arXiv:hep-th/0611210 v1 20 Nov 2006

Characteristic Functions and Typical Values of the Nonlinear Dark Spinor

Ying-Qiu Gu^∗

Department of Mathematics, Fudan University, Shanghai, 200433, China

Abstract

In this paper, we solve the particle-like eigenstates of a class of nonlinear dark spinor equation, and compute several functions which reflect its characteristics. The numerical results show that, the nonlinear spinor equation has only finite meaningful eigenstates, which have only positive discrete mass spectrum. The ground state of the dark spinor provides a small negative pressure which may be important in cosmology.

PACS numbers: 11.10.Lm, 12.20.Ds, 11.10.-z

Key Words: nonlinear spinor field, dark matter, negative pressure

1 Introduction

Since Dirac established relativistic quantum mechanics, many scientists such as H. Weyl, W. Heisenberg, have attempted to associated the elementary particles with the eigenstates of the nonlinear spinor equation[1, 2, 3, 4, 5, 6]. In 1951, R. Finkelsten solved some rigorous solutions of the nonlinear spinor equation, and pointed out that the corresponding particles have quantized mass spectra[7, 8]. The stability of the soliton has also been analyzed in [9, 10, 11]. However these researches have not realized

∗email: yqgu@luody.com.cn

their authors’ dream due to the mathematical difficulties in analyzing nonlinear spinor equation.

In recent years, A great effort has been made into this line of research. The theoretical proof about the existence of solitons was investigated in [12, 13, 14, 15, 16, 17]. The symmetries and conditional exact solutions of the nonlinear spinor equations are collected in [18]. This paper is a further research on the previous works[19, 20, 21]. Its main motivation is to find out the negative pressure of the nonlinear dark spinors[22]. In what follows, we define some functions which reflect the properties of the equation and its eigenstates, and compute the typical values in detail, then extract some important conclusions from the data.

2 Equation and its Properties

Denote the Minkowski metric by η_{μν} = diag[1, −1, −1, −1], Pauli matrices by

⃗σ = (σ^j) = {( 0 1 1 0 ) , ( 0 −i i 0 ) , ( 1 0 0 −1 )} . (2.1)

Define 4 × 4 Hermitian matrices as follows

α^μ = I 0 0 I , 0 ⃗σ ⃗σ 0 , γ = I 0 0 −I , β = 0 −iI iI 0 . (2.2)

In this paper, we adopt the Hermitian matrices (2.2) instead of Dirac matrices γ^μ for the convenience of calculation. For Dirac’s bispinor ϕ, the quadratic forms of ϕ are defined by α̌^μ = ϕ^+α^μϕ, γ̌ = ϕ^+γϕ, β̌ = ϕ^+βϕ, (2.3) where the superscript ‘+’ stands for the transposed conjugation. By transformation law of ϕ, one can easily check that α̌^μ is a 4-vector, γ̌ a true scalar and β̌ a pseudo-scalar. One can construct some other covariant quadratic forms, but they are not independent on (2.3) for some Pauli-Fierz identities such as[19, 23, 24]

α̌^μα̌_μ ≡ γ̌^2 + β̌^2. (2.4)

The Lagrangian of the nonlinear bispinor ϕ satisfying Poincaré invariance generally take the following form

L = ϕ^+(α^μh̄i∂_μ − μγ)ϕ + V (γ̌, β̌), (2.5)

where μ > 0 is a constant mass, V (γ̌, β̌) is the nonlinear coupling term. Different V corresponds to different models. The concrete form of V with practical physical meanings is unknown. For the case of V = V (γ̌), the eigenstates can be rigorously solved. In contrast, numerical result reveals that the existence of β̌ in V has strongly influence on the existence of eigenstates. This property seems to be relative to the dynamic reason of the Pauli’s exclusion principle, which will be discussed elsewhere.

In this paper we take the following V for calculation, which seems to be one of the most important models. V = 1 2 wγ̌^2, w > 0. (2.6) The dynamic equation for ϕ corresponding to(2.5) with nonlinear potential (2.6) is given by α^μh̄i∂_μϕ = (μ − wγ̌)γϕ, (2.7) or in the Hamiltonian form as usual h̄i∂_tϕ = Ĥϕ = [⃗α · p̂ + (μ − wγ̌)γ]ϕ, p̂ ≡ −h̄i∇, (2.8) where Ĥ and p̂ are the nonlinear Hamiltonian operator and momentum operator respectively.

For (2.8) the current conservation law holds, so we have the normalizing condition ∫ R^3

|ϕ|^2d^3x = 1. (2.9)

The nonlinear coupling coefficient w is meaningful only under the condition (2.9). Different from the linear case, the nonlinear spinor equation will generally have continuous spectra without the restriction of condition (2.9). So the normalizing condition is also a quantizing condition for nonlinear equation. The eigenfuctions of (2.8) with spin j_3 =^1_2 can be solved as follows

ϕ_{e↑} = (g, 0, if cos θ, if sin θe^{φi})^T exp(−i^{mc2}_{h̄} t), for (P = 1, j_3 =^1_2 ) ϕ_{e↓} = (0, g, if sin θe^{−φi}, −if cos θ)^T exp(−i^{mc2}_{h̄} t), for (P = 1, j_3 = −^1_2 ) ϕ_{o↑} = (f cos θ, f sin θe^{φi}, ig, 0)^T exp(−i^{mc2}_{h̄} t), for (P = −1, j_3 =^1_2 ) ϕ_{o↓} = (f sin θe^{−φi}, −f cos θ, 0, ig)^T exp(−i^{mc2}_{h̄} t), for (P = −1, j_3 = −^1_2 )

(2.10)

where P = 1 corresponds to even parity, and P = −1 corresponds to odd parity.

For the above eigenfunctions we have

γ̌ = P(g^2 − f^2). (2.11)

The normalizing condition (2.9) becomes 4π ∫_∞ 0 (f^2 + g^2)r^2dr = 1. (2.12)

The radial equation of even parity satisfies d dr g = −^1_{h̄c} [(μ + m)c^2 − wc(g^2 − f^2)]f, d dr f = −^2_r f −^1_{h̄c} [(μ − m)c^2 − wc(g^2 − f^2)]g.

(2.13)

For odd parity we have d dr g = −^1_{h̄c} [(μ − m)c^2 + wc(g^2 − f^2)]f, d dr f = −^2_r f −^1_{h̄c} [(μ + m)c^2 + wc(g^2 − f^2)]g.

(2.14)

The initial data of (2.13) and (2.14) satisfy f(0) = 0, g(0) > 0. For (2.13) and (2.14), we have positive mass 0 < m < μ if and only if w > 0[19].

3 Solution and analysis

Denote a = √ μ + m μ − m , r_0 = h̄ c √ μ^2 − m^2 = (a^2 + 1)h̄ 2aμc , (3.1)

where a is equivalent to the spectrum, r_0 takes the unit of length. Making transformation ρ = r r_0 , u = √ w(a^2 + 1) 2aμc g, v = − √ w(a^2 + 1) 2aμc f. (3.2)

(2.13) and (2.14) can be rewritten in a dimensionless form. For (2.13) we have

u^′ = (a − u^2 + v^2)v, u(0) = u_0 > 0, v^′ = −^2_ρ v + (a^{−1} − u^2 + v^2)u, v(0) = 0,

(3.3)

where prime stands for^d_{dρ} . For (2.14) we have

u^′ = (a^{−1} + u^2 − v^2)v, u(0) = u_0 > 0, v^′ = −^2_ρ v + (a + u^2 − v^2)u, v(0) = 0,

(3.4)

The normalizing condition (2.12) becomes ( a^2 + 1 a ) √∫_∞ 0 (u^2 + v^2)ρ^2dρ = s ≡ √ wμ^2c^2 πh̄^3 , (3.5)

where s is a dimensionless constant.

The computation shows that, for any given a > 1, there exists a sequence of initial data u(0)_1, u(0)_2, · · ·, such that (2.13) and (2.14) have eigenstates. The theoretical analysis proves that there are infinite solitons for every a[14]. In [20] we have shown three eigenstates with even parity and the first eigenstate with odd parity.

To describe the characteristic of the eigenstates, we define the following dimensionless functions. which are all continuous functions of spectrum a.

(F1). The dimensionless norm y(a)

y ≡ log ( a^2 + 1 a √∫_∞ 0 (u^2 + v^2)ρ^2dρ ) . (3.6)

For the same family of eigenstate, y is a continuous function of a. By (3.5), the normalizing condition is equivalent to the equation y = log(s).

(F2). The dimensionless energy E(a) E ≡ 1 μc^2 ( mc^2 + 1 2 wc ∫_∞ 0 γ̌^2 · 4πr^2dr ) = a^2 − 1 a^2 + 1 + a a^2 + 1 ∫_∞ 0 (u^2 − v^2)^2ρ^2dρ ∫_∞ 0 (u^2 + v^2)ρ^2dρ

. (3.7)

(F3). The mean diameter of an eigenstate d(a) d ≡ 2 λ ∫ r|ϕ|^2d^3x ∫ |ϕ|^2d^3x = a^2 + 1 a ∫_∞ 0 (u^2 + v^2)ρ^3dρ ∫_∞ 0 (u^2 + v^2)ρ^2dρ

, (3.8)

where λ =^{h̄}_{μc} is a universal Compton wave length for all solutions of the spinor.

(F4). The dimensionless inner pressure P (a)

P ≡^1_{3μc2} ( mc^2 − ∫_∞ 0 (μc^2γ̌ +^1_2 wcγ̌^2) · 4πr^2dr ) =^1_3 (_{a2−1} a^2+1 − ∫_∞ 0 (u^2−v^2)ρ^2dρ ∫_∞ 0 (u^2+v^2)ρ^2dρ − a a^2+1 ∫_∞ 0 (u^2−v^2 )^2ρ^2dρ ∫_∞ 0 (u^2+v^2 )ρ2dρ ) . (3.9)

(F5). The dimensionless inner kinetic energy K(a) K ≡^1_{μc2} ∫ R^3 Re⟨ϕ +⃗α · p̂ϕ⟩d^3x =^1_{μc2} (mc^2 − ∫ R^3 (μc

2γ̌ − wcγ̌^2)d^3x) =^{a2−1}_{a2+1} − ∫_∞ 0 (u^2−v^2)ρ^2dρ ∫_∞ 0 (u^2+v^2)ρ^2dρ + 2a a^2 +1 ∫_∞ 0 (u^2−v^2)^2ρ^2dρ ∫_∞ 0 (u^2+v^2)ρ^2 dρ .

(3.10)

Compared with (3.9), we have

K = 3P + 3 2 wc ∫_∞ 0 γ̌^2 · 4πr^2dr. (3.11)

The physical meanings of y(a), E(a), d(a) and K(a) are evident. Now we examine the meanings of P (a). For the perfect fluid in relativity, the energy momentum tensor is given by T^{μν} = (ρ + P )U^μU^ν − P g^{μν} , T^μ_μ = ρ − 3P. (3.12) For the static fluid, we have the 4 − d speed U^μ = (1, 0, 0, 0), so

T^0_0 = (ρ + P ) − P = ρ, and P = 1 3 (T^0_0 − T^μ_μ ). (3.13)

Figure 1: The norm y(a) and mean diameter d(a) of a spinor

Figure 2: The energy E(a), K(a) and pressure P (a) of a spinor

For the nonlinear spinor field (2.5) with V = V (γ̌), we define the corresponding concepts as follows[26]

T^{μν} =^1_2 Re⟨ϕ^+(ϱ^μi∂^ν + ϱ^ν i∂^μ)ϕ⟩ − Lg^{μν} =^1_2 Re⟨ϕ^+(ϱ^μi∂^ν + ϱ^ν i∂^μ)ϕ⟩ + (V^′γ̌ − V )g^{μν} .

(3.14)

For static spinor, we have P = 1 3 (T^0_0 − T^μ_μ ) = 1 3 (m|ϕ|^2 − μγ̌ − 2V^′γ̌ + 3V ). (3.15)

For potential V =^1_2 wγ̌^2, we have P = 1 3 (m|ϕ|^2 − μγ̌ − 1 2 wγ̌^2). (3.16)

The integrated and dimensionless form becomes (3.9). So (3.9) reflects the equivalent pressure of spinor field in relativity.

The curve of the dimensionless functions defined above are shown in Fig.1 and Fig.2. In Fig.1, The normalizing condition y ≡ log(s) = 0.919 comes from the computing of anomalous magneton of an electron. A rough computation was given in [21], and a more accurate result relative to this value will be displayed elsewhere. For electrons, μ ˙=m_e = 9.11 × 10^{−21}kg, h̄ = 1.055 × 10^{−34}J.s, c = 2.998 × 10^8m/s. By (3.5) and log(s) = 0.919 or s = 8.30, we can estimate the value w = πh̄^3s^2 μ^2c^2

˙=4.945 × 10^{−59}s^2 = 3.406 × 10^{−57}(J · s · m^2).

For this case, the nonlinear spinor equation has only two eigenstates corresponding to a = 1.95 and a = 45.7. The norm function of all other family of eigenstates has no intersection points with y = 0.919.

The radial distributions of the spinor with even parity are shown in Fig.3, where G(r) = √ w 2μc g = √ a a^2 + 1 u, F (r) = − √ w 2μc f = √ a a^2 + 1 v are dimensionless functions with the same scale. The unit of the coordinate r is the universal Compton wave length^{h̄}_{μc} . So the images of different solution are visually comparable in Fig.3.

4 Conclusions

Now we extract some important information from the above analyses and figures:

(P1). From Fig.1 and [20], we learn that the dimensionless norm y(a) acts like a concave parabolic line, which has two intersection points with the normalizing condition

Figure 3: Radial Functions of the Spinor

Figure 4: The energy and pressure of a spinor with potential V =^1_4 wγ̌^4 y = log(s) for large enough s or w. Only the solution corresponds to such intersection points is meaningful in physics. If s < s_c ≈ 3.84, then y = log(s) has no intersection point with all sequences of y = y(a).

(P2). By computing the anomalous magneton of an electron, we find s ˙=8.30 or w = 3.406 × 10^{−57}(J · s · m^2). This may be a universal constant. For a spinor with mass constant μ ˙=m_e, we have not other solutions except for the first family solution with even parity displayed in Fig.1. For this case, we have corresponding spectra a_1 = 1.95 and a_2 = 45.7.

(P3). By the energy curve E(a) we find a_1 corresponds to the low energy state, but a_2 corresponds to the high energy state. The energy of the high state is almost equal to μc^2. The energy gap between two state is more than 22%μc^2. However for the spinor with heavy mass, e.g., μ ˙=M_p(the mass of a proton), then the energy gap will increase a large amount.

(P4). The mean diameter of high energy state is about d_2 ˙=40^{h̄}_{μc} , but the mean diameter of low energy state is only d_1 ˙=4^{h̄}_{μc} . The distribution of the radial functions is shown by Fig.3.

(P5). The energy structure of the dark spinor is interesting. The function P corresponding to the pressure of the fluid model almost vanishes generally. For the high energy state P ∼ E × 10^{−9}, but for the low energy state, we have negative pressure, and P ∼ −E × 10^{−8}. All numerical results show that |P | ≪ E, this seems to be valid generally for all nonlinear potential V = V (γ̌) satisfying V^′γ̌ − V > 0.

(P6). The kinetic energy K is almost direct proportional to the nonlinear potential. For high energy state it almost vanishes, but for the low energy state, K ∼ 0.5μc^2, it contributes large part of the total energy E.

(P7). When the kinetic energy takes the maximum, but the pressure takes the minimum. This completely contradicts the common sense about pressure. So the properties of fields are quite different in some aspects from that of the classical particles.

(P8). The ground state of a nonlinear spinor can generally provide negative pressure. Fig.4 shows the dimensionless function E(a), K(a) and pressure P (a) of a spinor with nonlinear potential V (γ̌) =^1_4 wγ̌^4. Compared with Fig.2, we learn that the pressure becomes larger by 10^3 times than that for V (γ̌) =^1_2 wγ̌^2, and the rigidity of the spinor increases.

(P9). The natural constants seems to have been elaborated so that the linearization of the dynamic equations is valid and then the chaos can be avoided for the fundamental objects in the Nature.

Acknowledgments

The author is grateful to Academician Li Ta-tsien, Prof. Shang Han-Ji and Prof. Ni Guang-Jiong for their guidance. Thanks continue to my friends Mr. Lei Hai-Bin, Dr. Xiao Li-Ming and Dr. Qin Kai-Rong.

References

[1] D. Iuanenko, Sov. Phys. 13, 141-149 (1938) [2] H. Weyl, Phys. Rev. 77, 699-701 (1950) [3] W. Heisenberg, Physica 19, 897-908 (1953) [4] K. Johnson, Phys. Lett. 78B, 259-262 (1978) [5] P. Mathieu, Phys. Rev. D29, 2879-2883 (1984) [6] A. F. Ranada, Classical nonlinear Dirac field models of extended particles, In:Quantum theory, groups, fields and particles, edited by A.O.Barut, Amsterdam, Reidel, 1983 [7] R. Finkelsten, et al, Phys. Rev. 83(2), 326-332(1951) [8] M. Soler, Phys. Rev. D1(10), 2766-2767(1970) [9] I. L. Bogolubsky, Phys. Lett. 73A(2),87-90(1979) [10] J. Werle, Acta Phys. Po1. B12, 601(1981) [11] A. Alvarez, M. Soler, Phys. Rev. Lett 50(17), 1230-1233(1983) [12] T. Cazenave, L. Vazquez, Comm. Math. Phys.105, 35-47 (1986) [13] F. Merle, J. Diff. Eq. 74, 50-68 (1988) [14] M. Balabane, et al, Comm. Math. Phys. 119, 153-176 (1988) [15] M. Balabane, et al, Comm. Math. Phys. 133, 53-74 (1990) [16] M. J. Esteban, E. Sere, C. R. Acad. Sci. Pavis, t. 319, Serie I, 1213-1218 (1994) [17] M. J. Esteban, E. Sere, Comm. Math. Phys. 171, 323-350(1995)

[18] Wilhelm Fushchych, Renat Zhdanov, SYMMETRIES AND EXACT SOLUTIONS OF NONLINEAR DIRAC EQUATIONS, Kyiv Mathematical Ukraina Publisher, Ukraine (1997), arXiv:math-ph/0609052 [19] Y. Q. Gu, Ph. D. Thesis, Inst. of Math., Fudan Univ., China,1995 [20] Y. Q. Gu, Some properties of the spinor soliton, Adv. appl. Cliff. Alg. 8(1), 17- 29(1998), http://www.clifford-algebras.org/v8/81/gu81.pdf [21] Y. Q. Gu, Spinor soliton with electromanetic field, Adv. appl. Cliff. Alg. 8(2), 271-282(1998), http://www.clifford-algebras.org/v8/82/gu82.pdf [22] Y. Q. Gu, A Cosmological Model with Dark Spinor Source, arXiv:gr-qc/0610147 [23] J. Keller, Adv. Appl. Cliff. Alg. 3(2), 147-200(1993) [24] Y. A. Rylov, Adv. Appl. Cliff. Alg. 5(1), 1-40 (1995) [25] C. Itzykson, J.-B. Zuber, Quantum Field Theory, Mc Graw-Hill Inc.1980 [26] Y. Q. Gu, B. Saha, The covariant derivatives and energy momentum tensor of spinors, arXiv:gr-qc/0609043