arXiv:0906.3172v1 [hep-th] 17 Jun 2009

String solitons in the M5-brane worldvolume action with Nambu-Poisson structure and Seiberg-Witten map

FURUUCHI Kazuyuki^{a,1} and TAKIMI Tomohisa^{b,2}

aNational Center for Theoretical Sciences, National Tsing-Hua University, Hsinchu 30013, Taiwan, R.O.C.

bDepartment of Physics, National Taiwan University, Taipei 10617, Taiwan, R.O.C.

Abstract

We analyze BPS equations for string-like configurations in the M5-brane worldvolume action with Nambu-Poisson structure constructed in Ref.[1, 2]. We solve the BPS equations up to the first order in the parameter g which characterizes the strength of the Nambu- Poisson bracket. We compare our solutions to previously constructed BPS string solitons in the conventional M5-brane action in a constant three-form background via Seiberg-Witten map, and find agreement.

1furuuchi@phys.cts.nthu.edu.tw 2takimi@phys.ntu.edu.tw

1 Introduction

M-theory [3] has been a powerful guide in the study of non-perturbative aspects of string theory. However, its microscopic formulation is still lacking. M-theory branes are important building blocks of M-theory and deeper understanding of them will be crucial for making progress regarding this issue.

Recently a model for multiple M-theory membranes based on Lie 3-algebra proposed in Ref.[4, 5, 6] has been intensively studied. The model has several promising features for a correct description of multiple M-theory membranes at low energy. On the other hand, its relations to the space-time covariant formulation of M-theory branes are not fully clarified yet.^1 In Ref.[1, 2] a new M5-brane action was constructed from the multiple membrane action by choosing Nambu- Poisson algebra as Lie 3-algebra. It was proposed that this new action may be mapped to more conventional (“ordinary” in the following) description of M5-brane [11, 12, 13, 14, 15, 16] in a constant three-form background,^2 in analogy with D-branes in a constant B-field background which has non-commutative and commutative descriptions related via Seiberg-Witten map [17].

In this paper we study BPS string solitons in the M5-brane action with Nambu-Poisson structure. These configurations describe an M2-brane ending on an M5-brane. Such BPS string solitons were first constructed in Ref.[18] in the conventional description of M5-brane, and they were generalized to the case with a constant three-form background in Ref.[19, 20]. From M2-brane worldvolume action, this type of configurations with a constant three-form field background has been studied in Ref.[21, 22]. More recently, it was studied from the multiple membrane action in Ref.[23] through the deformed Basu-Harvey equation [24], and their work may be complementary to present work. We solve the BPS equations in the first order in the parameter g which characterizes the strength of the Nambu-Poisson bracket. We compare our solutions with the previously constructed BPS string solitons in the ordinary description of M5- brane in constant three-form flux via the Seiberg-Witten map [2, 17], and find nice agreement.

2 String solitons in the M5-brane worldvolume action with Nambu- Poisson structure

2.1 Supersymmetry transformation in the M5-brane action In this subsection we review the supersymmetry transformation in the M5-brane worldvolume action with Nambu-Poisson structure constructed in Ref.[1, 2] to fix our notation and prepare for the study of BPS equations in the subsequent subsections. The detail of the construction of the M5-brane action can be found in Ref.[2]. We will follow the notation of Ref.[2] except that we omit “ ’ ” from the six dimensional variables and some obvious modifications in the numbering of coordinates. In this model the supersymmetry transformation of the fermionic

1See [7, 8, 9, 10] for investigations on this issue.

2Note that space-time covariance is broken only by fixing the three-form background in this case.

field Ψ is given as follows: δΨ = D_μX^iΓ^μΓ^iϵ + D_{μ̇}X^iΓ^{μ̇}Γ^iϵ − 1 2 H_{μν̇ρ̇}Γ^μΓ^{ν̇ρ̇}ϵ − H_{345}Γ_{345}ϵ − g^2 2 {X^{μ̇}, X^i, X^j }Γ^{μ̇}Γ^{ij}ϵ + g^2 6 {X^i, X^j , X^k}Γ^{ijk}Γ^{345}ϵ, (2.1) where fields live on the six dimensional M5-brane worldvolume parametrized by x^μ (μ = 0, 1, 2) and y^{μ̇} (μ̇ = 3, 4, 5). X^i’s (i = 6, · · · , 10) are scalar fields which describe embedding of the M5-brane in the transverse space. Γ’s are eleven dimensional Gamma matrices. The metric on the M5-brane is mostly plus, diag(−1, 1, 1, · · · , 1). The fermionic shift symmetry has already been taken into account so that the configuration that all the fields vanish is invariant under the supersymmetry (see Section 6 of Ref.[2] for more detail). The chirality of the fermion and supersymmetry parameters are chosen as follows:

Γ^{012345}Ψ = −Ψ, Γ^{012345}ϵ = ϵ. (2.2) {∗, ∗, ∗} denotes the Nambu-Poisson bracket on R^3 : {f, g, h} = ϵ^{μ̇ν̇ρ̇} ∂f ∂y^{μ̇} ∂g ∂y^{ν̇} ∂h ∂y^{ρ̇} , (2.3)

where ϵ^{μ̇ν̇ρ̇} is a totally anti-symmetric tensor on R^3 with ϵ^{345} = 1. X^{μ̇} is given by X^{μ̇} = y^{μ̇} g + b^{μ̇}, b^{μ̇} = 1 2 ϵ^{μ̇ν̇ρ̇}b_{ν̇ρ̇}. (2.4) The covariant derivatives in the directions μ = 0, 1, 2 are given as D_μΦ ≡ D_μΦ = ∂_μΦ − g{b_{μν̇} , y^{ν̇} , Φ}, (2.5) and those in the directions μ̇ = 3, 4, 5 are given by D_{μ̇}Φ ≡ g^2 2 ϵ_{μ̇ν̇ρ̇}{X^{ν̇} , X^{ρ̇}, Φ} = ∂_{μ̇}Φ + g(∂_{λ̇}b^{λ̇}∂_{μ̇}Φ − ∂_{μ̇}b^{λ̇}∂_{λ̇}Φ) + g^2 2 ϵ_{μ̇ν̇ρ̇}{b^{ν̇} , b^{ρ̇}, Φ}. (2.6) The field strength of the anti-symmetric tensor field is given by H_{λμ̇ν̇} = ϵ_{μ̇ν̇λ̇}D_λX^{λ̇} = H_{λμ̇ν̇} − gϵ^{σ̇τ̇ ρ̇}(∂_{σ̇} b_{λτ̇} )∂_{ρ̇}b_{μ̇ν̇} , (2.7) H_{345} = g^2{X^3, X^4, X^5} − 1 g = 1 g (V − 1) = H_{345} + g 2 (∂_{μ̇}b^{μ̇}∂_{ν̇} b^{ν̇} − ∂_{μ̇}b^{ν̇} ∂_{ν̇} b^{μ̇}) + g^2{b^3, b^4, b^5}, (2.8) where V is the “induced volume” V = g^3{X^3, X^4, X^5}, (2.9) and H is the linear part of the field strength H_{λμ̇ν̇} = ∂_λb_{μ̇ν̇} − ∂_{μ̇}b_{λν̇} + ∂_{ν̇} b_{λμ̇}, (2.10) H_{λ̇μ̇ν̇} = ∂_{λ̇}b_{μ̇ν̇} + ∂_{μ̇}b_{ν̇λ̇} + ∂_{ν̇} b_{λ̇μ̇}. (2.11)

2.2 BPS equations for string-like configurations The type of brane configurations we will study is as follows: 0 1 2 3 4 5 6 7 8 9 10 M5 ◯ ◯ ◯ ◯ ◯ ◯ − − − − − M2 soliton ◯ ◯ − − − − ◯ − − − − where ◯ denotes the direction the brane extends and − denotes the direction the brane localizes. The M2-brane ending on the M5-brane appears as a string in the M5-brane worldvolume extending in the 1-st direction. Note that the Nambu-Poisson structure is in the 345 directions. We will study the configurations which preserve half of the supersymmetry parametrized by Γ^{016}ϵ = ∓ϵ. (2.12) From Eq.(2.1) we observe that the supersymmetry transformation parametrized by above ϵ is preserved when the following BPS equations are satisfied: D_{μ̂}X^6 ± 1 6 ϵ_{μ̂}^{ν̂ρ̂σ̂}H_{ν̂ρ̂σ̂} = 0, (2.13)

and other fields set to zero, where μ̂, ν̂ = 2, · · · , 5. ϵ^{μ̂ν̂ρ̂σ̂} is a totally anti-symmetric tensor with ϵ^{2345} = 1.

2.3 BPS equations and solutions at order g^0 We construct the solutions to the BPS equations (2.13) by expansions in g: X^6 ≡ Φ = Φ_{(0)} + gΦ_{(1)} + g^2Φ_{(2)} + O(g^3), b_{μν̇} = b_{μν̇(0)} + gb_{μν̇(1)} + g^2b_{μν̇(2)} + O(g^3), b_{μ̇ν̇} = b_{μ̇ν̇(0)} + gb_{μ̇ν̇(1)} + g^2b_{μ̇ν̇(2)} + O(g^3). (2.14) At order g^0, the BPS equation (2.13) becomes

∂_{μ̂}Φ_{(0)} ± 1 6 ϵ_{μ̂}^{ν̂ρ̂σ̂}H_{ν̂ρ̂σ̂} = 0. (2.15) From the condition that H_{(0)} can be written as H_{(0)} = db_{(0)} in an open patch, i.e. from the condition dH_{(0)} = 0, we obtain the condition □Φ_{(0)} = 0, (2.16) where □ ≡ δ^{μ̂ν̂} ∂_{μ̂}∂_{ν̂} . We consider delta-function source at the origin, like in the case of Dirac monopole, and Eq.(2.16) is not satisfied globally. Thus we have

Φ_{(0)} = m r^2

, (2.17)

where r^2 =

∑_5 μ̂=2(xμ̂) 2 and m is proportional to the topological charge of the soliton. Corresponding tensor field configurations are given by

b^{μ̇}_{(0)} = ∓ mx_{μ̇} a^3

A, (2.18)

where A = ± π 2 + tan^{−1} (x_2 a ) + ax_2 r^2

, (2.19)

with

a^2 = x^2_3 + x^2_4 + x^2_5. (2.20)

The solution for the tensor field has been studied in Ref.[25]. Note that we have chosen the gauge b_{23} = b_{24} = b_{25} = 0 which simplifies our analysis. The choice of ± in (2.19) corresponds to the choice of the direction of the Dirac string. At order g^0 the Dirac string is not physical. The g expansion is not a good expansion for studying the fate of the Dirac string since it is actually gm r^3 expansion which is not appropriate for r ≲ (gm)

1/3. Therefore in the rest of the paper we are satisfied with that the Dirac string is a gauge artifact at order g^0 and do not worry too much about the Dirac string. In the case of monopoles in non-commutative space, it has been shown that the Dirac string becomes physical and smooth due to the effect non-perturbative in the non-commutative parameter [26].

2.4 BPS equations and solutions at order g Now we move on to the order g solutions. We should solve

0 = ∂_2Φ_{(1)} ± ( H_{345(1)} + 1 2 (∂_{μ̇}b^{μ̇}_{(0)}∂_{ν̇} b^{ν̇}_{(0)} − ∂_{μ̇}b^{ν̇}_{(0)}∂_{ν̇} b^{μ̇}_{(0)}) ) , (2.21)

0 = ∂_{λ̇}Φ_{(1)} + (∂_{μ̇}b^{μ̇}_{(0)}∂_{λ̇}Φ_{(0)} − ∂_{λ̇}b^{ν̇}_{(0)}∂_{ν̇} Φ_{(0)}) ± 1 2 ϵ_{λ̇}^{2μ̇ν̇} H_{2μ̇ν̇(1)}. (2.22)

As in the previous subsection, we solve the condition dH_{(1)} = 0. This condition reduces to

□Φ_{(1)} = ±m^2 ( 16x_2 r^8 + 32A ar^6 ) . (2.23)

We found

Φ_{(1)} = ±m^2 ( 2x_2 r^6 + 2A ar^4 ) , (2.24)

solves Eq.(2.23) while it does not modify the boundary conditions on Φ at r → ∞. Note that Φ is not gauge invariant. (See Ref.[2] for gauge transformation laws in the M5-brane worldvolume action with Nambu-Poisson structure.)

2.5 Seiberg-Witten map Seiberg-Witten map was first found as a map between non-commutative description and commutative description of D-branes in a constant B-field background [17]. In Ref.[2] it was generalized to a map between description by the M5-brane with Nambu-Poisson structure and description by the ordinary M5-brane in a constant three-form background. As a first step, we study the Seiberg-Witten map for the scalar field. Only in this subsection, we denote the scalar field in the Nambu-Poisson description as Φ̂, and the corresponding field in the ordinary description as Φ. BPS string solitons in M5-brane in constant three-form flux have been constructed in Ref.[19, 20]. The scalar configuration Φ̌ is given by

Φ̌ = m ř^2

± tan θ x̌_2, (2.25)

where θ is related to the background three-form field as H^{(bg)}_{345} = − tan θ.^3 Here x̌_{μ̇} = x_{μ̇} (μ̇ = 3, 4, 5), but for x̌_2 we need to make a rotation in the coordinate and the field before applying the Seiberg-Witten map [27, 28, 29, 30]: ( Φ x_2 ) = ( cos ϕ − sin ϕ sin ϕ cos ϕ ) ( Φ̌ x̌_2 ) (2.26)

where we choose ϕ so that the term linear in x_2 does not appear in Φ. For |θ| ≪ 1, ϕ = ±θ + O(θ^2).

The Seiberg-Witten map for the scalar field is given in Ref.[2] up to order g:

Φ̂ = Φ + gb^{μ̇}∂_{μ̇}Φ + O(g). (2.27)

Up to the first order in g and θ, we obtain

Φ̂ = m r^2

± 2m^2 ( θx_2 r^6 + gA ar^4 ) + (higher order terms in g and θ). (2.28)

This coincides with our solution (2.24) if

g = θ + O(θ^2). (2.29)

Eq.(2.29) is consistent with the result of Ref.[2].

3 Summary and future directions

In this paper we obtained BPS string solitons in the M5-brane worldvolume action with Nambu- Poisson structure constructed in Ref.[1, 2] up to the first order in g. After the Seiberg-Witten map our solutions agreed with the BPS string solitons in the ordinary description of M5-brane.

3Our convention differs from that in Ref.[19, 20] by a factor of^1_4 .

This result motivates more thorough study of Seiberg-Witten map between the M5-brane worldvolume action with Nambu-Poisson structure and the ordinary M5-brane worldvolume action in constant three-form flux.^4

Our analysis was restricted to the expansions in the parameter g. Such expansions are not suitable for studying the structure near the core of the solitons. In the case of solitons/instantons in non-commutative space, techniques to obtain exact solutions have been developed by expressing functions on non-commutative space with operators acting on Hilbert space of harmonic oscillators [33, 34, 35, 36, 37, 26, 38, 39, 40, 41, 42, 43]. In these cases solutions are smooth due to the effect non-perturbative in the non-commutative parameter. To construct solutions on the M5-brane with Nambu-Poisson structure in a similar way, we would first need to understand what is the appropriate “quantization” of Nambu-Poisson bracket. For this purpose, investigation in Ref.[23] seems very suggestive. It will be very interesting to study solitons on manifolds with quantum Nambu-Poisson structure from the M-theory point of view.

Acknowledgments

The authors thank Chien-Ho Chen, Takayuki Hirayama, Shoichi Kawamoto, Sheng-Yu Darren Shih and especially Pei-Ming Ho for explanations on their works as well as helpful discussions. They also thank Dan Tomino for useful discussions. T.T. is grateful to the members of the Harish-Chandra Research Institute, Allahabad, India for kind hospitality during his visit in January to February 2009. He is also thankful for the support for the trip from the Strings Focus Group, NCTS, Taiwan. This work is supported in part by National Science Council of Taiwan under grant No. NSC 97-2119-M-002-001 (F.K.,T.T.) and No. NSC 97-2811-M-002-125 (T.T).

References

[1] P.-M. Ho and Y. Matsuo, “M5 from M2,” JHEP 06 (2008) 105,

arXiv:0804.3629 [hep-th].

[2] P.-M. Ho, Y. Imamura, Y. Matsuo, and S. Shiba, “M5-brane in three-form flux and multiple M2-branes,” JHEP 08 (2008) 014, arXiv:0805.2898 [hep-th].

[3] E. Witten, “String theory dynamics in various dimensions,”

Nucl. Phys. B443 (1995) 85–126, arXiv:hep-th/9503124.

[4] J. Bagger and N. Lambert, “Modeling multiple M2’s,” Phys. Rev. D75 (2007) 045020,

arXiv:hep-th/0611108.

4It would be worthwhile to mention that in the case of D-brane in a constant B-field background, the description by the Poisson bracket may not be just an approximation of the description by the Moyal product, but it can be another description related to commutative or non-commutative descriptions through Seiberg-Witten (type) maps [31, 32]. Similar story may hold in the case of M5-brane in constant three-form flux.

[5] J. Bagger and N. Lambert, “Gauge Symmetry and Supersymmetry of Multiple M2-Branes,” Phys. Rev. D77 (2008) 065008, arXiv:0711.0955 [hep-th].

[6] A. Gustavsson, “Algebraic structures on parallel M2-branes,”

Nucl. Phys. B811 (2009) 66–76, arXiv:0709.1260 [hep-th].

[7] J.-H. Park and C. Sochichiu, “Single M5 to multiple M2: taking off the square root of Nambu-Goto action,” arXiv:0806.0335 [hep-th].

[8] K. Furuuchi, S.-Y. D. Shih, and T. Takimi, “M-Theory Superalgebra From Multiple Membranes,” JHEP 08 (2008) 072, arXiv:0806.4044 [hep-th].

[9] I. A. Bandos and P. K. Townsend, “Light-cone M5 and multiple M2-branes,” Class. Quant. Grav. 25 (2008) 245003, arXiv:0806.4777 [hep-th].

[10] K. Furuuchi and D. Tomino, “Supersymmetric reduced models with a symmetry based on Filippov algebra,” JHEP 05 (2009) 070, arXiv:0902.2041 [hep-th].

[11] P. S. Howe and E. Sezgin, “D = 11, p = 5,” Phys. Lett. B394 (1997) 62–66,

arXiv:hep-th/9611008.

[12] P. S. Howe, E. Sezgin, and P. C. West, “Covariant field equations of the M-theory five-brane,” Phys. Lett. B399 (1997) 49–59, arXiv:hep-th/9702008.

[13] P. Pasti, D. P. Sorokin, and M. Tonin, “Covariant action for a D = 11 five-brane with the chiral field,” Phys. Lett. B398 (1997) 41–46, arXiv:hep-th/9701037.

[14] I. A. Bandos et al., “Covariant action for the super-five-brane of M-theory,” Phys. Rev. Lett. 78 (1997) 4332–4334, arXiv:hep-th/9701149.

[15] M. Aganagic, J. Park, C. Popescu, and J. H. Schwarz, “World-volume action of the M-theory five-brane,” Nucl. Phys. B496 (1997) 191–214, arXiv:hep-th/9701166.

[16] I. A. Bandos et al., “On the equivalence of different formulations of the M theory five-brane,” Phys. Lett. B408 (1997) 135–141, arXiv:hep-th/9703127.

[17] N. Seiberg and E. Witten, “String theory and noncommutative geometry,” JHEP 09 (1999) 032, arXiv:hep-th/9908142.

[18] P. S. Howe, N. D. Lambert, and P. C. West, “The self-dual string soliton,” Nucl. Phys. B515 (1998) 203–216, arXiv:hep-th/9709014.

[19] Y. Michishita, “The M2-brane soliton on the M5-brane with constant 3- form,” JHEP 09 (2000) 036, arXiv:hep-th/0008247.

[20] D. Youm, “BPS solitons in M5-brane worldvolume theory with constant three-form field,” Phys. Rev. D63 (2001) 045004, arXiv:hep-th/0009082.

[21] E. Bergshoeff, D. S. Berman, J. P. van der Schaar, and P. Sundell, “A noncommutative M-theory five-brane,” Nucl. Phys. B590 (2000) 173–197, arXiv:hep-th/0005026.

[22] S. Kawamoto and N. Sasakura, “Open membranes in a constant C-field background and noncommutative boundary strings,” JHEP 07 (2000) 014, arXiv:hep-th/0005123.

[23] C.-S. Chu and D. J. Smith, “Towards the Quantum Geometry of the M5-brane in a Constant C-Field from Multiple Membranes,” JHEP 04 (2009) 097,

arXiv:0901.1847 [hep-th].

[24] A. Basu and J. A. Harvey, “The M2-M5 brane system and a generalized Nahm’s equation,” Nucl. Phys. B713 (2005) 136–150, arXiv:hep-th/0412310.

[25] R. I. Nepomechie, “Magnetic Monopoles from Antisymmetric Tensor Gauge Fields,” Phys. Rev. D31 (1985) 1921.

[26] D. J. Gross and N. A. Nekrasov, “Monopoles and strings in noncommutative gauge theory,” JHEP 07 (2000) 034, arXiv:hep-th/0005204.

[27] K. Hashimoto and T. Hirayama, “Branes and BPS configurations of noncommutative / commutative gauge theories,” Nucl. Phys. B587 (2000) 207–227, arXiv:hep-th/0002090.

[28] D. Mateos, “Non-commutative vs. commutative descriptions of D-brane BIons,” Nucl. Phys. B577 (2000) 139–155, arXiv:hep-th/0002020.

[29] S. Moriyama, “Noncommutative monopole from nonlinear monopole,”

Phys. Lett. B485 (2000) 278–284, arXiv:hep-th/0003231.

[30] K. Hashimoto, T. Hirayama, and S. Moriyama, “Symmetry origin of nonlinear monopole,” JHEP 11 (2000) 014, arXiv:hep-th/0010026.

[31] N. Ishibashi, “A relation between commutative and noncommutative descriptions of D-branes,” arXiv:hep-th/9909176.

[32] K. Okuyama, “A path integral representation of the map between commutative and noncommutative gauge fields,” JHEP 03 (2000) 016, arXiv:hep-th/9910138.

[33] N. Nekrasov and A. S. Schwarz, “Instantons on noncommutative R**4 and (2,0) superconformal six dimensional theory,” Commun. Math. Phys. 198 (1998) 689–703,

arXiv:hep-th/9802068.

[34] K. Furuuchi, “Instantons on noncommutative R**4 and projection operators,” Prog. Theor. Phys. 103 (2000) 1043–1068, arXiv:hep-th/9912047.

[35] K. Furuuchi, “Equivalence of projections as gauge equivalence on noncommutative space,” Commun. Math. Phys. 217 (2001) 579–593, arXiv:hep-th/0005199.

[36] K. Furuuchi, “Topological charge of U(1) instantons on noncommutative R**4,” Prog. Theor. Phys. Suppl. 144 (2001) 79–91, arXiv:hep-th/0010006.

[37] R. Gopakumar, S. Minwalla, and A. Strominger, “Noncommutative solitons,” JHEP 05 (2000) 020, arXiv:hep-th/0003160.

[38] A. P. Polychronakos, “Flux tube solutions in noncommutative gauge theories,” Phys. Lett. B495 (2000) 407–412, arXiv:hep-th/0007043.

[39] D. J. Gross and N. A. Nekrasov, “Dynamics of strings in noncommutative gauge theory,” JHEP 10 (2000) 021, arXiv:hep-th/0007204.

[40] D. Bak, “Exact multi-vortex solutions in noncommutative Abelian- Higgs theory,” Phys. Lett. B495 (2000) 251–255, arXiv:hep-th/0008204.

[41] M. Aganagic, R. Gopakumar, S. Minwalla, and A. Strominger, “Unstable solitons in noncommutative gauge theory,” JHEP 04 (2001) 001, arXiv:hep-th/0009142.

[42] J. A. Harvey, P. Kraus, and F. Larsen, “Exact noncommutative solitons,” JHEP 12 (2000) 024, arXiv:hep-th/0010060.

[43] K. Furuuchi, “Dp-D(p+4) in noncommutative Yang-Mills,” JHEP 03 (2001) 033,

arXiv:hep-th/0010119.