arXiv:0904.2287v3 [hep-th] 24 Jun 2009

Quantum field theory as pilot-wave theory of particle creation and destruction

Hrvoje Nikolić Theoretical Physics Division, Rudjer Bošković Institute, P.O.B. 180, HR-10002 Zagreb, Croatia.^∗ (Dated: June 25, 2009)

States in quantum field theory (QFT) are represented by many-particle wave functions, such that a state describing n particles depends on n spacetime positions. Since a general state is a superposition of states with different numbers of particles, the wave function lives in the configuration space identified with a product of an infinite number of 4-dimensional Minkowski spacetimes. The squared absolute value of the wave function is interpreted as the probability density in the configuration space, from which the standard probabilistic predictions of QFT can be recovered. Such a formulation and probabilistic interpretation of QFT allows to interpret the wave function as a pilot wave that describes deterministic particle trajectories, which automatically includes a deterministic and continuous description of particle creation and destruction. In particular, when the conditional wave function associated with a quantum measurement ceases to depend on one of the spacetime coordinates, then the 4-velocity of the corresponding particle vanishes, describing a trajectory that stops at a particular point in spacetime. In a more general situation a dependence on this spacetime coordinate is negligibly small but not strictly zero, in which case the trajectory does not stop but the measuring apparatus still behaves as if this particle has been destroyed.

PACS numbers: 11.10.-z, 03.70.+k, 03.65.Ta

I. INTRODUCTION

The Bohmian interpretation of nonrelativistic quantum mechanics (QM) [1, 2, 3] is the best known and most successfull attempt to explain quantum phenomena in terms of “hidden variables”, that is, objective properties of the system that are well defined even in the absence of measurements. According to this interpretation, particles allways have continuous and deterministic trajectories in spacetime, while all quantum uncertainties are an artefact of the ignorance of the initial particle positions. The wave function plays an auxiliary role, by acting as a pilot wave that determines motions of particles for given initial positions.

Yet, in its current form, the Bohmian interpretation is not without difficulties. An important nontrivial issue is to make the Bohmian interpretation of many-particle systems compatible with special relativity. Manifestly relativistic-covariant Bohmian equations of motion of many-particle systems have been proposed in [4] and further studied in [5, 6], but for a long time it has not been known how to associate probabilistic predictions with such relativistic-covariant equations of motion. Recently, a progress has been achieved by realizing that the a priori probability density ρ(x, t) ∝ |ψ(x, t)|^2 of a single particle at the space-position x at time t should not be interpreted as a probability density in space satisfying ∫ d^3x ρ(x, t) = 1, but as a probability density in spacetime satisfying ∫ d^3x dt ρ(x, t) = 1 [7, 8]. The usual probabilistic interpretation in space is then recovered as a conditional probability, corresponding to the case in which the time of detection has been observed. For an n-particle wave func-

∗Electronic address: hrvoje@thphys.irb.hr

tion it generalizes to ∫ d^4x_1 · · · ∫ d^4x_n ρ(x_1, · · · , x_n) = 1, where ρ(x_1, · · · , x_n) ∝ |ψ(x_1, · · · , x_n)|^2 and x_a ≡ (x_a, t_a). As shown in [7, 8], such a manifestly relativistic-invariant probabilistic interpretation is compatible with the manifestly relativistic-covariant Bohmian equations of motion. In this paper we confirm this compatibility, by explaining it in a new way in Appendix B.

The main remaining problem is how to make the Bohmian interpretation compatible with quantum field theory (QFT), which predicts that particles can be created and destructed. How to make a theory that describes deterministic continuous trajectories compatible with the idea that a trajectory may have a singular point at which the trajectory begins or ends? One possibility is to explicitly break the rule of continuous deterministic evolution, by adding an additional equation that specifies stochastic breaking of the trajectories [9, 10]. Another possibility is to introduce an additional continuously and deterministically evolving hidden variable that specifies effectivity of each particle trajectory [11, 12]. However, both possibilities seem rather artificial and contrived. A more elegant possibility is to replace pointlike particles by extended strings, in which case the Bohmian equation of motion automatically contains a continuous deterministic description of particle creation and destruction as string splitting [7]. However, string theory is not yet an experimentally confirmed theory, so it would be much more appealing if Bohmian mechanics could be made consistent without strings.

The purpose of this paper is to generalize the relativistic-covariant Bohmian interpretation of relativistic QM [8] describing a fixed number of particles, to relativistic QFT that describes systems in which the number of particles may change. It turns out that the natural Bohmian equations of motion for particles described by QFT automatically describe their creation and destruction, without need to add any additional structure to the theory. In particular, the new artificial structures that has been added in [9, 10] or [11, 12] turn out to be completely unnecessary.

The main new ideas of this paper are introduced in Sec. II in a non-technical and intuitive way. This section serves as a motivation for styding the technical details developed in the subsequent sections, but a reader not interested in technical details may be satisfied to read this section only.

Sec. III presents in detail several new and many not widely known conceptual and technical results in standard QFT that do not depend on the interpretation of quantum theory. As such, this section may be of interest even for readers not interested in interpretations of quantum theory. The main purpose of this section, however, is to prepare the theoretical framework needed for the physical interpretation studied in the next section.

Sec. IV finally deals with the physical interpretation. The general probabilistic interpretation and its relation to the usual probabilistic rules in practical applications of QFT is discussed first, while a detailed discussion of the interpretation in terms of deterministic particle trajectories (already indicated in Sec. II) is delegated to the final part of this section.

Finally, the conclusions are drawn in Sec. V. In the paper we use units h̄ = c = 1 and the metric signature (+, −, −, −).

II. MAIN IDEAS

In this section we formulate our main ideas in a casual and mathematically non-rigorous way, with the intention to develop an intuitive understanding of our results, and to motivate the formal developments that will be presented in the subsequent sections.

As a simple example, consider a QFT state of the form |Ψ⟩ = |1⟩ + |2⟩, (1) which is a superposition of a 1-particle state |1⟩ and a 2-particle state |2⟩. For example, it may represent an unstable particle for which we do not know if it has already decayed into 2 new particles (in which case it is described by |2⟩) or has not decayed yet (in which case it is described by |1⟩). However, it is known that one allways observes either one unstable particle (the state |1⟩) or two decay products (the state |2⟩). One never observes the superposition (1). Why?

To answer this question, let us try with a Bohmian approach. One can associate a 1-particle wave function Ψ_1(x_1) with the state |1⟩ and a 2-particle wave function Ψ_2(x_2, x_3) with the state |2⟩, where x_A is the spacetime position x^μ_A, μ = 0, 1, 2, 3, of the particle labeled by A = 1, 2, 3. Then the state (1) is represented by a superposition

Ψ(x_1, x_2, x_3) = Ψ_1(x_1) + Ψ_2(x_2, x_3). (2)

However, the Bohmian interpretation of such a superposition will describe three particle trajectories. On the other hand, we should observe either one or two particles, not three particles. How to explain that?

To understand it intuitively, we find it instructive to first understand an analogous but much simpler problem in Bohmian mechanics. Consider a single non-relativistic particle moving in 3 dimensions. Its wave function is ψ(x), where x = {x^1, x^2, x^3} and the time-dependence is suppressed. Now let us assume that the particle can be observed to move either along the x^1 direction (in which case it is described by ψ_1(x^1)) or on the x^2-x^3 plane (in which case it is described by ψ_2(x^2, x^3)). In other words, the particle is observed to move either in one dimension or two dimensions, but never in all three dimensions. But if we do not know which of these two possibilities will be realized, we describe the system by a superposition

ψ(x^1, x^2, x^3) = ψ_1(x^1) + ψ_2(x^2, x^3). (3)

However, the Bohmian interpretation of the superposition (3) will lead to a particle that moves in all three dimensions. On the other hand, we should observe that the particle moves either in one dimension or two dimensions. The formal analogy with the many-particle problem above is obvious.

Fortunately, it is very well known how to solve this analogous problem involving one particle that should move either in one or two dimensions. The key is to take into account the properties of the measuring apparatus. If it is true that one allways observes that the particle moves either in one or two dimensions, then the total wave function describing the entanglement between the measured particle and the measuring apparatus is not (3) but ψ(x, y) = ψ_1(x^1)E_1(y) + ψ_2(x^2, x^3)E_2(y), (4)

where y is a position-variable that describes the configuration of the measuring apparatus. The wave functions E_1(y) and E_2(y) do not overlap. Hence, if y takes a value Y in the support of E_2, then this value is not in the support of E_1, i.e., E_1(Y ) = 0. Consequently, the motion of the measured particle is described by the conditional wave function [13] ψ_2(x^2, x^3)E_2(Y ). The effect is the same as if (3) collapsed to ψ_2(x^2, x^3).

Now essentially the same reasoning can be applied to the superposition (2). If the number of particles is measured, then instead of (2) we actually have a wave function of the form

Ψ(x_1, x_2, x_3, y) = Ψ_1(x_1)E_1(y) + Ψ_2(x_2, x_3)E_2(y). (5)

The detector wave functions E_1(y) and E_2(y) do not overlap. Hence, if the particle counter is found in the state E_2, then the measured system originally described by (2) is effectively described by Ψ_2(x_2, x_3).

Now, what happens with the particle having the spacetime position x_1? In general, its motion in spacetime may

FIG. 1: Left: The destruction of particle 1 and survival of particle 2, as seen in spacetime. The dot on trajectory 1 denotes a singular point of destruction at x^0 = T . Right: The same process as seen on the x^0_1-x^0_2 plane of the configuration space. Instead of a singular point, we have a continuous curve that asymptotically approaches the dashed line x^0_1 = T .

be expected to be described by the relativistic Bohmian equation of motion [4, 5, 6]

dX^μ_1 (s) ds = i 2 Ψ^{∗ ↔}∂^μ_1 Ψ Ψ^∗Ψ

, (6)

where s is an auxiliary scalar parameter along the trajectory. However, in our case the effective wave function does not depend on x_1, i.e., the derivatives in (6) vanish. Consequently, all 4 components of the 4-velocity (6) are zero. The particle does not change its spacetime position X^μ_1 . It is an object without an extension not only in space, but also in time. It can be thought of as a pointlike particle that exists only at one instant of time X^0_1 . It lives too short to be detected. Effectively, this particle behaves as if it did not exist at all.

Now consider a more realistic variation of the measuring procedure, taking into account the fact that the measured particles become entangled with the measuring apparatus at some finite time T . Before that, the wave function of the measured particles is really well described by (2). Thus, before the interaction with the measuring apparatus, all 3 particles described by (2) have continuous trajectories in spacetime. All 3 particles exist. But at time T , the total wave function significantly changes. Either (i) y takes a value from the support of E_2 in which case dX^μ_1 /ds becomes zero, or (ii) y takes a value from the support of E_1 in which case dX^μ_2 /ds and dX^μ_3 /ds become zero. After time T , either the particle 1 does not longer change its spacetime position, or the particles 2 and 3 do not longer change their spacetime positions. The effect is the same as if the particle 1 or the particles 2 and 3 do not exist for times t > T . In essence, this is how relativistic Bohmian interpretation describes the particle destruction. In order for this mechanism to work, we see that it is essential that each particle possesses not only its own space coordinate x_A, but also its own time coordinate x^0_A.

The corresponding particle trajectories are illustrated by Fig. 1. The picture on the left shows the trajectories of particles 1 and 2 in spacetime, for the case in which the particle 1 is destructed at time T . The trajectory of the destructed particle looks discontinuous. However, the trajectories of all particles are described by continuous functions X^μ_A(s) with a common parameter s, so the set of all 3 trajectories (because A = 1, 2, 3) in the 4-dimensional spacetime can be viewed as a single continuous trajectory in the 3·4 = 12 dimensional configuration space. The picture on the right of Fig. 1 demonstrates the continuity on the x^0_1-x^0_2 plane of the configuration space.

One may object that the mechanism above works only in a very special case in which the absence of the overlap between E_1(y) and E_2(y) is exact. In a more realistic situation this overlap is negligibly small, but not exactly zero. In such a situation neither of the particles will have exactly zero 4-velocity. Consequently, neither of the particles will be really destroyed. Nevertheless, the measuring apparatus will still behave as if some particles have been destroyed. For example, if y takes value Y for which E_1(Y ) ≪ E_2(Y ), then for all practical purposes the measuring apparatus behaves as if the wave function collapsed to the second term in (5). The particles with positions X_2 and X_3 also behave in that way. Therefore, even though the particle with the position X_1 is not really destroyed, an effective wave-function collapse still takes place. The influence of the particle with the position X_1 on the measuring apparatus described by Y is negligible, which is effectively the same as if this particle has been destroyed.

Of course, the interaction with the measuring apparatus is not the only mechanism that may induce destruction of particles. Any interaction with the environment may do that. (That is why we use the letter E to denote the states of the measuring apparatus.) Or more generally, any interactions among particles may induce not only particle destruction, but also particle cre-

FIG. 2: A “real” particle (having non-zero 4-velocity) surrounded by a sea of “vacuum” particles (having zero 4- velocities).

ation. Whenever the wave function Ψ(x_1, x_2, x_3, x_4, . . .) does not really vary (or when this variation is negligible) with some of x_A for some range of values of x_A, then at the edge of this range a trajectory of the particle A may exhibit true (or apparent) creation or destruction.

In general, a QFT state may be a superposition of n-particle states with n ranging from 0 to ∞. Thus, Ψ(x_1, x_2, x_3, x_4, . . .) should be viewed as a function that lives in the space of infinitely many coordinates x_A, A = 1, 2, 3, 4, . . . , ∞. In particular, the 1-particle wave function Ψ_1(x_1) should be viewed as a function Ψ_1(x_1, x_2, . . .) with the property ∂^μ_AΨ_1 = 0 for A = 2, 3, . . . , ∞. It means that any wave function in QFT describes an infinite number of particles, even if most of them have zero 4-velocity. As we have already explained, particles with zero 4-velocity are dots in spacetime. The initial spacetime position of any particle may take any value, with the probability proportional to |Ψ(x_1, x_2, . . .)|^2. Thus, the Bohmian particle trajectories associated with the 1- particle wave function Ψ_1(x_1, x_2, . . .) take a form as in Fig. 2. In addition to one continuous particle trajectory, there is also an infinite number of “vacuum” particles which live for an infinitesimally short time.

It is intuitively clear that a particle that lives for an infinitesimally short time is not observable. However, we have an infinite number of such particles, so could their overall effect be comparable, or even overwhelming, with respect to a finite number of “real” particles that live for a finite time? There is a simple intuitive argument that such an effect should not be expected. The number of “vacuum” particles is equal to the cardinal number of the set on natural numbers, denoted by ℵ_0. This set has a measure zero with respect to a continuous trajectory, because a continuous trajectory corresponds to a set of real numbers, the cardinal number of which is 2^{ℵ0} [14]. Intuitively, the number of points on a single continuous trajectory is infinitely times larger than the number of points describing the “vacuum” particles. Consequently, the contribution of the “vacuum” particles to any measurable effect is expected to be negligible.

The purpose of the rest of the paper is to further elaborate the ideas presented in this section and to put them into a more precise framework.

III. INTERPRETATION-INDEPENDENT ASPECTS OF QFT

A. Measurement in QFT as entanglement with the environment

Let {|i⟩} be some orthonormal basis of 1-particle states. A general normalized 1-particle state is

|Ψ_1⟩ = ∑ i c_i|i⟩, (7) where the normalization condition implies ∑ i |c_i|^2 = 1.

From the basis {|i⟩} one can construct the n-particle basis {|i_1, . . . , i_n⟩}, where |i_1, . . . , i_n⟩ = S_{{i1 ,...,in}}|i_1⟩ · · · |i_n⟩. (8) Here S_{{i1 ,...,in}} denotes the symmetrization over all {i_1, . . . , i_n} for bosons, or antisymmetrization for fermions. The most general state in QFT describing these particles can be written as

|Ψ⟩ = c_0|0⟩ + ∞∑ n=1 ∑ i_1 ,...,i_n c_{n;i1 ,...,in} |i_1, . . . , i_n⟩, (9) where the vacuum |0⟩ is also introduced. Now the normalization condition implies |c_0|^2 + ∑_∞ n=1 ∑ i_1 ,...,i_n |cn;i1 ,...,in | 2 = 1.

Now let as assume that the number of particles is measured. It implies that the particles become entangled with the environment, such that the total state describing both the measured particles and the environment takes the form

|Ψ⟩_{total} = c_0|0⟩|E_0⟩ (10) + ∞∑ n=1 ∑ i_1 ,...,i_n c_{n;i1 ,...,in} |i_1, . . . , i_n⟩|E_{n;i1 ,...,in} ⟩. The environment states |E_0⟩, |E_{n;i1 ,...,in} ⟩ are macroscopically distinct. They describe what the observers really observe. When an observer observes that the environment is in the state |E_0⟩ or |E_{n;i1 ,...,in} ⟩, then one says that the original measured QFT state is in the state |0⟩ or |i_1, . . . , i_n⟩, respectively. In particular, this is how the number of particles is measured in a state (9) with an uncertain number of particles. The probability that the environment will be found in the state |E_0⟩ or |E_{n;i1 ,...,in} ⟩ is equal to |c_0|^2 or |c_{n;i1,...,in} |^2, respectively.

Of course, (9) is not the only way the state |Ψ⟩ can be expanded. In general, it can be expanded as |Ψ⟩ = ∑ ξ c_ξ|ξ⟩, (11) where |ξ⟩ are some normalized (not necessarily orthogonal) states that do not need to have a definite number of particles. A particularly important example are coherent states (see, e.g., [15]), which minimize the products of uncertainties of fields and their canonical momenta. Each coherent state is a superposition of states with all possible numbers of particles, including zero. The coherent states are overcomplete and not orthogonal. Yet, the expansion (9) may be an expansion in terms of coherent states |ξ⟩ as well.

Furthermore, the entanglement with the environment does not necessarily need to take the form (10). Instead, it may take a more general form

|Ψ⟩_{total} = ∑ ξ c_ξ|ξ⟩|E_ξ ⟩, (12)

where |E_ξ ⟩ are macroscopically distinct. In principle, the interaction with the environment may create the entanglement (12) with respect to any set of states {|ξ⟩}. In practice, however, some types of expansions are preferred. This fact can be explained by the theory of decoherence [16], which explains why states of the form of (12) are stable only for some particular sets {|ξ⟩}. In fact, depending on details of the interactions with the environment, in most real situations the entanglement takes either the form (10) or the form (12) with coherent states |ξ⟩. Since coherent states minimize the uncertainties of fields and their canonical momenta, they behave very much like classical fields. This explains why experiments in quantum optics can often be better described in terms of fields rather than particles (see, e.g., [15]). In fact, the theory of decoherence can explain under what conditions the coherent-state basis becomes preferred over basis with definite numbers of particles [17, 18].

There is one additional physically interesting class of sets {|ξ⟩}. They may be eigenstates of the particle number operator defined with respect to Bogoliubov transformed (see, e.g., [19]) creation and destruction operators. Thus, even the vacuum may have a nontrivial expansion of the form

|0⟩ = c_0|0^′⟩ + ∞∑ n=1 ∑ i^′_1 ,...,i^′_n c_{n;i}′_{1,...,i}′_n |i^′_1, . . . , i^′_n⟩, (13)

where the prime denotes the n-particle states with respect to the Bogoliubov transformed number operator. In fact, whenever the two definitions of particles are related by a Bogoliubov transformation, the vacuum for one definition of particles is a squeezed state when expressed in terms of particles of the other definition of particles [20]. Thus, if the entanglement with the environment takes the form

|Ψ⟩_{total} = c_0|0^′⟩|E_0⟩ (14) + ∞∑ n=1 ∑ i^′_1 ,...,i^′_n c_{n;i}′_{1 ,...,i}′_n |i^′_1, . . . , i^′_n⟩|E_{n;i}′_{1 ,...,i}′_n ⟩, then the vacuum (13) may appear as a state with many particles. Indeed, this is expected to occur when the particle detector is accelerated or when a gravitational field is present [19]. The theory of decoherence can explain why the interaction with the environment leads to an entanglement of the form of (14) [21].

Thus, decoherence induced by interaction with the environment can explain why do we observe either a definite number of particles or coherent states that behave very much like classical fields. However, decoherence alone cannot explain why do we observe some particular state of definite number of particles and not some other, or why do we observe some particular coherent state and not some other.

B. Free scalar QFT in the particle-position picture

Consider a free scalar hermitian field operator ϕ̂(x) satisfying the Klein-Gordon equation

∂^μ∂_μϕ̂(x) + m^2ϕ̂(x) = 0. (15)

The field can be decomposed as

ϕ̂(x) = ψ̂(x) + ψ̂^†(x), (16)

where ψ̂ and ψ̂^† can be expanded as

ψ̂(x) = ∫ d^3k f(k) â(k)e^{−i[ω(k)x0 −kx]}, ψ̂†(x) = ∫ d^3k f(k) â^†(k)e^{i[ω(k)x0−kx]}. (17)

Here

ω(k) = √ k^2 + m^2 (18)

is the k^0 component of the 4-vector k = {k^μ}, and â^†(k) and â(k) are the usual creation and destruction operators, respectively. The function f(k) is a real positive function which we do not specify explicitly because several different choices appear in the literature, corresponding to several different choices of normalization. All subsequent equations will be written in forms that do not depend on this choice.

We define the operator ψ̂_n(x_{n,1}, . . . , x_{n,n}) = d_nS_{{xn,1,...,xn,n}}ψ̂(x_{n,1}) · · · ψ̂(x_{n,n}). (19) The symbol S_{{xn,1,...,xn,n}} denotes the symmetrization, reminding us that the expression is symmetric under the exchange of coordinates {x_{n,1}, . . . , x_{n,n}}. (Note, however, that the product of operators on the right hand side of (19) is in fact automatically symmetric because the operators ψ̂(x) commute, i.e., [ψ̂(x), ψ̂(x^′)] = 0.) The parameter d_n is a normalization constant determined by the normalization condition that will be specified below.

The operator (19) allows us to define n-particle states in the basis of particle spacetime positions, as |x_{n,1}, . . . , x_{n,n}⟩ = ψ̂^†_n(x_{n,1}, . . . , x_{n,n})|0⟩. (20) All states of the form (20), together with the vacuum |0⟩, form a complete and orthogonal basis in the Hilbert space of physical states.

If |Ψ_n⟩ is an arbitrary (but normalized) n-particle state, then this state can be represented by the n-particle wave function ψ_n(x_{n,1}, . . . , x_{n,n}) = ⟨x_{n,1}, . . . , x_{n,n}|Ψ_n⟩. (21) We also have ⟨x_{n,1}, . . . , x_{n,n}|Ψ_n′ ⟩ = 0 for n ≠ n^′. (22) We choose the normalization constant d_n in (19) such that the following normalization condition is satisfied ∫ d^4x_{n,1} · · · ∫ d^4x_{n,n} |ψ_n(x_{n,1}, . . . , x_{n,n})|^2 = 1. (23) However, this implies that the wave functions ψ_n(x_{n,1}, . . . , x_{n,n}) and ψ_n′ (x_n′_{,1}, . . . , x_n′_{,n}′ ), with different values of n and n^′, are normalized in different spaces. On the other hand, we want these wave functions to live in the same space, such that we can form superpositions of wave functions describing different numbers of particles. To accomplish this, we define Ψ_n(x_{n,1}, . . . , x_{n,n}) = √ V^{(n)} V ψ_n(x_{n,1}, . . . , x_{n,n}), (24) where

V^{(n)} = ∫ d^4x_{n,1} · · · ∫ d^4x_{n,n}, (25)

V = ∞∏ n=1 V^{(n)}, (26)

are volumes of the corresponding configuration spaces. In particular, the wave function of the vacuum is

Ψ_0 = 1 √ V . (27)

This provides that all wave functions are normalized in the same configuration space as ∫ D⃗x |Ψ_n(x_{n,1}, . . . , x_{n,n})|^2 = 1, (28) where we use the notation

⃗x = (x_{1,1}, x_{2,1}, x_{2,2}, . . .), (29)

D⃗x = ∞∏ n=1 n∏ a_n=1

d^4x_{n,an} . (30)

Note that the physical Hilbert space does not contain non-symmetrized states, such as a 3-particle state |x_{1,1}⟩|x_{2,1}, x_{2,2}⟩. It also does not contain states that do not satisfy (18). Nevertheless, the notation can be further simplified by introducing an extended kinematic Hilbert space that contains such unphysical states as well. Every physical state can be viewed as a state in such an extended Hilbert space, although most of the states in the extended Hilbert space are not physical. In this extended space it is convenient to denote the pair of labels (n, a_n) by a single label A. Hence, (29) and (30) are now written as ⃗x = (x_1, x_2, x_3, . . .), (31)

D⃗x = ∞∏ A=1 d^4x_A. (32)

Similarly, (26) with (25) is now written as V = ∫ ∞∏ A=1 d^4x_A. (33)

The particle-position basis of this extended space is denoted by |⃗x) (which should be distinguished from |⃗x⟩ which would denote a symmetrized state of an infinite number of physical particles). Such a basis allows us to write the physical wave function (24) as a wave function on the extended space

Ψ_n(⃗x) = (⃗x|Ψ_n⟩. (34)

Now (28) takes a simpler form ∫ D⃗x |Ψ_n(⃗x)|^2 = 1. (35)

The normalization (35) corresponds to the normalization in which the unit operator on the extended space is 1 = ∫ D⃗x |⃗x)(⃗x|, (36) while the scalar product is (⃗x|⃗x^′) = δ(⃗x − ⃗x^′), (37) with δ(⃗x − ⃗x^′) ≡ ∏_∞ A=1 δ^4(x_A − x^′_A). A general physical state can be written as Ψ(⃗x) = (⃗x|Ψ⟩ = ∞∑ n=0 c_nΨ_n(⃗x). (38)

It is also convenient to write this as

Ψ(⃗x) = ∞∑ n=0 Ψ̃_n(⃗x), (39) where the tilde denotes a wave function that is not necessarily normalized. The total wave function is normalized, in the sense that ∫ D⃗x |Ψ(⃗x)|^2 = 1, (40)

implying ∞∑ n=0 |c_n|^2 = 1. (41)

Next, we introduce the operator □ = ∞∑ A=1 ∂^μ_A∂_{Aμ}. (42)

From the equations above (see, in particular, (15)-(21)), it is easy to show that Ψ_n(⃗x) satisfies

□Ψ_n(⃗x) + nm^2Ψ_n(⃗x) = 0. (43)

Introducing a hermitian number-operator N̂ with the property

N̂Ψ_n(⃗x) = nΨ_n(⃗x), (44)

one finds that a general physical state (38) satisfies the generalized Klein-Gordon equation

□Ψ(⃗x) + m^2N̂Ψ(⃗x) = 0. (45)

We also introduce the generalized Klein-Gordon current

J^μ_A(⃗x) = i 2 Ψ^∗(⃗x)^↔∂^μ_A Ψ(⃗x). (46)

From (45) one finds that, in general, this current is not conserved ∞∑ A=1 ∂_{Aμ}J^μ_A(⃗x) = J(⃗x), (47) where J(⃗x) = − i 2 m^2Ψ^∗(⃗x) ↔ N̂ Ψ(⃗x), (48)

and Ψ^′ ↔ N̂ Ψ ≡ Ψ′(N̂Ψ) − (N̂Ψ′)Ψ. From (48) we see that the current is conserved in two special cases: (i) when Ψ = Ψ_n (a state with a definite number of physical particles), or (ii) when m^2 = 0 (any physical state of massless particles).

In the extended Hilbert space it is also useful to introduce the momentum picture through the Fourier transforms. We define

Ψ_{⃗k}(⃗x) = √ (2π)^{4ℵ0} V (⃗x|⃗k) = e^{−i⃗k⃗x} √ V , (49) where ⃗k⃗x ≡ ∑_∞ A=1 k_{Aμ}x^μ_A and ℵ_0 = ∞ corresponds to the number of different values of the label A. In the basis of momentum eigenstates |⃗k) we have 1 = ∫ D⃗k |⃗k)(⃗k|, (50)

(⃗k|⃗k^′) = δ(⃗k − ⃗k^′). (51) It is easy to check that the normalizations as above make the Fourier transform Ψ(⃗k) = (⃗k|Ψ⟩ = ∫ D⃗x (⃗k|⃗x)(⃗x|Ψ⟩ (52) and its inverse Ψ(⃗x) = (⃗x|Ψ⟩ = ∫ D⃗k (⃗x|⃗k)(⃗k|Ψ⟩ (53) consistent. We can also introduce the momentum opera- tor p̂_{Aμ} = i∂_{Aμ}. (54)

The wave function (49) is the momentum eigenstate

p̂_{Aμ}Ψ_{⃗k}(⃗x) = k_{Aμ}Ψ_{⃗k}(⃗x). (55)

In particular, the wave function of the physical vacuum is given by (27), so

p̂_{Aμ}Ψ_0(⃗x) = 0. (56)

We see that (27) can also be written as

Ψ_0(⃗x) = e^{−i⃗0⃗x} √ V , (57)

showing that the physical vacuum can also be represented as |0⟩ = |⃗k = ⃗0). (58) Intuitively, it means that the vacuum can be thought of as a state with an infinite number of particles, all of which have vanishing 4-momentum. Similarly, an nparticle state can be thought of as a state with an infinite number of particles, where only n of them have a nonvanishing 4-momentum.

Finally, let us rewrite some of the main results of this (somewhat lengthy) subsection in a form that will be suitable for a generalization in the next subsection. A general physical state can be written in the form |Ψ⟩ = ∞∑ n=0 c_n|Ψ_n⟩ = ∞∑ n=0 |Ψ̃_n⟩. (59)

The corresponding unnormalized n-particle wave functions are ψ̃_n(x_{n,1}, . . . , x_{n,n}) = ⟨0|ψ̂_n(x_{n,1}, . . . , x_{n,n})|Ψ⟩. (60)

There is a well-defined transformation ψ̃_n(x_{n,1}, . . . , x_{n,n}) → Ψ̃_n(⃗x) (61) from the physical Hilbert space to the extended Hilbert space, so that the general state (59) can be represented by a single wave function

Ψ(⃗x) = ∞∑ n=0 c_nΨ_n(⃗x) = ∞∑ n=0 Ψ̃_n(⃗x). (62)

C. Generalization to the interacting QFT

In this subsection we discuss the generalization of the results of the preceding subsection to the case in which the field operator ϕ̂ does not satisfy the free Klein- Gordon equation (15). For example, if the classical action is S = ∫ d^4x [ 1 2 (∂^μϕ)(∂_μϕ) − m^2 2 ϕ^2 − λ 4 ϕ^4 ] , (63)

then (15) generalizes to

∂^μ∂_μϕ̂_H (x) + m^2ϕ̂_H (x) + λϕ̂^3_H (x) = 0, (64)

where ϕ̂_H (x) is the field operator in the Heisenberg picture. (From this point of view, the operator ϕ̂(x) defined by (16) and (17) and satisfying the free Klein- Gordon equation (15) is the field operator in the interaction (Dirac) picture.) Thus, instead of (60) now we have ψ̃_n(x_{n,1}, . . . , x_{n,n}) = ⟨0|ψ̂_{nH} (x_{n,1}, . . . , x_{n,n})|Ψ⟩, (65) where |Ψ⟩ and |0⟩ are states in the Heisenberg picture. Assuming that (65) has been calculated (we shall see below how in practice it can be done), the rest of the job is straightforward. One needs to make the transformation (61) in the same way as in the free case, which leads to an interacting variant of (62)

Ψ(⃗x) = ∞∑ n=0 Ψ̃_n(⃗x). (66)

The wave function (66) encodes the complete information about the properties of the interacting system.

Now let us see how (65) can be calculated in practice. Any operator Ô_H (t) in the Heisenberg picture depending on a single time-variable t can be written in terms of operators in the interaction picture as

Ô_H (t) = Û^†(t)Ô(t)Û (t), (67)

where Û(t) = T e^{−i} ∫_t t0 dt^′Ĥ_{int}(t^′ )

, (68) t_0 is some appropriately chosen “initial” time, T denotes the time ordering, and Ĥ_{int} is the interaction part of the Hamiltonian expressed as a functional of field operators in the interaction picture (see, e.g., [22]). For example, for the action (63) we have

Ĥ_{int}(t) = λ 4 ∫ d^3x :ϕ̂^4(x, t):, (69)

where : : denotes the normal ordering. The relation (67) can also be inverted, leading to

Ô(t) = Û(t)Ô_H (t)Û^†(t). (70)

Thus, the relation (19), which is now valid in the interaction picture, allows us to write an analogous relation in the Heisenberg picture ψ̂_{nH} (x_{n,1}, . . . , x_{n,n}) = d_nS_{{xn,1,...,xn,n}} ψ̂_H (x_{n,1}) · · · ψ̂_H (x_{n,n}), (71)

where

ψ̂_H (x_{n,an} ) = Û^†(x^0_{n,an} )ψ̂(x_{n,an} )Û(x^0_{n,an} ). (72)

By expanding (68) in powers of ∫_t t_0 dt ′Ĥ_{int}, this allows us to calculate (71) and (65) perturbatively. In (65), the states in the Heisenberg picture |Ψ⟩ and |0⟩ are identified with the states in the interaction picture at the initial time |Ψ(t_0)⟩ and |0(t_0)⟩, respectively.

To demonstrate that such a procedure leads to a physically sensible result, let us see how it works in the special (and more familiar) case of the equal-time wave function. It is given by ψ̃_n(x_{n,1}, . . . , x_{n,n}) calculated at x^0_{n,1} = · · · = x^0_{n,n} ≡ t. Thus, (65) reduces to

ψ̃_n(x_{n,1}, . . . , x_{n,n}; t) = d_n⟨0(t_0)|Û †(t)ψ̂(x_{n,1}, t)Û(t) · · · Û^†(t)ψ̂(x_{n,n}, t)Û(t)|Ψ(t_0)⟩. (73) Using Û(t)Û^†(t) = 1 and

Û(t)|Ψ(t_0)⟩ = |Ψ(t)⟩, Û(t)|0(t_0)⟩ = |0(t)⟩, (74)

the expression further simplifies

ψ̃_n(x_{n,1}, . . . , x_{n,n}; t) = d_n⟨0(t)|ψ̂(x_{n,1}, t) · · · ψ̂(x_{n,n}, t)|Ψ(t)⟩. (75) In practical applications of QFT in particle physics, one usually calculates the S-matrix, corresponding to the limit t_0 → −∞, t → ∞. For Hamiltonians that conserve energy (such as (69)) this limit provides the stability of the vacuum, i.e., obeys lim t_0 →−∞, t→∞ Û(t)|0(t_0)⟩ = e^{−iφ}0 |0(t_0)⟩, (76)

where φ_0 is some physically irrelevant phase [23]. Essentially, this is because the integrals of the type ∫_∞ −∞ dt^′ · · · produce δ-functions that correspond to energy conservation, so the vacuum remains stable because particle creation from the vacuum would violate energy conservation. Thus we have |0(∞)⟩ = e^{−iφ0} |0(−∞)⟩ ≡ e^{−iφ0} |0⟩. (77) The state |Ψ(∞)⟩ = Û(∞)|Ψ(−∞)⟩ (78) is not trivial, but whatever it is, it has some expansion of the form |Ψ(∞)⟩ = ∞∑ n=0 c_n(∞)|Ψ_n⟩, (79)

where c_n(∞) are some coefficients. Plugging (77) and (79) into (75) and recalling (19)-(22), we finally obtain ψ̃_n(x_{n,1}, . . . , x_{n,n}; ∞) = e^{iφ}0 c_n(∞)ψ_n(x_{n,1}, . . . , x_{n,n}; ∞). (80) This demonstrates the consistency of (65), because (78) should be recognized as the standard description of evolution from t_0 → −∞ to t → ∞ (see, e.g., [22, 23]), showing that the coefficients c_n(∞) are the same as those described by standard S-matrix theory in QFT. In other words, (65) is a natural many-time generalization of the concept of single-time evolution in interacting QFT.

D. Generalization to other types of particles

In Secs. III B and III C we have discussed in detail scalar hermitian fields, corresponding to spinless uncharged particles. In this subsection we briefly discuss how these results can be generalized to any type of fields and the corresponding particles.

In general, fields ϕ carry some additional labels which we collectively denote by l, so we deal with fields ϕ_l. For example, spin-1 field carries a vector index, fermionic spin-^1_2 field carries a spinor index, non-Abelian gauge fields carry internal indices of the gauge group, etc. Thus Eq. (19) generalizes to ψ̂_{n,Ln} (x_{n,1}, . . . , x_{n,n}) = d_nS_{{xn,1,...,xn,n}}ψ̂_{ln,1} (x_{n,1}) · · · ψ̂_{ln,n} (x_{n,n}), (81) where L_n is a collective label L_n = (l_{n,1}, . . . , l_{n,n}). The symbol S_{{xn,1,...,xn,n}} denotes symmetrization (antisymmetrization) over bosonic (fermionic) fields describing the same type of particles. Hence, it is straightforward to make the appropriate generalizations of all results of Secs. III B and III C. For example, (39) generalizes to

Ψ_{⃗L}(⃗x) = ∞∑ n=0 ∑ L_n Ψ̃_{n,Ln} (⃗x), (82)

with self-explaining notation.

To further simplify the notation, we introduce the column Ψ ≡ {Ψ_{⃗L}} and the row Ψ^† ≡ {Ψ^∗_{⃗L}}. With this notation, the appropriate generalization of (40) can be written as ∫ D⃗x ∑ ⃗L Ψ^∗_{⃗L}(⃗x)Ψ_{⃗L}(⃗x) ≡ ∫ D⃗x Ψ^†(⃗x)Ψ(⃗x) = 1. (83)

For the case of states that contain fermionic particles, Eq. (83) requires further discussion. As a simple example, consider a 1-particle state describing one electron. In this case, (83) can be reduced to ∫ d^4x ψ^†(x)ψ(x) = 1, (84)

where ψ is a Dirac spinor. In this expression, the quantity ψ^†ψ must transform as a Lorentz scalar. At first sight, it may seem to be in contradiction with the well-known fact that ψ^†ψ = ψ̄γ^0ψ transforms as a time-component of a Lorentz vector. However, there is no true contradiction. Let us explain.

The standard derivation that ψ̄γ^μψ transforms as a vector [24] starts from the assumption that the matrices γ^μ do not transform under Lorentz transformations, despite of carrying the index μ. However, such an assumption is not necessary. Moreover, in curved spacetime such an assumption is inconsistent [19]. In fact, one is allowed to define the transformations of ψ and γ^μ in an arbitrary way, as long as such transformations do not affect the transformations of measurable quantities, or quantities like ψ̄γ^μψ that are closely related to measurable ones. Thus, it is much more natural to deal with a differently defined transformations of γ^μ and ψ, such that γ^μ transforms as a vector and ψ transforms as a scalar under Lorentz transformations of spacetime coordinates [19]. The spinor indices of γ^μ and ψ are then reinterpreted as indices in an internal space. With such redefined transformations, (84) is fully consistent. The details of our transformation conventions are presented in the Appendix A.

IV. THE PHYSICAL INTERPRETATION

A. Probabilistic interpretation

In this subsection we adopt and further develop the probabilistic interpretation introduced in [8] (and partially inspired by earlier results [25]). The quantity DP = Ψ^†(⃗x)Ψ(⃗x) D⃗x (85) is naturally interpreted as the probability of finding the system in the (infinitesimal) configuration-space volume D⃗x around a point ⃗x in the configuration space. Indeed, such an interpretation is consistent with our normalization conditions such as (40) and (83). In more physical terms, it gives the joint probability that the particle 1 is found at the spacetime position x_1, particle 2 at the spacetime position x_2, etc. Similarly, the Fourier-transformed wave function Ψ(⃗k) defines the probability Ψ^†(⃗k)Ψ(⃗k)D⃗k, which is the joint probability that the particle 1 has the 4-momentum k_1, particle 2 the 4- momentum k_2, etc.

As a special case, consider an n-particle state Ψ(⃗x) = Ψ_n(⃗x). It really depends only on n spacetime positions x_{n,1}, . . . x_{n,n}. With respect to all other positions x_B , Ψ is a constant. Thus, the probability of various positions x_B does not depend on x_B ; such a particle can be found anywhere and anytime with equal probabilities. There is an infinite number of such particles. Nevertheless, the Fourier transform of such a wave function reveals that the 4-momentum k_B of these particles is necessarily zero; they have neither 3-momentum nor energy. For that reason, such particles can be thought of as “vacuum” particles. In this picture, an n-particle state Ψ_n is thought of as a state describing n “real” particles and an infinite number of “vacuum” particles.

To avoid a possible confusion with the usual notions of vacuum and real particles in QFT, in the rest of the paper we refer to “vacuum” particles as dead particles and “real” particles as live particles. Or let us be slightly more precise: We say that the particle A is dead if the wave function in the momentum space Ψ(⃗k) vanishes for all values of k_A except k_A = 0. Similarly, we say that the particle A is live if it is not dead.

The properties of live particles associated with the state Ψ_n(⃗x) can also be represented by the wave function ψ_n(x_{n,1}, . . . , x_{n,n}). By averaging over physically uninteresting dead particles, (85) reduces to dP = ψ^†_n(x_{n,1}, . . . , x_{n,n})ψ_n(x_{n,1}, . . . , x_{n,n}) × d^4x_{n,1} · · · d^4x_{n,n}, (86)

which involves only live particles. This describes the probability when neither the space positions of detected particles nor times of their detections are known. To relate it with a more familiar probabilistic interpretation of QM, let us consider the special case; let us assume that the first particle is detected at time x^0_{n,1}, second particle at time x^0_{n,2}, etc. In this case, the detection times are known, so (86) is no longer the best description of our knowledge about the system. Instead, the relevant probability derived from (86) is the conditional probability

dP_{(3n)} = ψ^†_n(x_{n,1}, . . . , x_{n,n})ψ_n(x_{n,1}, . . . , x_{n,n}) N_x0_{n,1,···,x}0_{n,n} × d^3x_{n,1} · · · d^3x_{n,n}, (87)

where N_x0_{n,1,···,x}0_{n,n} = ∫ ψ^†_n(x_{n,1}, . . . , x_{n,n})ψ_n(x_{n,1}, . . . , x_{n,n}) × d^3x_{n,1} · · · d^3x_{n,n} (88)

is the appropriate normalization factor. The probability (87) is sometimes also postulated as a fundamental axiom of many-time formulation of QM [26], but here (87) is derived from a more fundamental and more general expression (86) (which, in turn, is derived from an even more general axiom (85)). An even more familiar expression is obtained by studding a special case of (87) in which x^0_{n,1} = · · · = x^0_{n,n} ≡ t, so that (87) reduces to

dP_{(3n)} = ψ^†_n(x_{n,1}, . . . , x_{n,n}; t)ψ_n(x_{n,1}, . . . , x_{n,n}; t) N_t × d^3x_{n,1} · · · d^3x_{n,n}, (89)

where N_t is given by (88) evaluated at x^0_{n,1} = · · · = x^0_{n,n} ≡ t. Now let us see how the wave functions representing the states in interacting QFT are interpreted probabilistically. Consider the wave function ψ̃_n(x_{n,1}, . . . , x_{n,n}) given by (65). For example, it may vanish for small values of x^0_{n,1}, . . . , x^0_{n,n}, but it may not vanish for their large values. Physically, it means that these particles cannot be detected in the far past (the probability is zero), but that they can be detected in the far future. This is nothing but a probabilistic description of the creation of n particles that have not existed in the far past. Indeed, the results obtained in Sec. III C (see, in particular, (80)) show that such probabilities are consistent with the probabilities of particle creation obtained by the standard S-matrix methods in QFT.

Having developed the probabilistic interpretation, we can also calculate the average values of various quantities. We are particularly interested in average values of the 4- momentum p^μ_A. In general, its average value is ⟨p^μ_A⟩ = ∫ D⃗x Ψ^†(⃗x)p̂^μ_AΨ(⃗x), (90) where p̂^μ_A is given by (54). If Ψ(⃗x) = Ψ_n(⃗x), then (90) can be reduced to ⟨p^μ_{n,an} ⟩ = ∫ d^4x_{n,1} · · · d^4x_{n,n} (91) ψ^†_n(x_{n,1}, . . . , x_{n,n})p̂^μ_{n,an} ψ_n(x_{n,1}, . . . , x_{n,n}). Similarly, if the times of detections are known and are all equal to t, then the average space-components of momenta are given by a more familiar expression ⟨p_{n,an} ⟩ = N^{−1}_t ∫ d^3x_{n,1} · · · d^3x_{n,n} (92) ψ^†_n(x_{n,1}, . . . , x_{n,n}; t)p̂_{n,an} ψ_n(x_{n,1}, . . . , x_{n,n}; t). Finally, note that (90) can also be written in an alternative form ⟨p^μ_A⟩ = ∫ D⃗x ρ(⃗x)U^μ_A(⃗x), (93) where

ρ(⃗x) = Ψ^†(⃗x)Ψ(⃗x) (94) is the probability density and

U^μ_A(⃗x) = J^μ_A(⃗x) Ψ^†(⃗x)Ψ(⃗x) . (95)

Here J^μ_A is given by an obvious generalization of (46)

J^μ_A(⃗x) = i 2 Ψ^†(⃗x)^↔∂^μ_A Ψ(⃗x). (96)

The expression (93) will play an important role in the next subsection.

B. Particle-trajectory interpretation

The idea of the particle-trajectory interpretation is that each particle has some trajectory X^μ_A(s), where s is an auxiliary scalar parameter that parameterizes the trajectories. Such trajectories must be consistent with the probabilistic interpretation (85). Thus, we need a velocity function V^μ_A (⃗x), so that the trajectories satisfy dX^μ_A(s) ds = V^μ_A ( ⃗X(s)), (97)

where the velocity function must be such that the following conservation equation is obeyed ∂ρ(⃗x) ∂s + ∞∑ A=1 ∂_{Aμ}[ρ(⃗x)V^μ_A (⃗x)] = 0. (98)

Namely, if a statistical ensemble of particle positions in spacetime has the distribution (94) for some initial s, then (97) and (98) will provide that this statistical ensemble will also have the distribution (94) for any s, making the trajectories consistent with (85). The first term in (98) trivially vanishes: ∂ρ(⃗x)/∂s = 0. Thus, the condition (98) reduces to the requirement ∞∑ A=1 ∂_{Aμ}[ρ(⃗x)V^μ_A (⃗x)] = 0. (99)

In addition, we require that the average velocity should be proportional to the average momentum (93), i.e., ∫ D⃗x ρ(⃗x)V^μ_A (⃗x) = const × ∫ D⃗x ρ(⃗x)U^μ_A(⃗x). (100) In fact, the constant in (100) is physically irrelevant, because it can allways be absorbed into a rescaling of the parameter s in (97). The physical 3-velocity dX^i_A/dX^0_A, i = 1, 2, 3, is not affected by such a rescaling. Thus, in the rest of the analysis we fix

const = 1. (101)

As a first guess, Eq. (100) with (101) suggests that one could take V^μ_A = U^μ_A. However, it does not work in general. Namely, from (94) and (95) we see that ρU^μ_A =

J^μ_A, and we have seen in (47) that J^μ_A does not need to be conserved. Instead, we have ∞∑ A=1 ∂_{Aμ}[ρ(⃗x)U^μ_A(⃗x)] = J(⃗x), (102) where J(⃗x) is some function that can be calculated explicitly whenever Ψ(⃗x) is known. So, how to find the appropriate function V^μ_A (⃗x)?

The problem of finding V^μ_A is solved in [12] for a very general case (see also [27]). Since the detailed derivation is presented in [12], here we only present the final results. Applying the general method developed in [12], one obtains

V^μ_A (⃗x) = U^μ_A(⃗x) + ρ^{−1}(⃗x)[e^μ_A + E^μ_A(⃗x)], (103)

where

e^μ_A = −V^{−1} ∫ D⃗x E^μ_A(⃗x), (104)

E^μ_A(⃗x) = ∂^μ_A ∫ D⃗x^′ G(⃗x, ⃗x^′)J(⃗x^′), (105)

G(⃗x, ⃗x^′) = ∫ D⃗k (2π)^{4ℵ0} e^{i⃗k(⃗x−⃗x′)} ⃗k2 . (106)

Eqs. (105)-(106) provide that (103) obeys (99), while (104) provides that (103) obeys (100)-(101).

We note two important properties of (103). First, if J = 0 in (102), then V^μ_A = U^μ_A. In particular, since J = 0 for free fields in states with a definite number of particles (it can be derived for any type of particles analogously to the derivation of (48) for spinless uncharged particles), it follows that V^μ_A = U^μ_A for such states. Second, if Ψ(⃗x) does not depend on some coordinate x^μ_B , then both U^μ_B = 0 and V^μ_B = 0. [To show that V^μ_B = 0, note first that J(⃗x) defined by (102) does not depend on x^μ_B when Ψ(⃗x) does not depend on x^μ_B . Then the integration over dx^{′μ}_B in (105) produces δ(k^μ_B ), which kills the dependence on x^μ_B carried by (106)]. This implies that dead particles have zero 4-velocity.

The results above show that the relativistic Bohmian trajectories are compatible with the spacetime probabilistic interpretation (85). But what about the more conventional space probabilistic interpretations (87) and (89)? At first sight, it is not obvious that our relativistic Bohmian trajectories are compatible with (87) and (89) too. Nevertheless, they are consistent with equations (87) and (89), essentially because these two equations describe conditional probabilities resulting from (85). We discuss it in more detail in Appendix B.

Having established the general theory of particle trajectories by the results above, now we can discuss particular consequences.

The trajectories are determined uniquely if the initial spacetime positions X^μ_A(0) in (97), for all μ = 0, 1, 2, 3,

A = 1, . . . , ∞, are specified. In particular, since dead particles have zero 4-velocity, such particles do not really have trajectories in spacetime. Instead, they are represented by dots in spacetime, as in Fig. 2 (Sec. II). The spacetime positions of these dots are specified by their initial spacetime positions.

Since ρ(⃗x) describes probabilities for particle creation and destruction, and since (98) provides that particle trajectories are such that spacetime positions of particles are distributed according to ρ(⃗x), it implies that particle trajectories are also consistent with particle creation and destruction. In particular, the trajectories in spacetime may have beginning and ending points, which correspond to points at which their 4-velocities vanish (for an example, see Fig. 1). For example, the 4-velocity of the particle A vanishes if the conditional wave function Ψ(x_A, ⃗X^′) does not depend on x_A (where ⃗X^′ denotes the actual spacetime positions of all particles except the particle A).

One very efficient mechanism of destroying particles is through the interaction with the environment, such that the total quantum state takes the form (10). The environment wave functions (⃗x|E_0⟩, (⃗x|E_{n;i1 ,...,in} ⟩ do not overlap, so the particles describing the environment can be in the support of only one of these environment wave functions. Consequently, the conditional wave function is described by only one of the terms in the sum (10), which effectively collapses the wave function to only one of the terms in (9). For example, if the latter wave function is (⃗x|i_1, . . . , i_n⟩, then it depends on only n coordinates among all x_A. All other live particles from sectors with n^′ ≠ n become dead, i.e., their 4-velocities become zero which appears as their destruction in spacetime. More generally, if the overlap between the environment wave functions is negligible but not exactly zero, then particles from sectors with n^′ ≠ n will not become dead, but their influence on the environment will still be negligible, which still provides an effective collapse to (⃗x|i_1, . . . , i_n⟩. Since decoherence is practically irreversible (due to many degrees of freedom involved), such an effective collapse is irreversible as well.

Another physically interesting situation is when the entanglement with the environment takes the form (12), where |ξ⟩ are coherent states. In this case, the behavior of the environment can very well be described in terms of an environment that responds to a presence of classical fields. This explains how classical fields may appear at the macroscopic level, even when the microscopic ontology is described in terms of particles. Since |ξ⟩ is a superposition of states with all possible numbers of particles, trajectories of particles from sectors with different numbers of particles coexist; there is an infinite number of live particle trajectories in that case.

Similarly, an entanglement of the form of (14) explains how accelerated detectors and detectors in a gravitational field may detect particles in the vacuum. For example, let us consider the case of a uniformly accelerated detector. In this case, |0^′⟩ corresponds to the Rindler vacuum, while |0⟩ is referred to as the Minkowski vacuum [19]. The particle trajectories described by (97) are those of the Minkowski particles. The interaction between the Minkowski vacuum and the accelerated detector creates new Minkowski particles. For instance, if the detector is found in the state |E_0⟩, then the Minkowski particles are in the state |0^′⟩, which is a squeezed state describing an infinite number of live particle trajectories. Such a view seems particularly appealing from the point of view of recently discovered renormalizable Horava-Lifshitz gravity [28] that contains an absolute time and thus a preferred definition of particles in a classical gravitational background [29].

Let us also give a few remarks on measurements of 4-momenta and 4-velocities. If |i⟩ in (7) denote the 4- momentum eigenstates, then (10) describes a measurement of the particle 4-momenta. Since the 4-momentum eigenstates are also the 4-velocity eigenstates, (10) also describes a measurement of the particle 4-velocities. Thus, as discussed also in more detail in [11], even though the Bohmian particle velocities may exceed the velocity of light, they cannot exceed the velocity of light when their velocities are measured. Instead, the effective wave function associated with such a measurement is a momentum eigenstate of the form of (49), where k^2_A = m^2 for live particles and k_A = 0 for dead particles. This also explains why dead particles are not seen in experiments: their 3-momenta and energies are equal to zero.

Finally, we want to end this subsection with some conceptual remarks concerning the physical meaning of the parameter s. This parameter can be thought of as an evolution parameter, playing a role similar to that of the absolute Newton time t in the usual formulation of nonrelativistic Bohmian interpretation [1]. To make the similarity with such a usual formulation more explicit, it may be useful to think of s as a coordinate parameterizing a “fifth dimension” that exists independently of other 4 dimensions with coordinates x^μ. However, such a 5-dimensional view should not be taken too literally. In particular, while the time t is measurable, the parameter s is not measurable.

Given the fact that s is not measurable, what is the physical meaning of the claim that particles have the distribution ρ(⃗x) at some s? We can think of it in the following way: We allways measure spacetime positions of particles at some values of s, but we do not know what these values are. Consequently, the probability density that describes our knowledge is described by ρ(⃗x) averaged over all possible values of s. However, since ρ(⃗x) does not depend on s, the result of such an averaging procedure is trivial, giving ρ(⃗x) itself.

V. CONCLUSION

In this paper we have extended the Bohmian interpretation of QM, such that it also incorporates a description of particle creation and destruction described by QFT.

Unlike the previous attempts [9, 10] and [11, 12] to describe the creation and destruction of pointlike particles within the Bohmian interpretation, the approach of the present paper incorporates the creation and destruction of pointlike particles automatically, without adding any additional structure not already present in the equations that describe the continuous particle trajectories. One reason why it works is the fact that we work with a many-time wave function, so that the 4-velocity of each particle may vanish separately. Even though the manytime wave function plays a central role, we emphasize that the many-time wave function, first introduced in [26], is a natural concept when one wants to treat time on an equal footing with space, even if one does not have an ambition to describe particle creation and destruction [8]. Another, even more important reason why it works is the entanglement with the environment, which explains an effective wave function collapse into particle-number eigenstates (or some other eigenstates) even when particles are not really created or destroyed.

As a byproduct, in this paper we have also obtained many technical results that allow to represent QFT states with uncertain number of particles in terms of many-time wave functions. These results may be useful by they own, even without the Bohmian interpretation (see, e.g., [30]).

Acknowledgements

This work was supported by the Ministry of Science of the Republic of Croatia under Contract No. 098-0982930- 2864.

APPENDIX A: SPINORS AND COORDINATE TRANSFORMATIONS

At each point of spacetime, one can introduce the tetrad e^μ_ᾱ(x), which is a collection of four spacetime vectors, ᾱ = 0, 1, 2, 3. The bar on ᾱ denotes that ᾱ is not a spacetime-vector index, but only a label. By contrast, the index μ is a spacetime-vector index. The tetrad is chosen so that

η^{ᾱβ̄} e^μ_ᾱ(x)e^ν_{β̄} (x) = g^{μν} (x), (A1)

where g^{μν} (x) is the spacetime metric and η_ᾱ¯_β are components of a matrix equal to the Minkowski metric. The spacetime-vector indices are raised and lowered by g^{μν} (x) and g_{μν} (x), respectively, while ᾱ-labels are raised and lowered by η^{ᾱβ̄} and η_ᾱ¯_β , respectively. Thus, (A1) can also be inverted as

g^{μν} (x)e^ᾱ_μ (x)e^{β̄}_ν (x) = η^{ᾱβ̄} . (A2)

Now let γ^ᾱ be the standard Dirac matrices [24]. From them we define

γ^μ(x) = e^μ_ᾱ(x)γ^ᾱ. (A3)

The spinor indices carried by matrices γ^ᾱ and γ^μ(x) are interpreted as indices of the spinor representation of the internal group SO(1,3). Thus, γ^ᾱ transform as scalars under spacetime coordinate transformations. Similarly, the spinors ψ(x) are also scalars with respect to spacetime coordinate transformations, while their spinor indices are indices in the internal group SO(1,3). Likewise, ψ^†(x) is also a scalar with respect to spacetime coordinate transformations. It is also convenient to define the quantity

ψ̄(x) = ψ^†(x)γ^{¯0}, (A4)

which is also a scalar with respect to spacetime coordinate transformations. Thus we see that the quantities ψ̄(x)ψ(x), ψ^†(x)ψ(x), (A5) are both scalars with respect to spacetime coordinate transformations, and that that the quantities ψ̄(x)γ^μ(x)ψ(x), iψ^†(x)^↔∂^μ ψ(x), (A6) are both vectors with respect to spacetime coordinate transformations.

Finally, we note that the relation with the more familiar (but less general) formalism in Minkowski spacetime [24] can be established by using the fact that in flat spacetime there is a global choice of coordinates in which

γ^μ(x) = γ^{μ̄}. (A7)

However, (A7) is not a covariant expression, but is only valid in one special system of coordinates.

APPENDIX B: CONDITIONAL PROBABILITY AND LOCAL CONSERVATION

The aim of this Appendix is to explain why conditional probability in Bohmian mechanics does not need to satisfy a local conservation equation, and to use this general result to explain why the covariant version of Bohmian mechanics is consistent. In this Appendix we use notation that slightly differs from the notation used in the rest of the paper.

Let x_1, . . . , x_N be some configuration variables. Let

ρ(x_1, . . . , x_N ) (B1)

be the a priori probability density of these variables.

Now assume that the values of the variables x_{n+1}, . . . , x_N are known. Then the conditional probability density is p(x_1, . . . , x_n|x_{n+1}, . . . , x_N ) = ρ(x_1, . . . , x_N ) N_{xn+1,...,xN} , (B2)

where N_{xn+1,...,xN} = ∫ dx_1 · · · ∫ dx_n ρ(x_1, . . . , x_N ) (B3) is the normalization factor.

Now let us introduce a velocity function V_i(x_1, . . . , x_N ) that satisfies N∑ i=1 ∂_i(ρV_i) = 0. (B4)

Let us also introduce an evolution parameter s, which can be thought of as a generalized “time”. Then the trajectories dX_i(s) ds = V_i (B5)

are compatible with the a priori probability density (B1), since the local conservation equation ∂ρ ∂s + N∑ i=1 ∂_i(ρV_i) = 0 (B6)

is satisfied.

Now let us consider a special case x_{n+1} = · · · = x_N ≡ t. Here t is just a common value of the known variables x_{n+1}, . . . , x_N and in general may have nothing to do with physical time. Let us define the quantities ρ_c(x_1, . . . , x_n; t) ≡ p(x_1, . . . , x_n|t, . . . , t), (B7) v_i(x_1, . . . , x_n; t) ≡ V_i(x_1, . . . , x_n, t, . . . , t), i = 1, . . . , n. (B8) We see that ∂ρ_c ∂t + n∑ i=1 ∂_i(ρ_cv_i) ≠ 0. (B9)

One might naively think that (B9) implies that probability (B7) is not compatible with (B5). Nevertheless, such a naive thinking is wrong. Namely, (B7) is a special case of (B2), (B2) is a consequence of (B1), and (B1) is compatible with (B5). This demonstrates that only the a priori probability needs to satisfy a local conservation equation, while conditional probability does not need to satisfy it. Indeed, if it was not so, then the standard nonrelativistic Bohmian interpretation (with s interpreted as the Newton time) would not be consistent with standard nonrelativistic quantum conditional probabilities (for energy eigenstates for which (B1) does not depend on s).

The consistency between conditional probability (B2) and Bohmian velocities (B5) can also be understood by using the theory of quantum measurements. Assume that one wants to measure the probability density on the hypersurface spanned by the coordinates {x_1, · · · , x_n} ≡ x_{||}. The a priori probability density (B1) is given by ρ = |ψ^2|, where ψ(x_{||}, x_⊥) (with x_⊥ ≡ {x_{n+1}, · · · , x_N }) is the wave function. The wave function can be expanded as ψ(x_{||}, x_⊥) = ∫ d^nx^′_{||} c_x′_{||} (x_⊥) ψ_x′_{||} (x_{||}), (B10) where ψ_x′_{||} (x_{||}) are normalized wave functions localized in the x_{||}-space around x_{||} = x^′_{||}. Clearly, |c_{x||} (x_⊥)|^2 is equal to (B2), i.e.,

|c_{x||} (x_⊥)|^2 = p(x_{||}|x_⊥). (B11)

Thus, the probability that the particle will be found at the position x_{||} is given by (B11). To really measure x_{||}, one must actually entangle the system with the measuring apparatus with the configuration variable y, so (B10) should be replaced by

Ψ(x_{||}, x_⊥, y) = ∫ d^nx^′_{||} c_x′_{||} (x_⊥) ψ_x′_{||} (x_{||}) E_x′_{||} (y), (B12)

where E_x′_{||} (y) are normalized apparatus wave functions that do not overlap for different x^′_{||}. By generalizing (B4)- (B6) such that the Y -velocity is also included, one finds that the probability for Y to take the value from the support of E_{x||} (y) is equal to |c_{x||} (x_⊥)|^2. This confirms that the conditional probability (B2) is compatible with the velocities (B5).

So far our discussion was very general, independent of what the configuration variables were. In particular, it was irrelevant whether the system is relativistic or not. Now let us discuss a special case N = 4, n = 3. Writing x_4 ≡ t, (B9) becomes

∂ρ_c(x_1, x_2, x_3; t) ∂t (B13) + 3∑ i=1 ∂_i(ρ_c(x_1, x_2, x_3; t)v_i(x_1, x_2, x_3; t)) ≠ 0.

Let us also write

ρ_c(x_1, x_2, x_3; t) = |ψ(x_1, x_2, x_3, t)|^2. (B14)

This corresponds to the case of one relativistic particle. From the general analysis above we see that the probability (B14) is compatible with (B5), despite the nonconservation equation (B13). Thus, in the covariant approach to Bohmian mechanics the fact that the probability density on a spacelike hypersurface does not satisfy a local conservation equation is not a problem because such a hypesurface probability is reinterpreted as a conditional probability emerging from the a priori spacetime probability density which does satisfy a local conservation equation (B6) with N = 4.

The generalization to the case of many relativistic particles is similar. Namely, the case of n_p particles corresponds to N = 4n_p, n = 3n_p in our equations above for general N and n.

[1] D. Bohm, Phys. Rev. 85, 166 (1952); Phys. Rev. 85, 180 (1952).

[2] D. Bohm and B. J. Hiley, Phys. Rep. 144, 323 (1987). [3] P. R. Holland, The Quantum Theory of Motion (Cambridge University Press, Cambridge, 1993).

[4] K. Berndl, D. Dürr, S. Goldstein, and N. Zanghì, Phys.

Rev. A 53, 2062 (1996).

[5] H. Nikolić, Found. Phys. Lett. 18, 549 (2005). [6] H. Nikolić, AIP Conf. Proc. 844, 272 (2006);

quant-ph/0512065.

[7] H. Nikolić, hep-th/0702060, to appear in Found. Phys. [8] H. Nikolić, Int. J. Quantum Inf. 7, 595 (2009) [arXiv:0811.1905].

[9] D. Dürr, S. Goldstein, R. Tumulka, and N. Zanghì, J.

Phys. A 36, 4143 (2003).

[10] D. Dürr, S. Goldstein, R. Tumulka, and N. Zanghì, Phys.

Rev. Lett. 93, 090402 (2004).

[11] H. Nikolić, Found. Phys. Lett. 17, 363 (2004). [12] H. Nikolić, Found. Phys. Lett. 18, 123 (2005). [13] D. Dürr, S. Goldstein, and N. Zanghì, J. Stat. Phys. 67, 843 (1992).

[14] R. Penrose, The Road to Reality (Jonathan Cape, London, 2004).

[15] L. E. Ballentine, Quantum Mechanics: A Modern Development (World Scientific Publishing, Singapore, 2000).

[16] M. Schlosshauer, Decoherence and the Quantum-to- Classical Transition (Springer, Berlin, 2007).

[17] O. Kübler and H. D. Zeh, Ann. Phys. 76, 405 (1973).

[18] J. R. Anglin and W. H. Zurek, Phys. Rev. D 53, 7327 (1996).

[19] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space (Cambridge Press, New York, 1982).

[20] L. P. Grishchuk and Y. V. Sidorov, Phys. Rev. D 42, 3413 (1990).

[21] B. L. Hu and A. Matacz, Phys. Rev. D 49, 6612 (1994);

J. Audretsch, M. Mensky, and R. Müller, Phys. Rev. D 51, 1716 (1995); P. Kok and U. Yurtsever, Phys. Rev. D 68, 085006 (2003).

[22] T.-P. Cheng and L.-F. Li, Gauge Theory of Elementary Particle Physics (Clarendon Press, Oxford, 1984).

[23] J. D. Bjorken and S. D. Drell, Relativistic Quantum Fields (McGraw-Hill Book Company, New York, 1965).

[24] J. D. Bjorken and S. D. Drell, Relativistic Quantum Mechanics (McGraw-Hill Book Company, New York, 1964).

[25] E. C. G. Stückelberg, Helv. Phys. Acta 14, 322 (1941);

Helv. Phys. Acta 14, 588 (1941); L. P. Horwitz and C. Piron, Helv. Phys. Acta 46, 316 (1973); A. Kyprianidis, Phys. Rep. 155, 1 (1987); J. R. Fanchi, Found. Phys. 23, 487 (1993).

[26] S. Tomonaga, Prog. Theor. Phys. 1, 27 (1946). [27] W. Struyve and A. Valentini, J. Phys. A 42, 035301 (2009).

[28] P. Horava, Phys. Rev. D 79, 084008 (2009). [29] H. Nikolić, arXiv:0904.3412.

[30] H. Nikolić, arXiv:0905.0538, to appear in Phys. Lett. B.