ −^1_2 Γ^2 is precisely the Schwartzian derivative. To see this consider a one dimensional coordinate transformation x → s(x). Since

g̃_{αβ} (s) = ∂x^μ ∂s^α ∂x^ν ∂s^β g_{μν} (x) (3.17)

and for g_{αβ} (x) = 1, Γ =^1_{∂xs(x)} ∂^2_xs(x). Then it follows that

(Γ^′ − 1 2 Γ^2) = − 3 2 (∂^2_xs(x))^2 (∂_xs(x))^2 + ∂^3_xs(x) ∂_xs(x) = {s(x), x}, (3.18) where {s(x), x} is the Schwartzian derivative. With this we know the finite transformation law of the coadjoint vector, B = (B,^c_{2π} ) with respect to the group element s(x). The finite transformation law for (B(x), c) is then

B^′(s^′) = (( B(x(s)) (ds/dx)^2 + c{s, x} 2π(ds/dx)^2 ) s=s^′ , c 2π ) (3.19)

The above transformation determines the coadjoint orbit of B since it determines all the coadjoint elements that can be reached by making a finite transformation on B [6, 8, 10]. A coadjoint element, say A that cannot be reached from the group action on B has a separate orbit as in Figure[1]. The collections of all orbits foliates the dual space of the algebra, G. Each orbit admits a symplectic two form, yielding a Poisson bracket structure, which can be integrated over a suitable two manifold to produce a physical action. These actions are called Geometric Actions [11–15]. The symmetry of the action can also be extracted from Eq.[3.19] and its infinitesimal counterpart Eq.[3.14] as the isotropy group H(B) corresponds to those transformation that leave B invariant or at the infinitesimal level, those vector fields ξ in Eq.[3.14] that give zero variation. Since the orbit of B can be characterized by the coset G/H(B) then the action corresponding to this orbit has G/H(B) symmetry.

To construct the action we employ the techniques found in [16]. Consider any manifold M, endowed with a non-degenerate, closed two form Ω, Figure[2]. Then an action functional for any trajectory connecting two points, say P_A and P_B , on M can be constructed by first choosing any arbitrary but otherwise fixed point P_0. Then for some trajectory parameterized by τ joining P_A to P_B, one labels each of a one parameter family of paths joining P_0 to every point on the τ trajectory with a parameter λ in such a way that when λ equals 0 we are at the point P_0 and when λ equals 1 we are at some point on the trajectory. The family of paths joining P_0 to the τ trajectory should be chosen so as to sweep out a two-dimensional submanifold in M. Then by integrating the two form Ω over this two dimensional surface, we get the desired action, S = ∫ M Ω (3.20)

where M is the submanifold triangulated by the points P_0, P_A, and P_B .

In what follows we will consider τ to be an evolution parameter and λ to represent an additional spatial coordinate that runs from 0 ≤ λ ≤ 1. Thus, our group elements may be written as s(λ, τ ; x) corresponding to a two parameter family of diffeomorphism group elements. We will use boundary conditions so that s(λ = 0, τ ; x) = x and s(λ = 1, τ ; x) ≡ s(τ, x).

Figure 2: The Parameters λ and τ sweep out a 2D submanifold.

For the explicit construction of the action, we need to know the algebraic elements, i.e. the infinitesimal coordinate transformations along λ and τ . Then one may write that S_B = ∫ dλdτ Ω ( B^′_λ(s(λ, τ )), B^′_τ (s(λ, τ ) ) ) = ∫ dλdτ ⟨ B^′(s(λ, τ )) | |[F^′_λ(s(λ, τ )), F^′_τ (s(λ, τ ))]⟩. (3.21) where here F_λ(s(λ, τ )) and F_τ (s(λ, τ )) are the elements of the algebra living in the adjoint representation that are associated with infinitesimal transformations along the λ and τ directions respectively. With this we find that

F^′_λ(s) ≡ s^{−1}F^s_λs F^′_τ (s) ≡ s^{−1}F^s_λs (3.22) and s^{−1}F^s_λ s = ( ∂_λs(λ, τ, x) ∂_xs , 0 ) , s^{−1}F^s_τ s = ( ∂_τ s(λ, τ, x) ∂_xs , 0 ) . (3.23)

In the above, the quantity s^{−1}F^s_τ s represents the pull back of the adjoint vector to the x coordinate system and B is also evaluated in the x coordinate system. ¿From Eqs.[3.16,3.21] one can show that the action can be written as S = ∫ dλ dτ ( ⟨B^′(s) | [s^{−1}F^s_λ s, s^{−1}F^s_τ s]⟩ + c 2π (s^{−1}F^s_λs, s^{−1}F^s_τ s) ) (3.24) with [s^{−1}F^s_λ s, s^{−1}F^s_τ s] ≡ F_λ ( ∂ ∂s^′ F_τ (s^′) ) − ( ∂ ∂s^′ F_λ ) F_τ (s^′) (3.25) and (s^{−1}F^s_λ s, s^{−1}F^s_τ s) = ∫ ds^′ ( F_λ ∂^3F_τ ∂s^{′3} − F_τ ∂^3 ∂s^{′3} F_λ ) . (3.26)

Explicitly in index notation this is S = ∫ dλ dτ ds^γ ( B_{αβ}(s(x))+ c 2π (∂_μΓ^μ_{αβ} − 1 2 Γ^μ_{αν} Γ^ν_{βμ}) )dx^α ds^ρ dx^β ds^γ (∂s^ξ ∂τ ∂^2s^ρ ∂s^ξ∂λ − ∂s^ξ ∂λ ∂^2s^ρ ∂s^ξ∂τ ) , (3.27) here the order of derivatives with respect to s and the derivatives of λ and τ are important since they do not commute. After suppressing the indices, contributions for that part of the action independent of B_{αβ}(x) are: c 2π ∫ dxdλdτ { 3 2 ∂s ∂τ ∂^2s ∂λ∂x ∂^3s/∂x^3 (∂s/∂x)^3 − 3 ∂s ∂τ ∂^2s ∂λ∂x (∂^2s/∂x^2)^2 (∂s/∂x)^4 + 3 2 ∂^2s ∂x^2 ∂^3s ∂^2x∂λ 1 (∂s/∂x)^3 ∂s ∂τ − 1 2 1 (∂s/∂x)^2 ∂^4s ∂x^3∂λ ∂s ∂τ −(λ ↔ τ ). } (3.28)

By including the B(x) contribution we can write the action (up to total derivatives) as S = c 2π ∫ dxdτ [ ∂^2_xs (∂_xs)^2 ∂_τ ∂_xs − (∂^2_xs)^2(∂_τ s) (∂_xs)^3 ] − ∫ dxdτ B(x) (∂s/∂τ ) (∂s/∂x) . (3.29)

If we change notation x → x_−,τ → x_+, s → f, and B → 0 then the action is identical to Polyakov’s action [17], viz S = c 2π ∫ d^2x [( ∂^2_−f ) (∂_+∂_−f) (∂_−f)^{−2} − ( ∂^2_−f

)_2 (∂_+f) (∂_−f)^{−3} ] − ∫ d^2xB∂_+f/∂_−f. (3.30) This is nothing but equation (5) in [17]. More precisely, this is the light-cone gauge expression of equation (16) of [18] which results from integrating over the string embedding X^μ in the path integral with the standard Polyakov action ∫ d^2ξ √ gg^{ab}∂_aX^μ∂_bX_μ. The reader might perhaps be more familiar with the integration over string embedding X^μ with the world sheet metric in the conformal gauge, in which case the result is the Liouville action.

4 A geometric action for the Courant bracket (p = 0)

4.1 Transformation Laws and Isotropy Equations

A particularly interesting case is p = 0 where in the pair under consideration (X, f) the second entry is just a function f. This case was mentioned in [1] where it was noted that the Courant bracket can be understood as the usual Lie bracket on S^1−invariant vector fields of the form X + f^∂_{∂θ} on M × S^1. In this case the Courant algebra may be written as (X, f) ∗ (Y, g) = [(X, f), (Y, g)] = ([X, Y ], L_X g − L_Y f) . (4.1) First we define a pairing between the adjoint elements and their duals. A suitable pairing between the adjoint element (Y, g) and the dual element (X̃, f̃) for any number of dimensions may be written as ⟨(X̃, f̃)|(Y, g)⟩ = ∫ dv X̃_aY^a + ∫ dvf̃g. (4.2) The choice of scalar product is natural in the sense that it is a quadratic pairing and it is linear in the fields. This should be compared to the line integral pairing in Eq.3.15 where the dual elements become a quadratic differential and where a central extension can exist. As an important remark we could have used this pairing for the Virasoro algebra where dv is the one dimensional volume. Instead of quadratic differentials the dual elements would have been covariant tensor densities of rank one and weight −1. Thus, the one dimensional pairing could also have been chosen to be

⟨(B_ρ, b) | (ξ^β , α)⟩_{alternate} = 1 2π ∫ ξ^β B_β dx + b α. (4.3)

In this case the change of the tensorial density contribution of B_ρ, call it B^{tensor}_ρ , under an infinitesimal coordinate transformations would be

δ_ηB^{tensor}_α = −η^λ∇_λB^{tensor}_α − B^{tensor}_λ ∇_αη^λ − B^{tensor}_α (∇_λη^λ). (4.4)

In one dimension for constant metric, this reduces to

δ_ηB^{tensor} = −η(B^{tensor})^′ − 2B^{tensor}η^′ (4.5)

which is the transformation law for a quadratic differential in one dimension.

Now we need the transformation laws for the Courant coadjoint representation. Let F = (X, h) and G = (Y, g) be two adjoint vectors. Since we demand that the pairing be invariant under the group transformation laws, the adjoint action on the pairing will give zero. By Leibnitz rule we can then find the transformation law for a coadjoint element B = (X̃, f̃) since F ∗ ⟨B | G⟩ = 0 (4.6)

which is (X, h) ∗ ⟨(X̃, f̃)|(Y, g)⟩ = 0. (4.7) Using Leibnitz rule, ⟨(X, h) ∗ (X̃, f̃)|(Y, g)⟩ + ⟨(X̃, f̃)|(X, h) ∗ (Y, g)⟩ = 0, (4.8) leads to the transformation laws

δ_F B = (X, h) ∗ (X̃, f̃ ) = ( L_XX̃ − f̃ dh, L_Xf̃ ) . (4.9)

Explicitly this is L_XX̃_a = −X^b∂_bX̃_a − X̃_b∂_aX^b − X̃_a∇_bX^b (4.10) and L_Xf̃ = −X^a∂_af̃ − f̃ ∇_aX^a (4.11)

so that

δ_F B = ( −X^b∂_bX̃_a − X̃_b∂_aX^b − X̃_a∇_bX^b − f̃dh, −X^a∂_af̃ − f̃∇_aX^a ) . (4.12)

Eq.[4.12] reveals that X̃_a transforms as a vector field density with weight −1. As we remarked in the beginning of this section, this appears as a quadratic differential in one dimension. The element f̃ is a scalar density of weight −1. The inhomogeneous contribution to the transformation law for X̃, i.e. −f̃dh, is reminiscent of the transformation law for the quadratic differential in the presence of a gauge field. Later in section 4.3 we will show that this is indeed the case in one dimension. The field theory associated with the p = 0 Courant bracket is equivalent to that of a U(1) Kac-Moody algebra tensored with the Virasoro algebra.

The finite coordinate transformations associated with Eq.[4.12] are

X̃_a(z) = det ( ∂y^c ∂z^e ) ∂y^b ∂z^a X_b(y) (4.13) and f̃(z) = det ( ∂y^c ∂z^e ) f(y). (4.14)

The importance of the finite transformation laws are that they allow us to go anywhere on the coadjoint orbit which is required to construct the invariant action. Each orbit will inherit symmetries that are determined by those adjoint elements that leave the coadjoint element that defines the orbit invariant. In general the group generated by the adjoint representation G and the subgroup that is generated by the isotropy algebra H characterize the coadjoint orbit through the coset G/H.

The symmetries of the coadjoint orbit associated with the (X̃, f̃) can be determined from the isotropy algebra of (X̃, f̃) which is defined by those elements of the adjoint elements, (X(X̃, f̃), h(X̃, f̃)) which satisfy

(X(X̃, f̃), h(X̃, f̃)) ∗ (X̃, f̃) = (0, 0). (4.15)

These elements lead to the symmetry relations

L_{X(}~_{X,}~_{f )}X̃ − f̃ dh(X̃, f̃)) = 0, L_{X(}~_{X,}~_{f)}f̃ = 0. (4.16)

The above equations have the following geometrical interpretation. The first equation corresponds to symmetries produced when certain gauge transformations can offset changes from certain coordinate transformations. The relation can also be established by the family of gauge and coordinate transformations that separately leave X̃ and f̃ invariant. These equations may also be interpreted as a geodetic equations, where the isotropy equation of f̃ requires that the quantity f̃ be conserved along the flow of X. Since f̃ is a density (volume), this equation denotes the Killing equation for volume preserving vector fields associated with f̃.

4.2 The p = 0 Geometric Action

Let us now construct the invariant geometric action, Ω. Guided by Eq.[3.21] we let F_λ(s^μ(λ, τ ), h(λ, τ )) and F_τ (s^μ(λ, τ ), h(λ, τ )) correspond to the generators along the two directions, λ and τ respectively where here s^μ(x^α; λ, τ ) corresponds to a two parameter family of coordinates and h(λ, τ ) is a two parameter family of functions of x^β.

S_B = ∫ dλdτ Ω ( B^′_λ(s^μ(λ, τ ), h(λ, τ )), B^′_τ (s^μ(λ, τ ), h(λ, τ ) ) ) =

∫ dλdτ ⟨ B^′(s^μ(λ, τ ), h(λ, τ )) | |[F^′_λ(s^μ(λ, τ ), h(λ, τ )), F^′_τ (s^μ(λ, τ ), h(λ, τ ))]⟩. (4.17) ¿From Eq.[4.12] we find that

B^′(s^μ, h) = ( | ∂x^μ ∂s^ν | (X̃_α ∂x^α ∂s^ρ + f̃ ∂x^β ∂s^ρ ∂h ∂x^β ), | ∂x^μ ∂s^ν | f̃ ) (4.18) and [ F^′_λ(s^μ, h), F^′_τ (s^μ, h) ] = (X^{′ρ}, h^′) (4.19)

where X^{′ρ} ≡ ∂_λs^μ ∂x^β ∂s^μ ∂ ∂x^β (∂_τ s^ρ) − ∂_τ s^μ ∂x^β ∂s^μ ∂ ∂x^β (∂_λs^ρ) (4.20) and h^′ ≡ (∂_λs^μ ∂x^β ∂s^μ ∂ ∂x^β ∂_τ h − ∂_τ s^μ ∂x^β ∂s^μ ∂ ∂x^β ∂_λh). (4.21)

Putting this together we find the invariant action is

S_{p=0} = ∫ d^ns dλ dτ | ∂x^μ ∂s^ν | (X̃_α ∂x^α ∂s^ρ + f̃ ∂x^γ ∂s^ρ ∂h ∂x^γ )∂_λs^μ ∂x^β ∂s^μ ∂ ∂x^β (∂_τ s^ρ) − ∫ d^ns dλ dτ | ∂x^μ ∂s^ν | (X̃_α ∂x^α ∂s^ρ + f̃ ∂x^β ∂s^ρ ∂h ∂x^β )∂_τ s^μ ∂x^γ ∂s^μ ∂ ∂x^γ (∂_λs^ρ) + ∫ d^ns dλ dτ | ∂x^μ ∂s^ν | f̃ (∂_λs^μ ∂x^β ∂s^μ ∂ ∂x^β ∂_τ h − ∂_τ s^μ ∂x^β ∂s^μ ∂ ∂x^β ∂_λh) (4.22)

Up to a total τ derivative, but keeping the total λ derivative, we can write

S_{p=0} = 1 3 ∫ d^nx dτ (X̃_α + f̃ ∂h ∂x^α ) ∂_τ s^μ ∂x^α ∂s^μ − 2 3 ∫ d^nx dλ dτ f̃ ∂x^α ∂s^μ (∂_τ s^μ ∂ ∂x^α ∂_λh − ∂_λs^μ ∂ ∂x^α ∂_τ h) (4.23)

This action now gives dynamics to the group elements s(λ, τ, x) and h(λ, τ, x). The field X̃_α and f̃ are background fields that serve as sources for an induced metric ∂_τ s^{μ ∂xα}_{∂sμ} and a U(1) vector field ∂h. As we will explore in the next section, this is a Courant bracket variation of 2D Polyakov gravity along with a U(1) WZW model but without central extension.

4.3 The central extension for p = 0 in one-dimension

We now will make the comparison to this model where 2D Polyakov gravity and WZNW models are combined. For completeness let us quickly review the case of the semidirect product of a Kac-Moody algebra with the Virasoro algebra [14,15]. In the mode decomposition the semi-direct product of the two algebras may be written as

[L_N , L_M ] = (N − M) L_{N +M} + cN^3 δ_{N +M,0}, (4.24) [ J^α_N , J^β_M ] = i f^{αβγ} J^β_{N +M} + N k δ_{N +M,0} δ^{αβ}, (4.25) and [L_N , J^α_M ] = −M J^α_{N +M} , (4.26)

where [τ^α, τ^β] = if^{αβγ} τ^γ. One can, for example, realized the algebra on a circle with

L_N = ξ^a_N ∂_a = ie^{iN θ}∂_θ, J^α_N = τ^αe^{iN θ}. (4.27)

This centrally extended basis can be thought of as the three-tuple, ( L_A, J^β_B, ρ ) . (4.28)

¿From the above commutation relations, the adjoint representation acts on itself as ( L_A, J^β_B, ρ ) ∗ ( L_N ′ , J^{α′}_M ′ , μ ) = (L_{new} , J_{new} , λ) (4.29)

where L_{new} = (A − N^′) L_{A+N} ′ J_{new} = −M^′J^{α′}_{A+M} ′ + BJ^β_{B+N} ′ + if^{βα′λ}J^λ_{B+M} ′ λ = (cA^3)δ_{A+N} ′_{,0} + Bkδ^{α′β} δ_{B+M} ′_{,0}. (4.30)

Now lets consider two centrally extended adjoint elements in this algebra, F = (ξ, h, a) and G = (ψ, g, b) that are functions in this basis. From the commutation relations, the action of the these adjoint elements on themselves is ( ξ, h, a ) ∗ ( ψ, g, b ) = ( ξψ^′ −ψξ^′, −ξg^′ +ψh^′, ∫ ( k 2πi (h^′g −g^′h)+ c 12πi (ξψ^{′′′} −ψξ^{′′′}) ) dθ ) , (4.31) where^′ denotes ∂_θ the circle parameter.

Using a closed line integral for the pairing and the two cocycle, the coadjoint action of F on a coadjoint vector B = (D(θ), A(θ), μ) may be written as

δ_F B = − ( 2ξ^′D + D^′ξ + i cμ 12π ξ^{′′′} + Ah^′, A^′ξ + Aξ^′ + iμh^′, 0 ) . (4.32)

The geometric action for the general Kac-Moody/Virasoro case is S_{KV} = ∫ dθ dτ D(θ) ∂_τ s ∂_θ s + ∫ dθ dτ dλ ( ∂_τ D ∂_λs ∂_θs − ∂_λD ∂_τ s ∂_θs )

− ∫ dθ dτ TrA_θg^{−1}∂_τ g + ∫ dθ dτ dλ Tr(∇_λA_θ)g^{−1}∂_τ g − ∫ dθ dτ dλ Tr(∇_τ A)g^{−1}∂_λg + cμ 48π ∫ dθ dτ dλ [ ∂^2_θ s (∂_θs)^2 ∂_τ ∂_θs − (∂^2_θ s)^2(∂_τ s)

(∂_θs)^3 ] dθdτ − kμ ∫ Trg^{−1} ∂g ∂θ g^{−1} ∂g ∂τ dθdτ + kμ ∫ Trg^{−1} ∂g ∂θ [ g^{−1} ∂g ∂λ , g^{−1} ∂g ∂τ ] dθdτ dλ (4.33) where the derivative operators are defined by ∇_τ ≡ ∂_τ − ∂_τ s ∂_θ s ∂_θ − ∂_θ( ∂_τ s ∂_θs ), ∇_λ ≡ ∂_λ − ∂_λs ∂_θs ∂_θ − ∂_θ( ∂_λs ∂_θs ). (4.34)

This action will give intuition to the action we derive from the Courant bracket when p = 0.

Now let us examine the issue of central extensions for the one dimensional p = 0 Courant bracket when there are periodic boundary conditions or when the vector fields vanish on the boundary. We define a centrally extended Courant bracket for p = 0 by writing the algebra of a triplet as;

[(X, f, c), (Y, g, d)] = ([X, Y ], L_X g − L_Y f , C_1(X, Y ) + C_2(f, g)) . (4.35)

Here c and d are centrally extended elements of the Bracket. The two cocycles C_1(X, Y ) and C_2(f, g) are defined as

C_1(X, Y ) = β_1 ∫ (X^a∇_a∇_b∇_cY^c) dx^b, (4.36) and C_2(f, g) = β_2 ∫ (f(∇_bg) − g(∇_bf)) dx^b. (4.37)

These two-cocycles vanish under the Jacobi Identity, [(X, a, a), [(Y, b, b), (Z, c, c)]] +

[(Z, c, c), [(X, a, a), (Y, b, b)]] + [(Y, b, b), [(Z, c, c), (X, a, a)]] = 0. (4.38) This follows since

C_1(X, [Y, Z]) + C_1(Y, [Z, X]) + C_1(Z, [X, Y ]) = 0 (4.39)

and since

C_2 ( a, L_Y c − L_z b ) + C_2 ( b, L_Z a − L_X c ) + C_2 ( c, L_X b − L_Y a )

= ∫ a(Y c^′ − Zb^′)^′ dx − ∫ a^′(Y c^′ − Zb^′) dx + ∫ b(Za^′ − Xc^′)^′ dx − ∫ b^′(Za^′ − Xc^′) dx + ∫ c(Xb^′ − Y a^′)^′ dx − ∫ c^′(Xb^′ − Y a^′) dx = 0 (4.40)

when there are periodic boundary conditions or when the vector fields vanish at the spatial boundaries. In order to maintain a manifestly covariant description of the coadjoint representation, we us a pairing akin to Eq.[3.15] viz., ⟨B | F⟩ = ⟨(D_{ργ} , A_ρ, β̃) | (X^β , f, a)⟩ = ∫ X^β D_{βγ} dx^γ + ∫ A_ρ f dx^ρ + β̃a. (4.41)

We find that the action of the adjoint element F on a coadjoint element B = (D(θ), A(θ), β̃) may be written as

δ_F B = − ( 2X^′D + D^′X + β̃X^{′′′} + Af^′, A^′X + AX^′ + 2β̃f^′, 0 ) . (4.42)

The geometric action can be read off and is

S_{p=0,d=1} = ∫ dλ dτ ds^γ ( D_{αβ} (s(x)) + A_α∂_βf + (∂_μΓ^μ_{αβ} − 1 2 Γ^μ_{αν} Γ^ν_{βμ}) ) dx^α ds^ρ dx^β ds^γ (∂s^ξ ∂τ ∂^2s^ρ ∂s^ξ∂λ − ∂s^ξ ∂λ ∂^2s^ρ ∂s^ξ∂τ )

+ ∫ d^βx dλ dτ ( A_β + 2β̃ ∂_αf ) ∂x^α ∂s^μ (∂_τ s^μ ∂ ∂x^α ∂_λf − ∂_λs^μ ∂ ∂x^α ∂_τ f). (4.43)

To compare let g be the U(1) group element such that g = exp(if). Then after integrating by parts and suppressing the one dimensional indices we find

S_{p=0,d=1} = ∫ d^2x (D − iAg^{−1}∂_xg) ∂_τ s ∂_xs + ∫ d^3x ( ∂_τ (D − iAg^{−1}∂_xg) ∂_λs ∂_xs − ∂_λ(D − iAg^{−1}∂_xg) ∂_τ s ∂_xs )

+ i ∫ d^2xA_xg^{−1}∂_τ g − i ∫ d^3x(∇_λA_x)g^{−1}∂_τ g + i ∫ d^3x(∇_τ A)g^{−1}∂_λg

+ 1 4 ∫ d^2x [ ∂^2_xs (∂_xs)^2 ∂_τ ∂_xs − (∂^2_xs)^2(∂_τ s) (∂_xs)^3 ]

+ i β̃ 2 ∫ d^2x g^{−1} ∂g ∂x g^{−1} ∂g ∂τ (4.44)

This is to be compared with Eq.[4.33] when the group of gauge transformations is Abelian. This now makes the U(1) Kac-Moody/Virasoro analogue that we had mentioned earlier complete.

5 A geometric action for the Courant bracket (p ≠ 0)

The general case p ≠ 0 has a number of new features. This can be traced to the fact that the Courant bracket does not satisfy the Jacobi identity for general p ≠ 0, except in a restricted sense explained, for example, in [3]. Our purpose is to construct a geometric action built from a symplectic two-form Ω. This requires that Ω be nondegenerate and closed, i.e. dΩ = 0. For the geometric action the closed condition, i.e. dΩ = 0, arises as a consequence of the Jacobi identity being satisfied by the defining algebra. Therefore in this section we will be required to restrict our attention to the case where the Jacobi identity is satisfied.

A sufficient condition for a subbundle to satisfy the Jacobi identity is that the vectors fields be hypersurface orthogonal p-forms. Then for all elements of this subbundle, (X, ξ), we require that X^{a1} ξ_{a1a2···ap} = 0.

The scalar product which we will consider is ⟨(X̃, ξ̃)|(Y, η)⟩ = α_1 ∫ dv X̃_aY^a + α_2 ∫ dv ξ̃^{a1 ...ap} η_{a1...ap} . (5.1) Since we expect this pairing to be invariant under the action of the adjoint representation we have that ⟨(X̃, ξ̃)|(Z, β) ∗ (Y, η)⟩ = −⟨(Z, β) ∗ (X̃, ξ̃)|(Y, η)⟩, (5.2) which defines the coadjoint action. Explicitly writing in the index structures, one finds that the action of the adjoint element (Z, β) on the coadjoint elements (X̃_a, ξ̃^{a1 ...ap} ) is (Z, β) ∗ (X̃_a, ξ̃^{a1...ap} ) = (δX̃_a, δξ̃^{a1...ap} ), (5.3) where δX̃_a = −α_1L_Z X̃_a − α_2(∇_aβ_{a1...ap} )ξ̃^{a1...ap} − α_2∇_{[a1} (β_{|a|a2...ap]}ξ̃^{a1...ap} )(5.4) . . . − α_2∇_{[ap} (ξ̃^{a1...ap} β_{a1...ap−1]a}) − 1 2 α_2∇_{[a1} (ξ̃^{a1...ap} )β_{|a|a2...ap]} δξ̃^{a1...ap} = −α_2L_Z ξ̃^{a1 ...ap} + 1 2 α_2 (∇_bξ̃^{b [a2...ap} )Z^{a1]}. (5.5)

¿From here we can identify the group action on (X̃_a, ξ̃^{a1 ...ap} ). Since we are interested in the subbundle that satisfy the Jacobi identity, the generator of the transformation is of the form (Z, ϵ_{a1...ap} ), where Z^a generates the coordinate x^a → S^a(x^b) and ϵ_{a1...ap} is a covariantly constant antisymmetric tensor density on the p dimensional submanifold. Note the last summand in the Eq.[5.5] does not contribute because of the hypersurface orthoganality condition. Therefore the coadjoint element analogous to the Eq.[4.18] is

B^′(s^m, ξ) = ( | ∂x^m ∂s^n | X̃_α ∂x^a ∂s^r , | ∂x^m ∂s^n | ξ̃^{b1 ...bp} ) (5.6)

The adjoint element corresponding to Eq.[4.19] is given by [ F^′_λ(s^m, ϵ), F^′_τ (s^m, ϵ) ] = (X^{′a}, ϵ^′_{a1...ap} ) (5.7) where X^{′a} ≡ ∂_λs^m ∂x^b ∂s^m ∂ ∂x^b (∂_τ s^a) − ∂_τ s^m ∂x^b ∂s^m ∂ ∂x^b (∂_λs^a) (5.8) and ϵ^′_{a1...ap} = ϵ_{a1...apap+1} X^{′ap+1} , (5.9) where ϵ_{a1...apap+1} a covariantly constant p + 1 form.

As before we can put this all together and find that,

S_p = ∫ d^ns dλ dτ | ∂x^m ∂s^n | (X̃_d ∂x^d ∂s^a ( ∂_λs^m ∂x^b ∂s^m ∂ ∂x^b (∂_τ s^a) − ∂_τ s^m ∂x^b ∂s^m ∂ ∂x^b (∂_λs^a) )

+ ∫ d^ns dλ dτ | ∂x^m ∂s^n | ξ̃^{b1 ...bp} ϵ_{b1...bpbp+1} ( ∂_λs^m ∂x^b ∂s^m ∂ ∂x^b (∂_τ s^{bp+1} ) − ∂_τ s^m ∂x^b ∂s^m ∂ ∂x^b (∂_λs^{bp+1} ) ) (5.10)

We notice that the first term is really a result of algebra of vectors which is represented by the Lie derivative. Note that they are different from those found in the Virasoro case.

A key property of the action is that it is invariant only when the Jacobi identity is satisfied. This implies that the action we are writing is conserved only on the eigenbundles of the almost complex structures discussed in [3]. Working in this subspace shows up in the orthogonality condition for the p-form: i_X ξ = 0.

What we have encountered is a well understood situation in generalized complex geometry. A more formal statement is as follows. Let V^0 ∈ T^∗ be the annihilator of V . Then E ∈ V ⊕ V^0 is a Dirac structure. A proof of this statement is presented in [2]. See also [3] section 3.4 for more properties of Dirac structures in generalized complex geometry. We speculate that this situation might naturally be related to the presence of branes in this formalism but we will not pursue that possibility here.

6 Conclusions

In this paper we have constructed geometric actions, that is, actions based on the Kirillov-Kostant symplectic form, for the Courant bracket. Our main result is given in subsection 4.3 which contains a geometric action for the centrally extended Courant bracket in the case of p = 0. This action is a generalization of Polyakov’s 2-d quantum gravity. Its structure is similar to the geometric action for the semidirect product of Virasoro and the affine Kac-Moody algebra with group U(1). The general case p ≠ 0 is somehow restricted since closure of the Kirillov-Kostant is guaranteed only by the Jacobi identity on the Courant bracket. This last property requires pairs (X, ξ) to form a Dirac structure. More concretely, the vector X and the form ξ must be orthogonal in the sense of interior product, that is, i_X ξ = 0. Although somehow restrictive, we believe the p = 1 case should be further studied for its direct connection to the B-field in string theory.

We would like to point out to some interesting open problems. Most notably, having a generalization of Polyakov 2-d quantum gravity one wonders about the quantization aspects of such action and its possible interpretation as a generalization of string theory. It would also be interesting to connect the action obtained in our paper with other approaches based on the Batalin-Vilkovisky formalism recently discussed in [19].

Acknowledgments

We are grateful to B. Uribe for various enlightening conversations on generalized complex geometry and the Courant bracket in particular. This work is partially supported by Department of Energy under grant DE-FG02-95ER40899 to the University of Michigan and by a grant from the National Science Foundation PHY 02-44377 awarded to the University of Iowa.

References

[1] N. Hitchin, “Generalized Calabi-Yau manifolds,” Quart. J. Math. Oxford Ser. 54 (2003) 281 [arXiv:math.dg/0209099].

[2] N. Hitchin, Geometry with B-fields, available at:

http://online.itp.ucsb.edu/online/mp03/hitchin1/pdf/Hitchin1-1up.pdf.

[3] M. Gualtieri, “Generalized Complex Geometry,” math.dg/0401221.

[4] U. Lindstrom, “Generalized complex geometry and supersymmetric non-linear sigma models,” arXiv:hep-th/0409250.

M. Grana, R. Minasian, A. Tomasiello and M. Petrini, “Supersymmetric backgrounds from generalized Calabi-Yau manifolds,” Fortsch. Phys. 53 (2005) 885. M. Zabzine, “Lectures on generalized complex geometry and supersymmetry,” arXiv:hep-th/0605148.

[5] S. J. . Gates, C. M. Hull and M. Rocek, “Twisted Multiplets And New Supersymmetric Nonlinear Sigma Models,” Nucl. Phys. B 248 (1984) 157.

[6] A.A. Kirillov, Uspekh. Matem. Nauk. 17 (1962) 57;

[7] A.A. Kirillov, Elements of the Theory of Representations, Springer Verlag 1975.

[8] A.A. Kirillov, “The orbits of the group of diffeomorphisms of the circle, and local Lie superalgebras”, Funktsional. Anal. i Prilozhen 15 (1981) 75;

[9] T.J. Courant, “Dirac manifolds,” Trans. Amer. Math. Soc. 319 (1990), 631.

[10] E. Witten, “Coadjoint Orbits Of The Virasoro Group,” Commun. Math. Phys.

114 (1988) 1.

[11] B. Rai and V. G. J. Rodgers, “From Coadjoint Orbits To Scale Invariant Wznw Type Actions And 2-D Quantum Gravity Action,” Nucl. Phys. B 341 (1990) 119.

[12] A. Alekseev and S. L. Shatashvili, “Path Integral Quantization Of The Coadjoint Orbits Of The Virasoro Group Nucl. Phys. B 323, 719 (1989).

[13] G. W. Delius, P. van Nieuwenhuizen and V. G. J. Rodgers, “THE METHOD OF COADJOINT ORBITS: AN ALGORITHM FOR THE CONSTRUCTION OF Int. J. Mod. Phys. A 5, 3943 (1990).

[14] R. P. Lano and V. G. J. Rodgers, “Applications of W algebras to BF theories, QCD and 4-D gravity,” Mod. Phys. Lett. A 7, 1725 (1992) [arXiv:hep-th/9203067].

[15] R. P. Lano and V. G. J. Rodgers, “A Study of fermions coupled to gauge and gravitational fields on a cylinder,” Nucl. Phys. B 437, 45 (1995) [arXiv:hepth/9401039].

[16] F. Zaccaria, E.C.G. Sudarshan, J.S. Nilsson, N. Mukunda, G. Marmo, and A.P.

Balachandran, Phys. Rev. D27 (1983)2327;

A.P. Balachandran, H. Gomm, and R. Sorkin, Nucl. Phys. B 281 (1987) 573; A.P. Balachandran, “Wess Zumino Terms and Quantum Symmetries, A Review” in Conformal Field Theory, Anomalies, and Superstrings, Edited by B.E. Baaquie, C.K. Chew, C.H. Oh and K.K. Phua (World Scientific 1988); A.P. Balachandran, G. Marmo, B.S. Skagerstam, and A. Stern, Gauge Symmetries and Fiber Bundles: Applications to Particle Dynamics, (Springer-Verlag, Berlin, 1983)

[17] A. M. Polyakov, “QUANTUM GRAVITY IN TWO-DIMENSIONS,” Mod. Phys.

Lett. A 2 (1987) 893.

[18] A. M. Polyakov, “Quantum geometry of bosonic strings,” Phys. Lett. B 103 (1981) 207.

[19] R. Zucchini, “A sigma model field theoretic realization of Hitchin’s generalized complex JHEP 0411 (2004) 045 [arXiv:hep-th/0409181].