arXiv:0906.3568v2 [hep-th] 22 Jun 2009

SNUST-090601

Enhanced N = 8 Supersymmetry of ABJM Theory on R^8 and R^8/Z_2

Andreas Gustavsson^{a,b}, Soo-Jong Rey^{a,c}

a School of Physics and Astronomy & Center for Theoretical Physics

Seoul National University, Seoul 151-747 KOREA

b Center for quantum spacetime (CQUeST), Sogang University, Seoul 121-742 KOREA

c Kavli Institute for Theoretical Physics, Santa Barbara CA 93106 USA

a.r.gustavsson@swipnet.se, sjrey@snu.ac.kr

ABSTRACT

The ABJM theory refers to superconformal Chern-Simons-matter theory with product gauge group U_L ×U_R and level +k,−k, respectively. The theory is a candidate for worldvolume dynamics of M2-branes sitting at C^4 /Z_k. By utilizing monopole operators, we prove that ABJM theory gets enhanced N = 8 supersymmetry and SO(8) R-symmetry at Chern-Simons levels k = 1,2. We first show that the ABJM Lagrangian can be written in a manifestly SO(8) invariant form up to certain extra terms. We then show that upon integrating out Chern-Simons gauge fields these extra terms vanish precisely at levels k = 1,2. Utilizing monopole operators at these levels, we identify new N = 2 supersymmetry. We demonstrate that they combine with the manifest N = 6 supersymmetry to close on-shell on N = 8 supersymmetry. We finally show that the ABJM scalar potential is SO(8) invariant.

1 Introduction

Aharony, Bergman, Jafferis and Maldacena [1] proposed a three-dimensionsl superconformal field theory as a microscopic description for worldvolume dynamics of multiple M2-branes on SU(4) × U(1) R-symmetric and N = 6 superconformal M2-branes. Hereafter referred as ABJM theory, it is defined by a gauged linear sigma model: eight scalar and fermion fields in the bifundamental representation of quiver gauge group G = G_1 ×G_2 coupled to Chern-Simons gauge theory. Therefore, the ABJM theory is characterized by two integer-valued parameters: the Chern-Simons level k and rank of the gauge group rank(G). It was proposed [1] that ABJM theory is holographically dual to Type IIA string theory on AdS_4 × C P^3 in the planar limit of both rank(G) and k infinite while holding ‘t Hooft coupling λ ≡ (rank(G)/k) fixed and large. At finite k, the holographic dual is described most appropriately by M theory on AdS_4 × S^7/Z_k. The proposal of [1] provides a Type IIA string or M-theory counterpart of the much studied AdS/CFT correspondence [2] between Type IIB string on AdS_5 ×S^5 and four-dimensional N = 4 super Yang-Mills theory. Interestingly, there are strong indications that the ABJM theory is integrable, both at weak coupling [3], [4] and strong coupling [5] regimes.

Built upon this holography, it was further anticipated in [1] that the ABJM CFT at Chern- Simons levels k = 1,2 actually has N = 8 supersymmetry and SO(8) R-symmetry which are the symmetries of coincident M2 branes on R^{1,2} × R^8 or R^{1,2} × (R^8 /Z_2), respectively. The purpose of this paper is to prove that the ABJM theory, for all possible rank of gauge groups, has enhanced N = 8 superconformal symmetry and SO(8) R-symmetry at Chern-Simons level k = 1,2. Our proof relies crucially on utilizing so-called 3-algebra structure and monopole operators inherent in this theory. Therefrom, if the Chern-Simons level k takes the value 1 or 2, a set of highly nontrivial algebraic identities follows among the matter fields. Utilizing these identities, we show that the ABJM theory possesses extra N = 2 supersymmetry that combines with the existing N = 6 supersymmetry to the fully enhanced N = 8 supersymmetry and SO(8) R-symmetry.

A feature of the ABJM theory is that the gauge dynamics, governed solely by the Chern- Simons term, is trivial. The Chern-Simons term merely induces braiding statistics to the matter fields. Consequently, operators built solely from the gauge potential such as holonomy and magnetic monopole operators W_R would not carry any dynamics or scaling dimension, though they transform in nontrivial representations R under G [6]. Upon coupling matter fields to the Chern-Simons gauge field, gauge invariant operators are constructible not just from matter fields alone but also by attaching the holonomy or magnetic monopole operators W_R to them. Made entirely out of gauge potential, the monopole operators are singlets under internal rigid symmetries such as R-symmetry. As such, monopole operators can produce gauge invariant operators with a rich variety of the R-symmetry representations. Recently, through the study of superconformal index, it was shown that gauge invariant operators containing the monopole operators W_R are indispensable for confirming the AdS/CFT correspondence between the ABJM theory and the M-theory at finite k [7].

Another feature of ABJM theory is that high degree of supersymmetry restricts permissible gauge groups, as well as representations of matter contents. In applications to specific problems, it is useful to formulate the ABJM theory in terms of the Lie algebra g of the gauge group G and representation R of matter fields. On the other hand, in a formulation that aims at incorporating all possible gauge groups and matter contents compatible with N = 6 supersymmetry, it would be more convenient and unifying to use an algebraic structure that underlies all ABJM theories. It was found in [8] that the pertinent algebraic structure of the ABJM theory is so-called hermitian 3-algebra A_3(C ). In this formulation, classification of permissible gauge groups and representations for N = 6 supersymmetry was carried out in [9]. An infinite class of them were found, among which the smallest rank G = SO(4)=SU(2)×SU(2) is found identical to the Bagger-Lambert-Gustavsson (BLG) theory [10]. The BLG theory, however, is known to have real 3-algebra A_3(R) and N = 8 supersymmetry. This calls for better understanding under what other choices of the ABJM theory parameters would exhibit the maximally enhanced N = 8 supersymmetry and SO(8) symmetry.

Our proof of enhanced symmetries constitutes in showing that, by utilizing the three-algebra A_3(C ) and the monopole operators W , the ABJM theory at Chern-Simons levels k = 1,2 is expressible as a ‘trial’ BLG theory, where the original real 3-algebra A_3(R) is replaced by the hermitian 3-algebra A_3(C ). In this way, the N = 8 supersymmetry and the SO(8) R-symmetry become manifest. Here, ‘trial’ refers to the triality of the SO(8) group.

We should point out that, though details differ somewhat, the symmetry enhancement at k = 1,2 works for the non-relativistic ABJM theory [11] — the non-relativistic reduction of the ABJM theory, where only holonomy and monopole operators are known to generate physically nontrivial correlators [12]. In fact, this theory illustrates in a clean manner intimate relations among symmetry enhancement between the ABJM and the non-ABJM fields, trivial braiding statistics for k = 1,2 and bound-states of M-theory momentum modes. Details will be related to a separate paper.

This paper is organized as follows. In section 2, we summarize key ideas and provide a roadmap of our proof. In section 3, we illustrate these key ideas and roadmap for abelian gauge group. In section 4, we present details of hermitian 3-algebra A_3(C ) inherent to the ABJM theory. Also, in section 5, we present properties of monopole operator. In particular, we pay attention to the general covariance property, which will play a prominent role for foregoing considerations. In section 6, we lay down details of closure among so-called the ABJM fields and the non-ABJM fields – composites made of the ABJM fields and the rank-2 monopole operators. In section 7, we first identify novel N = 2 supersymmetry that act between the ABJM and the non-ABJM fields. Combining them with the manifest N = 6 supersymmetry yields the maximal N = 8 supersymmetry we are after. In this section, we check explicitly on-shell closure of the N = 8 supersymmetry. In section 8, utilizing the similar reasonings, we show that the ABJM scalar potential is in fact identical to the BLG scalar potential. This demonstrate SO(8) symmetry of the ABJM scalar potential. By N = 8 supersymmetry, the Yukawa interactions also have SO(8) symmetry. In appendix A, we recall SO(8) gamma matrices and several relevant Fierz identities. In appendix B, we also recall SO(1,2) gamma matrices. In appendix C, we summarize branching rule of SO(8) to SU(4)×U(1). In appendix D, we provide Fierz identities of N = 6 superysmmetry, of the new N = 2 supersymmetry and hence of the full N = 8 supersymmetry. In appendix, we explain triality rotated, so-called trial BLG theory.

2 Roadmap and Key Ideas

In this section, we shall outline key ideas used and a roadmap to our proof.

3-algebra

Since we shall heavily use the 3-algebra formulation throughout, we here summarize its emergence in the BLG and the ABJM theories. As recalled above, underlying algebraic structure of the BLG theory was identified with the real 3-algebra A_3(R). Its structure constants f^{bcd}_a are real-valued and totally antisymmetric in b,c,d^1. The structure was so restrictive that the only finite-dimensional choice of the gauge group G is SU_L(2)×SU_R(2) =SO(4). To have more general gauge groups, it became clear one would have to relax the 3-algebra structure. But it seemed impossible to do so while keeping all the global symmetries of the BLG theory intact. A solution to this difficulty was proposed by ABJM [1], where the SO(8) R-symmetry is given up and only the SU(4)×U(1) part of it is kept manifest. The resulting ABJM theories traded an infinite class of admissible G with reduced N = 6 supersymmetry and SU(4) R-symmetry.

As recalled above, algebraic structure underlying all admissible ABJM theories is the hermitian 3-algebra A_3(C ) [8]. Its structure constants f^{bc}_{da} are antisymmetric in their two upper

1Note that metric structure of the 3-algebra is not needed for equations of motion and for closing the N = 8 supersymmetry variations, but is imperative for Lagrangian formulation.

and two lower indices, respectively, and hermitian in the sense that

f^{∗bc}_{da} = f^{da}_{bc}. (2.1)

In this formulation, we do not need to assume a metric on the 3-algebra since we can use complex conjugation to raise and lower indices^2. Even though we have no metric, we do have a trace-form and we can express the ABJM action using this trace-form. We will refer to the 3-algebra without a metric structure as hermitian 3-algebra A_3(C )^3. In this way, all admissible ABJM theories (that includes the BLG theory as one of them) are unified in a single framework of the 3-algebra A_3(·).

The classification of [9] may be viewed as a consequence of the hermitian 3-algebra structure and the fundamental identity therein. For N = 6, there is an ABJM theory for every hermitian 3-algebra. A hermitian 3-algebra in turn corresponds to a choice of the gauge group G based on a semi-simple Lie group. In this paper, shall we consider ABJM theories that correspond to hermitian 3-algebra, viz. semi-simple Lie group. There can also exists global U(1)×U(1) symmetry, corresponding to conserved baryon numbers, modulo global identifications of center elements. In that case, these U(1)s can be gauged. The resulting theory is the ABJM theory originally proposed [1].

rank-2 monopole operators

In 3-algebra, we have gauge indices a,b,... = 1,···,dimA_3 associated with 3-algebra generators T^a and their complex conjugates that we denote as T_a. The monopole operator that will be useful for us are those with two gauge indices up or two indices down, W^{ab} and W_{ab}, respectively. These rank-2 monopole operators can be used to turn the ABJM scalar field Z^A_a into a field Z^{Aa} = W^{ab}Z^A_b and similarly for the ABJM fermion fields. Here A is an index transforming in the fundamental representation of the global SU(4) R-symmetry of the ABJM theory. With the rank-2 monopole operators at hand, there are two ways to move the 3-algebra indices of the ABJM fields up or down. The first is attaching the rank-2 monopole operator as described above. The second is to take complex conjugate of the ABJM fields. Note that the complex conjugation acts by raising and lowering both gauge and R-symmetry indices, so the scalar field Z^a_A is the complex conjugated field of Z^A_a , etc. Summarizing, starting from the matter field Z^A_a , we can construct Z^{Aa} or Z^a_A by attaching the monopole operator or by complex conjugation, respectively.

2The hermitian 3-algebra A_3(C ) without metric structure can also be found in [13]. 3The hermitian 3-algebra A_3(C ) is a generalization of the real 3-algebra A_3(R). In particular, this also implies that the Nambu 3-bracket is also a realization of the hermitian 3-algebra.

Attaching a monopole operator to a local field renders the composite a non-local operator since the monopole operator depends in general on the Dirac string. If the Dirac-Schwinger- Zwanziger quantization condition is obeyed, the Dirac string is unobservable and the monopole operator becomes a local field configuration. Moreover, the monopole operator is covariantly constant. Below we shall demonstrate this explicitly for the abelian ABJM theory and find that, only for Chern-Simons levels k = 1 and 2, the composite operators are local field configurations. This fits nicely with the fact that only at levels k = 1,2 can we expect to have enhanced supersymmetry and R-symmetry. This is our first evidence that monopole operators should play some role in symmetry enhancement of ABJM theory.

roadmap

Denote vector, spinor and cospinor representations of SO(8) as 8_v,8_s,8_c, and their basis indices by I,α,α̇ = 1,···,8, respectively. In the hermitian BLG theory, matter fields are 8_v for X^I_a and 8_s for ψ_{αa}. The hermitian BLG theory is then defined by Chern-Simons term and the gauged matter Lagrangian

L_{matter} = −1 2 D_μX^I_aD^μX^a_I − 1 12 X^I_bX^e_I X^J_c X^f_J X^K_g X^d_K f^{bc}_{da} f^{ga}_{e f} + i 2 ψ^{αa}γ^μD_μψ_{αa} + i 4 ψ^{aα}Γ_{Iαβ̇}Γ_{Jβ̇γ}X_{Ib}X_{Jc}ψ^{γd} f^{bc}_{da} . (2.2)

We next use the triality of SO(8) group and map the original fields to triality-rotated fields. This way, we can construct two new trial hermitian BLG theories. In all these theories, the Chern-Simons term is universal since it is unaffected by the SO(8) triality. We are interested in the theory obtained by the following triality transformation:

(8_v,8_s,8_c) → (8_s,8_c,8_v); (I,α,α̇) → (α,α̇,I). (2.3)

After the transformation, the matter Lagrangian reads

L_{matter} = − 1 2 D_μX^α_a D^μX^a_α − 1 12 X^α_b X^e_αX^β_c X^f_β X^γ_g X^d_γ f^{bc}_{da} f^{ga}_{e f} + i 2 ψ^{α̇a}γ^μD_μψ_{α̇a} + i 4 ψ^{aα̇}ψ_{β̇b}X^α_c X^d_β Γ_{Iαα̇}Γ^{β̇β}_I f^{bc}_{da} . (2.4)

viz. the matter fields are SO(8) spinors and cospinors 8_s,8_c and the supersymmetry is SO(8) vector 8_v (see appendix E). The Lagrangian (2.4) is the one related to the ABJM Lagrangian. To show this, we break SO(8) to SO(6)×SO(2)≃SU(4)×U(1) and decompose the SO(8) spinor and cospinor fields as

X^a_α = ( Z^A_a Z_{Aa} ) , X^α_a = ( Z^a_A Z^{Aa} ) ψ_{α̇a} = ( ψ^A_a −ψ_{Aa} ) , ψ^{α̇a} = ( ψ^a_A −ψ^{Aa} ) . (2.5)

We also split the SO(8) gamma matrices into SO(6) and SO(2) gamma matrices as Γ_I = (Γ_M,Γ_X ) and denote by Σ_{M,AB} and Σ^{AB}_M the off-diagonal blocks in Γ_M. The details are collected in Appendix C. The fields Z^A_a and ψ_{Aa} as well as their hermitian conjugates are the ABJM scalar and fermion fields, where upper A is fundamental and lower A is anti-fundamental of SU(4)^4. The fields Z^{Aa} and ψ^a_A are not the ABJM fields — we refer them as ‘non-ABJM fields’. Our strategy is to relate the non-ABJM fields to the ABJM fields by means of the monopole operators W^{ab},W_{ab}, since these operators are the unique tensors that can raise or lower indices gauge covariantly.

After the decomposition, we find the matter Lagrangian as

L_{matter} = −D_μZ^A_a D^μZ^a_A − iψ^{Aa}γ^μD_μψ_{Aa} +i ( −ψ^{Aa}ψ_{Ab}Z^B_c Z^d_B + 2ψ^{Ba}ψ_{Ab}Z^A_c Z^d_A ) f^{bc}_{da} − ( 1 2 ε^{ABCD}ψ_{Bb}Z^a_AZ^d_Dψ_{Bc} + 1 2 ε_{ABCD}ψ^{Ba}Z^A_b Z^D_c ψ^{Cd} ) f^{bc}_{da} − 2 3 ( f^{ab}_{gh} f^{ch}_{e f} − 1 2 f^{ab}_{eh} f^{ch}_{g f} ) Z^A_a Z^e_AZ^B_b Z^f_BZ^C_c Z^g_C +··· (2.6)

The terms shown depend only on the ABJM fields and hence yields the ABJM Lagrangian. The ellipses denote all other terms that involve the non-ABJM fields. Under what conditions will the ellipses vanish identically and the trial BLG theory become identical to the ABJM theory? We find that this is so if the following set of algebraic identities hold: ( Z^A_c Z^d_A + Z^{Ad} Z_{Ac} ) f^{bc}_{da} = 0 ( Z_{Ab}Z^B_c Z^d_B + Z^d_AZ^B_c Z_{Bb} ) f^{bc}_{da} = 0 ( Z_{Ab}Z_{Bc}Z^d_C − Z_{Cb}Z_{[Ac}Z^d_{B]} ) f^{bc}_{da} = 0

ψ_{Ab} ( Z_{Bc}Z^{Ad} + Z^d_BZ^A_c ) f^{bc}_{da} = 0

ψ^b_A ( Z^c_BZ^A_d + Z_{Bd} Z^{Ac} ) f^{da}_{bc} = 0. (2.7)

We also find the correspondence between the sextet scalar potential in the ABJM theory and the potential in the generalized trial BLG theory, as demonstrated in section 8. The correspondence between the ABJM and generalized trial BLG Yukawa coupling terms can be shown .

4Equivalently, they are spinor and cospinor of SO(6).

If the ABJM Lagrangian is SO(8) invariant, the identities (2.7) should hold in some sense^5 and we can express the ABJM Lagrangian in the manifestly SO(8) invariant form as a generalized trial BLG Lagrangian. We shall show that (2.7) originate from the flatness condition of the gauge field strengths

~F_{μνb}^a + ~F_{μν}^a_b = 0. (2.8)

and that the identities (2.7) are all related to (2.8) by N = 6 supersymmetry.

To show that there is N = 8 supersymmetry, it is not enough to just show that the Lagrangian can be written in an SO(8) invariant form. Indeed, we will find that we need a few more identities of a similar type in order to have closure of N = 8 supersymmetry variations on the ABJM equations of motion.

Incidentally, the above algebraic identities may be interpreted as constraining the matter fields^6 Z^A_a ’s. This may be an indication of the feature of the ABJM theory that the true degrees of freedom scales as N^{3/2}, not as N^2.

3 Prelude: abelian ABJM theory

3.1 linear sigma model

To appreciate the symmetry enhancement clearer, we first study the abelian ABJM theory. Here, of course, the 3-algebra structure is not essential. We start with (2+1)-dimensional linear sigma model over the target space C^4 . There are four complex scalar fields Z^A and their complex conjugates (Z^A)^∗ = Z_A. They transform as 4,4 under SU(4) of the target space. This linear sigma model corresponds to bosonic part of the ABJM theory with gauge group U(1)×U(1) at Chern-Simons level k = 1, as we will see in the next section. The action reads

L_{matter} = − ∫ d^3x ∂_μZ^A∂^μZ_A . (3.1)

The sigma model is invariant under U(4)=SU(4)×U(1) transformations:

δZ^A = ω^A_B Z^B , (3.2)

5The symmetry enhancement can not be seen in the classical Lagrangian where k is just an overall factor multiplying the whole Lagrangian. But if we integrate out the gauge field then these identities will hold for levels k = 1,2._6

If we take the viewpoint that the (non-dynamical) gauge field is put on-shell and expressed as a composite field in terms of the matter fields.

Here,

(ω^∗)^A_B + ω^B_A = 0 (3.3)

are anti-hermitian matrices, generating SU(4) transformations by the traceless parts and U(1) transformation by the trace part. In total, there are 16 real parameters.

The sigma model (3.1) has more symmetries. It is also invariant under the transformations

δZ^A = ω^{AB}Z_B (3.4)

described by 6 complex parameters related by

ω^{AB} + ω^{BA} = 0, ω^{∗ AB} + ω_{BA} = 0. (3.5)

These transformations do not close among themselves. However, when combined with the above SU(4)×U(1) transformations, they are closed and generate SO(8) symmetry group with 28 = 16 + 6 · 2 real parameters.

To see the SO(8) symmetry better, we elaborate here somewhat technical but fairly straightforward discussion regarding how part of the SO(8) transformations not contained in SU(4)×U(1) acts on 8_v and 8_s representations of SO(8). The results obtained here will be useful later. Acting on a 8_v representation V_I (I = 1,...,8), an infinitesimal SO(8) transformation is given by

δV_I = ω_{IJ}V_J (3.6)

where ω_{IJ} is anti-hermitian and has real components (in other words, it is antisymmetric). We decompose 8_v into a six-dimensional part V^M (M = 1,...,6) and a two-dimensional part V = v^7 + iv^8. The metric being Kronecker deltas, we do not distinguish upper or lower SO(8) or SO(6) indices. The SO(2) parameter is ω^{78} and the SO(6) parameters are ω^{MN} . We are mainly interested in the SO(8) rotations that mix SO(6) with SO(2). These rotations are parametrized by ω^M := ω^{M7} + iω^{M8} and act on the SO(8) vector as

δV^M = 1 2 ( ω^M V^∗ + ω^{∗M} V ) δV = ω^M V^M δV^∗ = ω^{∗M} V^M . (3.7)

An SO(8) Dirac spinor decomposes into Weyl X_α and anti-Weyl spinor ψ_{α̇}. These in turn decompose into Weyl spinors of SO(6). We define these Weyl components as

X_α = ( Z^A Z_A ) (3.8) ψ_{α̇} = ( ψ^A −ψ_A ) . (3.9)

On the SO(8) R-symmetry Dirac spinor^7 Ξ = ( X_α ψ_{α̇} , ) (3.10)

an infinitesimal SO(8) transformation acts as δΞ = − 1 2 ω^{MX} Γ^{MX} Ξ. (3.11)

Here, the normalization is fixed by how the vector index of gamma matrices transforms (as a direct consequence of the Clifford algebra),

[Γ_{IJ},Γ_K] = −4δ_{K[I}Γ_{J]}. (3.12)

One can view this as the invariance condition of the gamma matrices where all its indices are transformed. Explicitly, we find the variations as

δZ^A = i 2 ω^MΣ^{M,AB}Z_B

δZ_A = i 2 ω^{∗M}Σ^M_{AB}Z^B, (3.13)

δψ^A = i 2 ω^{∗M}Σ^{M,AB}ψ_B

δψ_A = i 2 ω^MΣ^M_{AB}ψ^B. (3.14)

3.2 gauging U(1) symmetry

Chern-Simons gauging:

We now gauge the U(1) symmetry by introducing a flat one-form gauge field b. We then define the covariant derivative

DZ^A := dZ^A + ibZ^A (3.15)

and consider the gauged linear sigma model − ∫ d^3x ( D_μZ^AD^μZ_A + k 2π b ∧ d a ) . (3.16)

7It is important that this is R-symmetry spinor as opposed to spacetime spinor. In particular, Z is commuting bosonic field.

Here, a is a Lagrange multiplier one-form gauge field that constrains b to be flat, db = 0. This model equals to the bosonic part of the abelian ABJM action at integer-valued Chern-Simons level k.

We can integrate out a, setting [1, 15] k b = d σ . (3.17) This gives back the linear sigma model modulo the orbifold identification Z^A ≃ e^{2πik} Z^A. (3.18) In general, this identification breaks SO(8) down to SU(4)×U(1). At k = 1,2, however, the SO(8) symmetry is retained. If the Z_k orbifolding is SO(8) invariant, it should commute with the transformation Z^A → Z^A + ω^{AB} Z_B . (3.19) This implies that Z^A → Z^A + ω^{AB}e^{− 4πik} Z_B (3.20) should also be a symmetry. This singles out the Chern-Simons coefficient k to 1,2.

monopole operators:

Notice that SO(8) symmetry cannot act in this simple way were the gauge field not integrated out. The transformation Z^A → Z^A + ω^{AB}Z_B (3.21) would not be gauge covariant since Z^A and Z_A are oppositely charged with respect to the gauge field b. The remedy for this is to redefine the scalar fields by attaching monopole operators to these fields in such a way that all equations transform covariantly under the U(1) gauge transformations. The monopole operator that we have at our disposal is of the form T_k = e^{iσ}. (3.22) From the Chern-Simons term, we also see that this operator carries also k unit of electric charge. Thus, the gauge transformations act as T_k → e^{ikα}T_k

Z^A → e^{iα}Z^A Z_A → e^{−iα}Z_A (3.23)

At level k = 1, we can make the field redefinitions

Z^A → Z^A Z_A → T_1T_1Z_A. (3.24)

At level k = 2, we can also make the field redefinitions

Z^A → Z^A Z_A → T_2Z_A. (3.25)

On these redefined fields, the SO(8) transformation acts in a gauge covariant way. Important observation is that, for k > 2, no such local field redefinition is possible. Therefore, this is another way to see that we can have enhanced SO(8) symmetry only for k = 1,2.

The Chern-Simons coefficient k = 1,2 is also special for a seemingly different reason. Consider two external probes charged electrically under the gauge fields a and the b, respectively. Upon encircling one of the probes around the other once, we pick up the Aharonov-Bohm phase exp(2πi/k) as braiding statistics. For k = 1, the phase is trivial and braiding statistics is bosonic. For k = 2, the phase is π and braiding statistics is fermionic. For k > 2, the braiding statistics is anyonic. By the same argument, we see that the composite we formed above would retain the field statistics unchanged for k = 1,2 but not so for k > 2.

local versus nonlocal:

The reason we have these monopole operators at our disposal comes from the Chern-Simons action. Consider the monopole operator

expiσ(x) := exp ( i ∫ x ∞ dσ(x) ) . (3.26)

Naively, one could think that operators of the form exp(iσ(x)/ℓ) is also feasible, where ℓ is an arbitrary integer. However, this is not so because σ is a compact pseudo-scalar defined over the period 2π. This means that that ∮ dσ/ℓ ≃ (2π/ℓ)Z when we integrate over a closed contour.

Therefore, exp ∫ dσ/ℓ will be path-dependent, and hence non-local unless ℓ = 1.

Not only being local, the monopole operator or products of it is also covariantly constant. Recalling that the monopole operator T_k carries an electric charge of k unit, the covariant derivative acting on it is defined by

D_μT_k = ( ∂_μ − ikb_μ ) T_k = ( i∂_μσ − ikb_μ ) e^{iσ} . (3.27)

We see that this indeed vanishes by the defining relation of the dual scalar field, kb = dσ. This shows that T_k is covariantly constant. Notice that this property holds for any k.

Using these properties, we can put Z^A and Z_A fields on equal footing by attaching appropriate monopole operators to them. So, Z^A carries an electric charge of one unit, while (T_k)^nZ_A carries an electric charge of nk − 1. From the above analysis, we see that these two (composite) fields are local operators and, as discussed above, can carry equal electric charge when k = 1 and n = 2 or k = 2 and n = 1, but none for k > 2.

4 The ABJM theory

4.1 hermitian 3-algebra

The ABJM theory is isomorphic to Hermitian 3-algebras up to possible U(1) factors in the gauge group. As said, instead of studying the ABJM theory for each possible gauge group separately, it is convenient to utilize the 3-algebra formulation that puts all the possible gauge groups on equal footing. The only property of the gauge groups we need is then the corresponding fundamental identity of the 3-algebra.

so(4):

The simplest example of a 3-algebra is that of gauge group G =SU_L(2)×SU_R(2) =SO(4). This corresponds to a real (which of course also is hermitian) 3-algebra. To see this, we note the following gamma matrix identity among the SO(4) gamma matrices γ_a and the chirality matrix γ: γ_aγ_cγ_b − γ_bγ_cγ_a = 2ε_{abcd} γ γ_d. (4.1)

In the Weyl representation, the 3-algebra generators T^a sit in the gamma matrices as

γ_a = ( 0 (T^a)^{i′}_i (T_a)^j_′ 0 ) (4.2)

Here upper (lower) indices i and i^′ are (anti)fundamental of SU_L(2) and SU_R(2), respectively. The gamma matrix identity above amounts to the 3-algebra

T^aT_cT^b − T^bT_cT^a = f^{ab}_{cd} T^d (4.3)

with real structure constants f^{ab}_{cd} = 2ε_{abcd} . Note that SO(4) also happen to have the metric δ_{ab} that we can use to raise and lower indices. It is related to the epsilon tensors of SU_L(2)×SU_R(2) as δ_{ab}(T^a)^i′ (T^b)^j_′ = 2ε^{i j}ε_i′_j′ . (4.4) We also have (T^a)^i′ (T_a)^{j′}_j = 2δ^i_jδ^{j′}_{i′} . (4.5) For generic ABJM gauge groups there is no such invariant tensor that we can use to raise and lower indices. What we can use instead are monopole operators.

generalizations:

We now generalize the SO(4) 3-algebra by keeping some of the structure of it but dropping the constraints of having real structure constants and a metric. We denote the complex 3-algebra generators by T^a. We define complex conjugation as T^{∗a} = T_a. (4.6) The 3-bracket maps three elements into a new element [T^a,T^b;T^c] = f^{ab}_{cd} T^d. (4.7) Here the structure constants f^{ab}_{cd} are complex-valued. The 3-bracket has the properties [T^a,T^b;T^c] = −[T^b,T^a;T^c] [λT^a,T^b;T^c] = λ[T^a,T^b;T^c] [T^a,T^b;λT^c] = λ^∗[T^a,T^b;T^c]. (4.8) The 3-bracket obeys the so-called fundamental identity. The fundamental identity is best understood as a property of the derivation δ = [·,T^b;T^a]ω^a_b, (4.9) Here ω^a_b is an anti-hermitian matrix:

ω^{∗a}_b = −ω^b_a . (4.10) The derivation property is δ[T^e,T^d;T^c] = [δT^e,T^d ;T^c] + [T^e,δT^d;T^c] + [T^e,T^d ;δT^c]. (4.11) Using (4.9), this amounts to the fundamental identity: [[T^e,T^d ;T^c],T^b;T^a] = [[T^e,T^b;T^a],T^d ,T^c] + [T^e,[T^d,T^b;T^a];T^c] − [T^e,T^d;[T^c,T^a;T^b]]. (4.12) In terms of the structure constants, the identity reads f^{ed}_{c f} f^{f b}_{ag} = f^{eb}_{a f} f^{f d}_{cg} + f^{db}_{a f} f^{e f}_{cg} − f^{∗ca}_{b f} f^{ed}_{f g}. (4.13) inner product:

We also introduce inner product ⟨·,·⟩ such that ⟨ T^a,T^b ⟩ = δ^a_b ⟨ T^a,T^b ⟩ = ⟨ T^b,T^a ⟩_∗ ⟨ T^a,T^b ⟩ = ⟨T_b,T_a⟩ (4.14)

By expanding a field X in the 3-algebra basis X = X_aT^a, the last property can also be phrased as ⟨X,Y ⟩ = ⟨Y^∗,X^∗⟩ for X = X_aT^a, Y = Y_aT^a . (4.15)

This may be taken as defining equation of the hermitian conjugate. Moreover, the inner product has the invariance property ⟨ δT^a,T^b ⟩ + ⟨ T^a,δT^b ⟩ = 0 (4.16)

Using (4.9), we get

f^{∗ab}_{cd} = f^{cd}_{ab} . (4.17)

One can also check that this condition can be written as

⟨X,[Y,Z;U]⟩ = ⟨[X,U;Z],Y⟩ . (4.18)

We note that (4.12), (4.18) generalize the corresponding equations for totally antisymmetric 3-brackets introduced originally for the BLG theory. To get the corresponding fundamental identity and inner product invariance condition for totally antisymmetric 3-bracket, we just need to replace [·,·;·] by totally antisymmetric 3-bracket [·,·,·].

4.2 matrix realization of hermitian 3-algebra

matrix realization:

A matrix realization of the 3-algebra A_3(·) is provided by

[X,Y ;Z] := XZ^†Y −Y Z^†X

⟨X,Y ⟩ := tr(XY^†). (4.19)

The matrix-valued fields X,Y,Z are expanded as X = X_aT^a etc., where T^a is a basis of (M × N) matrices and T_a are their hermitian conjugates. The 3-bracket is then a map from M ×N matrices to itself – the first requirement of an algebra. Moreover, the bracket satisfies the fundamental identity (4.12). Hence, it is a realization of the 3-algebra A_3(·), called the Lie 3-algebra A_3(g).

An explicit solution to the fundamental identity can also be realized in terms of the generators t^α of the associated semi-simple Lie algebra g as [8] f^{ab}_{cd} = (t^α)^a_d(t_α)^b_c (4.20) where (t^α)^a_b are the generators in the bi-fundamental representation. The index α is lowered by the inverse of Killing form κ^{αβ} of the Lie algebra g. This realization does not in general satisfy antisymmetry with respect to a,b or c,d indices. Imposing this property restricts possible choices of the Lie algebras g and hence the Lie group G. With the Lie group G = G_L ⊗ G_R, a,b,c,d ranges over 1,···,rank(G_L)rank(G_R) and α ranges over 1,···,dim(G_L) + dim(G_R).

similarity transformations:

We can consider two types of similarity transformations of the Lie algebra generators associated with the 3-algebra. The first type is (t^α)^a_b → U^a_c(t^α)^c_dU^{†d}_b

≡ U^α_β(t^β)^a_b (4.21) where U^a_bU^{†b}_c = δ^a_c. The second type is (t^α)^a_b → U_{bc}(t^α)^c_dU^{da} (4.22) where U^{ab}U_{bc} = δ^a_c. Both types of transformations leave the Killing form κ^{αβ} invariant, and hence the 3-algebra structure constants are invariant. Explicitly, f^{ab}_{cd} = f^{e f}_{gh} U^a_eU^b_f U^{†g}_cU^{†h}_d (4.23) and f^{ab}_{cd} = f^{e f}_{gh} U^{ga}U^{hb}U_{ce}U_{d f} , (4.24) respectively. Notice that the first type of transformations form a closed group, while the second is not. However, the total sum of the two types again forms a closed transformation group, which we denote as ^G.

The first type of similarity transformation means that the 3-algebra is invariant under the unitary transformation T^a → T^bU^a_b (4.25)

The infinitesimal version of this invariance condition leads to the fundamental identity. Namely if we write U^a_b = δ^a_b + Ω^a_b (4.26) we find that δ f^{bc}_{da} = 0 (4.27) where we define δ f^{bc}_{da} = Ω^b_e f^{ec}_{da} + Ω^c_e f^{be}_{da} − Ω^e_d f^{bc}_{ea} − Ω^e_a f^{bc}_{de}. (4.28) To make the connection with the fundamental identity, we just write out Ω^b_a = ω^d_c f^{bc}_{da}.

The second type of similarity transformation is the transformation we shall use repeatedly in later sections.

4.3 ABJM theory in hermitian 3-algebra

We now describe the ABJM theory in 3-algebra formulation and arrive at (2.6).

lagrangian:

In 3-algebra formulation, the covariant derivative is given by iD_μZ_a := i∂_μZ_a + Z_b ~A_μ^b_a; D_μψ_a := ∂_μψ_a + ψ_b~A_μ^b_a, (4.29) where ~A_μ^b_a ≡ A_μ^d_c f^{bc}_{da}. (4.30) Our gauge fields are anti-Hermitian:

A^∗_μ^b_a = −A_μ^a_b equivalently A^∗_μ^b_a = −A_μ^a_b. (4.31) To translate the action to the more familiar Lie algebra formulation, we use some properties of the 3-algebra of the previous subsection. We just use the matrix realization (4.19). We also define gauge fields of the two Lie groups G_L,G_R associated with the 3-algebra by A^L_μ = A_μ^d_cT^cT_d A^R_μ = A_μ^d_cT_dT^c . (4.32)

With these steps, we find the followings. First, the Chern-Simons term in the 3-algebra formulation turns into two Chern-Simons terms in Lie algebra formulation: k 2π ε^{μνλ}Tr(A^L_μ ∂_νA^L_λ + 2i 3 A^L_μ A^L_νA^L_λ) − k 2π ε^{μνλ}Tr(A^R_μ ∂_νA^R_λ + 2i 3 A^R_μ A^R_ν A^R_λ) . (4.33)

Second, the gauge covariant derivatives acting on matter fields are given by

iD_μZ^A = i∂_μZ^A − A^L_μ Z^A + Z^AA^R_μ (4.34)

and similarly for fermions. Third, the Yukawa-like terms are given by

ψ^{Aa}ψ_{Ab}Z^B_c Z^d_B = Tr(ψ^Aψ_AZ_BZ^B) − Tr(ψ^AZ^BZ_Bψ_A) (4.35)

etc. The same works for the scalar potential terms. This shows that the ABJM action (2.6) in 3- algebra formulation is identical to the ABJM action in Lie algebra formulation, as demonstrated first in [8].

on-shell N = 6 supersymmetry:

For later use, we here enlist N = 6 supersymmetry transformations of the ABJM theory in the 3-algebra formulation. They are

δZ^A_a = −iε^{AB}ψ_{Ba} δψ_{Aa} = γ^με_{AB}D_μZ^B_a − ( ε_{AB}Z^B_b Z^C_c Z^d_C + ε_{BC}Z^B_b Z^C_c Z^d_A ) f^{bc}_{da} δ~A_μ^b_a = ( iε_{AB}γ_μZ^A_c ψ^{Bd} − iε^{AB}γ_μψ_{Ac}Z^d_B ) f^{bc}_{da}. (4.36)

The closure relations read

[δ_η,δ_ε]Z^A_a = −2iε^Mγ^μη^MD_μZ^A_a + ~Λ^b_aZ^A_b , [δ_η,δ_ε]ψ_{Aa} = −2iε^Mγ^μη^MD_μψ_{Aa} + ~Λ^b_aψ_{Ab} +iε^Mγ^λη^Mγ_λE_{Aa} + iε^M(Σ^{MN} )_A^Bη^N E_{Ba}, [δ_η,δ_ε]~A_μ^b_a = −2iε^Mγ^μη^M ~F_{νμ}^b_a − D_μ ~Λ^b_a (4.37)

with the gauge parameter ~Λ^b_a = 2iε^M(Σ^{MN} )_A^Bη^NZ^A_c Z^d_B f^{bc}_{da}. (4.38)

The equations of motion needed to close the supersymmetry on-shell are E_{Aa} = 0 with

E_{Aa} = γ^μD_μψ_{Aa} + ( ψ_{Ab}Z^C_c Z^d_C − 2ψ_{Bb}Z^B_c Z^d_A + ε_{ABCD}Z^B_b Z^C_c ψ^{Dd} ) f^{bc}_{da} (4.39)

for the fermions and ~F_{μν}^b_a = −ε_{μνλ} ( Z^A_c D^λZ^d_A − D^λZ^A_c Z^d_A − iψ^{Ad}γ^λψ_{Ac} ) f^{bc}_{da} (4.40)

for the gauge field.

5 Monopole Operator and Gauge Covariance

In this section, we shall introduce monopole operator which will play a central role in the foregoing discussions. Consider for definiteness the gauge group G_L = SU(M), G_R = SU(N). We start with infinitesimal gauge transformations δ~A_μ^b_a = −D_μ ~Λ^b_a δZ^A_a = Z_b ~Λ^b_a (5.1) on gauge field and matter fields, respectively, where ~Λ^b_a = Λ^c_d f^{bc}_{da}. (5.2) and Λ^c_d is any antihermitian matrix.

The scalar fields in the Lie algebra and the 3-algebra basis are related by Z^i_α = Z_a(T^a)^i_α (5.3) and similarly for the fermion fields. Here i,α are indices of M,N, respectively. Complex conjugate field is (Z^∗)^i_α = Z^α_i = Z^a(T_a)^α_i . (5.4) Gauge transformation with gauge group element (g^L,g^R) acts on the bi-fundamental matter field as Z^i_α → (g^L)^i_jZ^j_β(g^{R†})^β_α. (5.5)

5.1 nonabelian monopole operators

We now introduce monopole operators [6]. The monopole operator that transforms in the fundamental representations of G_L−U(M) and G_R =U(N) are denoted as W^L and W^R, respectively. (W^L)_i → (W^L)_j(g^{L†})^j_i (W^R)_α → (W^R)_β(g^{R†})^β_α. (5.6) Utilizing them, it is possible to obtain composite fields transforming differently. For example, one can form a gauge singlet composite of the bi-fundamental field Z and monopole operators: (W^L)_iZ^i_α(W^{R†})^α = Z_a(W^L)_i(T^a)^i_α(W^{R†})^α . (5.7)

Obviously, such an operation does not bring the matter field outside the 3-algebra A_3, so the composite must again be some linear combination of 3-algebra generators. As such, we define the monopole operator of defining representation in 3-algebra formulation as W^a ≡ (W^L)_i(T^a)^i_α(W^{R†})^α. (5.8) Therefore, Z = W^aZ_a (5.9) will be the above gauge singlet composite. Associated with W^a, there is also the monopole operator W_a = W^{∗a} transforming in the complex conjugate representation.

We can also form composites of other representations than the bi-fundamental, but again the resulting composite operator must be some linear combination of 3-algebra generators. In fact, in order to extend N = 6 supersymmetry to N = 8 supersymmetry, we may need the monopole operators of higher representations [18]. The most general monopole operator in the Lie algebra and in the 3-algebra basis are related each other as W^{a1...ak} = W^{α1...αk}_{i1...ik} (T^{a1} )^{i1}_{α1} ...(T^{ak} )^{ik}_{αk} . (5.10) It turns out sufficient to consider symmetric rank-2 representations, W^{ab} and W_{ab}. We note that these monopole operators can act to lower and raise gauge indices in a covariant way. For example, by attaching these monopole operators, we have Z^{Aa} = W^{ab}Z^A_b , Z_{Aa} = W_{ab}Z^b_A . (5.11) Beware these operations are different from complex conjugation Z^{A∗}_a = Z^a_A etc. In particular, the SU(4) representation is not affected by attaching the monopole operators.

Under gauge transformations, the rank-2 monopole operators transform as δW^{ab} = −W^{cb} ~Λ_c^a −W^{ac} ~Λ_c^b δW_{ab} = ~Λ_a^cW_{cb} + ~Λ_b^cW_{ac} (5.12) Moreover, they have the properties W_{ac}W^{cb} = δ^b_a W_{ab} = W_{ba} W^{ab} = W^{ba} (5.13) In the Lie algebra formulation, the relevant monopole operator is the one in bi-fundamental representations W^α_i = (W^{R†})^α(W^L)_i

W^i_α = (W^{L†})^i(W^R)_α. (5.14)

They are related to the rank-2 monopole operators W^{ab},W_{ab} by

W^{ab}T_b = W T^aW W_{ab}T^b = W^†T_aW^†. (5.15)

5.2 general covariance

So far, we focused primarily on the representation contents of the monopole operators. In general, the monopole operators of a given representation are nonlocal. For the symmetric rank-2 representations, by the Dirac quantization condition, the monopole operator turns out a local operator only if the Chern-Simons level takes values k = 1 or 2. This locality condition leads to an important condition to the gauge field strength, which plays an essential role in foregoing considerations concerning supersymmetry enhancement. Much like the abelian case, invisibility of Dirac string implies that the monopole operator is covariantly constant:

D_μW_{cb} ≡ ∂_μW_{cb} + ~A^d_{μc}W_{db} + ~A_μ^d_bW_{cd} = 0. (5.16)

From this it follows that

W^{ac}[D_μ,D_ν]W_{cb} = 0 (5.17)

and this amounts to the following flatness condition for the field strength ~F_{μνb}^a + ~F_{μν}^a_b = 0. (5.18)

Here, we defined ~F_{μν}^a_b = W^{ac}W_{bd} ~F_{μνc}^d . (5.19)

A few remarks are in order. First, for level k = 1, we should in principle also be able to bring all matter fields into gauge singlets using W_a and W^a monopole operators. However, this does not give us any nice identity for the field strength. Instead, what we get is F_{μν,a}^bW_b = 0. However, we can not conclude from this any identity for F_{μν} itself. It would be interesting to analyze how to use W^a and W_a to see supersymmetry and R-symmetry enhancement for level k = 1. In our approach, we shall be using W_{ab} and W^{ab} for both k = 1 and k = 2.

Second, expanding F_{μν} = F_{μν,α}t^α in the Lie algebra generators, one might be tempted to conclude from (5.18) that the Lie algebra generators are invariant under the similarity transformation induced by the monopole operator

(t^α)^b_a = −W_{ac}(t^α)^c_dW^{db}. (5.20)

This is not right because the gauge field strength cannot be varied independently of the monopole operator. Therefore (5.18) does not imply (5.20). In fact, (5.20) is not even gauge covariant since the generators do not transform under the gauge transformations whereas the monopole operators do transform in general. On the other hand, if we assume (5.20), we find the BLG theory as the only solution for which W_{ab} = δ_{ab}, the Kroenecker delta of the SO(4)=SU_L(2)×SU_R(2) gauge group (which is invariant, δδ_{ab} = Λ^c_aδ_{cb} +Λ^c_bδ_{ac} = Λ_{ba} +Λ_{ab} = 0) and (t^α)^a_b = (t^α)_{ab} = −(t^α)_{ba} are the antisymmetric generators of SO(4) gauge group. This is one of many indications that supersymmetry enhancement for the ABJM theory is highly nontrivial than one might naively extrapolate from the BLG theory.

6 Closure among ABJM and non-ABJM fields

6.1 closure relation and gauge condition

As far as N = 6 and SU(4) symmetry variations (let us denote variations as δ) are concerned, since ABJM fields and non-ABJM fields do not mix, we do not need to consider the quantities

Ω_ω^b_a ≡ W^{bc}δ_ωW_{ca}, (6.1)

which encodes variation of the monopole operator. On the other hand, when we explore possible N = 8 and SO(8) symmetry enhancement, we must consider these quantities since the ABJM and non-ABJM fields mix each other. A priori, this indicates that we need to find explicit expression of Ω^b_a. This, however, turned out extremely difficult. Fortuitously, we never need the explicit expression, as we now explain below.

It is easy to see why Ω^b_a is needed when we mix the ABJM and non-ABJM fields. Let us assume that

δZ^A_a = δ̂Z^A_a , (6.2)

where δ̂ denotes any variation that does not involve Ω^b_a explicitly. We then get

δZ^{Aa} = δ̂Z^{Aa} − Ω^a_bZ^{Ab}. (6.3)

On the other hand, there is no good reason why ABJM fields should be treated any differently from non-ABJM fields. What we call ABJM and non-ABJM fields is really a matter of convention. Therefore, there is no reason we should not have Ω^b_a dependent terms in the variations of the ABJM fields. Let us therefore treat ABJM and non-ABJM fields on equal footing and take the general ansatz for the variations of the fields as

δZ^A_a = δ̂Z^A_a + γΩ^b_aZ^A_b δZ^{Aa} = δ̂Z^{Aa} + (γ − 1)Ω^a_bZ^{Ab}. (6.4) Here γ could a priori be any real number. We then have δ(D_μZ^A_a ) = δ̂(D_μZ^A_a ) + γΩ^b_aD_μZ^A_b . (6.5) From the left-hand side, we get δA^b_{μa} = δ̂A_μ^b_a + γD_μΩ^b_a . (6.6) Any symmetry variations should close among themselves. This requirement has an interesting consequence when it is applied to variations that mixes ABJM and non-ABJM fields. We get no restriction on γ as long as we consider variations that do not mix ABJM and non-ABJM fields. Let us therefore consider SO(8) variations that mix these fields. We can also consider N = 8 variations but the steps are essentially the same. The variations take the form δZ^A_a = ω^{AB}Z_{Ba} + γZ^A_b Ω^b_a δZ^{Aa} = ω^{AB}Z^a_B + (γ − 1)Ω^a_bZ^{Ab} δZ_{Aa} = −ω_{AB}Z^B_a + (1 − γ)Z_{Ab}Ω^b_a . (6.7) More general variation may be considered such as δ̂Z^A_a = ω^A_{Ba}^bZ^A_b + ω^{AB}_a^bZ_{Bb} + ... but the conclusion will anyway be the same. Since Z^A_a and Z_{Aa} transform the same under the gauge group and the second terms on the right hand side of the variations rotates gauge indices only, it motivates to have γ = (1 − γ), viz.γ = 1/2. We now show explicitly that this is indeed the necessary condition for the closure.

The closure among these variations reads [δ_η,δ_ω] = δ_{[η,ω]} . (6.8) We get [δ_η,δ_ω]Z^A_a = [η,ω]^A_BZ^B_a +(1 − γ)Ω_η^b_aω^{AB}Z_{Bb} + γΩ_ω^b_aη^{AB}Z_{Bb} −(1 − γ)Ω_ω^b_aη^{AB}Z_{Bb} − γΩ_η^b_aω^{AB}Z_{Bb} +(γ^2 − γ)Z^A_b [Ω_η,Ω_ω]^b_a + γZ^A_b Ω_{[η,ω]}^b_a (6.9) Here, we have used the variation δ_ηΩ_ω^b_a = −Ω_η^b_dΩ_ω^d_a +W^{bc}δ_ηδ_ωW_{ca} . (6.10) We also made the assumption that the variations close on the monopole operator [δ_η,δ_ε]W_{ab} = δ_{[η,ω]}W_{ab}. (6.11)

We now see that we can have the closure relation provided we set γ = 1 2 , (6.12) since in this case the mixed transformation terms cancel each other. The remaining terms read [δ_η,δ_ω]Z^A_a = [η,ω]^A_BZ^B_a +Z^A_b ( 1 2 Ω_{[η,ω]}^b_a − 1 4 [Ω_η,Ω_ω]^b_a ) . (6.13)

Here, Ωs form a closed algebra [Ω_η,Ω_ω] = Ω_{[η,ω]} (6.14)

due to the fact that Ωs are homomorphism of SO(8) to ^̂G. Comparing with (6.7), we see that the closure relation is up to a gauge transformation: [δ_η,δ_ω]Z^A_a = δ_{[η,ω]}Z^A_a + δ_{gauge}Z^A_a (6.15) where the gauge parameter is given by −^1_4 Ω_{[η,ω]}.

The result we found on γ is very interesting. It means that we find a gauge variation with gauge parameter

Λ^b_a = 1 2 Ω^b_a (6.16) induced from the SO(8) variations. This gauge variation can be off-set by making another gauge variation. This is the lucky circumstance that makes it possible to study variations that mix ABJM and non-ABJM fields without having to solve the tremendously difficult problem of finding an explicit expression for Ω^b_a or of the variation of the monopole operator itself.

Having seen that^1_2 Ω is just a gauge parameter, we can just drop all Ω-dependent terms from our variations from the outset.

6.2 combining gauge covariance with N = 6 supersymmetry

We can use N = 6 supersymmetry to vary the identity (5.18) and get new identities. We can vary ~F_{μν} either by varying its on-shell expression (4.40), or we can compute the variation induced by variation of the gauge field as δ_ε ~F_{μν} = D_μδ_ε ~A_ν − D_νδ_ε ~A_μ. (6.17)

Both computations give the same result when the fields are put on-shell. The latter approach is the quicker, and it gives the result δ_ε ~F_{μν}^b_a = −iε^{AB}γ_νD_μ(ψ_{Ac}Z^d_B) f^{bc}_{da} + (a.h.c). (6.18) where (a.h.c) means that we should make the result antihermitian by adding the anti-hermitian conjugate term. Instead of computing the supersymmetry variation of ~A_{μa}^b = ~A_μ^d_cW^{bc}W_{da}, we use the former approach and compute the variation of the on-shell field strength ~F_{μνa}^b ~F_{μνa}^b = −ε_{μνλ} ( Z^{Ad}D^λZ_{Ac} − D^λZ^{Ad}Z_{Ac} − iψ^A_c γ^λψ^d_A ) f^{bc}_{da}. (6.19) Then we can make a supersymmetry variation of the on-shell field strength. The result we get then is δ_εF_{μνa}^b = −iε^{AB}γ_νD_μ(ψ_{Ac}Z^d_B) f^{bc}_{da} + (a.h.c.). (6.20) Now the N = 6 supersymmetry variation of the identity (5.18) reads ε^{AB}γ_{[ν}D_{μ]}(ψ_{Ac}Z^d_B + ψ^d_AZ_{Bc}) f^{bc}_{da} + (a.h.c.) = 0. (6.21) ε^{AB} and its conjugate are arbitrary, so we find the equations γ_{[ν}D_{μ]}(ψ_{[Ac}Z^d_{B]} + ψ^d_{[A}Z_{B]c}) f^{bc}_{da} = 0. (6.22) From this equation it follows that D_μ(ψ_{[Ac}Z^d_{B]} + ψ^d_{[A}Z_{B]c}) f^{bc}_{da} = 0.

To understand this we note that an equation γ_νD_μψ − γ_μD_νψ = 0 implies γ^μD_μψ = 0 upon contracting by γ^{μν}. Second if we contract by γ^μ we find −D_νψ − γ^ν(γ^μD_μψ) = 0. Hence D_νψ = 0. The covariant derivative only acts on gauge indices, not on spinor indices. Since there is no independent covariantly constant spinor, we find six identities (ψ_{[Ac}Z^d_{B]} + ψ^d_{[A}Z_{B]c}) f^{bc}_{da} = 0 (6.23) one for each choice of the antisymmetric indices [AB]. The right-hand side is zero since there is no non-trivial spinor of the same quantum number as the left-hand side.

It turns out (6.23) is the supersymmetry variation of the identity: (Z^A_c Z^d_A + Z^{Ad} Z_{Ac}) f^{bc}_{da} = 0. (6.24)

Again we could have added a supersymmetric invariant to the right hand side, but there is no such an invariant which is also gauge covariant and has the same dimension. To show this identity, take N = 6 supersymmetry transformation of (6.24):

0 = −iε^{AB} ( ψ_{Bc}Z^d_A + ψ^d_BZ_{Ac} ) +iε_{AB} ( Z^A_c ψ^{Bd} + Z^{Ad} ψ^B_c ) + 1 2 ( Z^A_e Z^d_A + Z^{Ad} Z_{Ae} ) ( Ω^e_c f^{bc}_{da} − Ω^c_d f^{be}_{ca} ) . (6.25)

To get (6.23) from this, we need to show that the third line vanishes. We note that Ω is a Lie algebra element, and hence we can pull out one 3-algebra structure constant from it as

Ω^b_a = ω^d_c f^{bc}_{da} (6.26)

or we may directly use the fundamental identity (4.27) δ f^{be}_{da} = 0. Either way, we can rewrite the third line as 1 2 ( Z^A_e Z^d_A + Z^{Ad} Z_{Ae} ) ( Ω^b_c f^{ce}_{da} − Ω^c_a f^{be}_{dc} ) (6.27)

and this vanishes by the identity (6.24).

This result is in concordance with the fact that Ω-terms should play no important role in our equations.

7 N = 8 Supersymmetry

We require any N = 8 supersymmetry variations be such they reproduce BLG variations for BLG gauge groups (that means SO(4) and such, for which W_{ab} = δ_{ab} and f^{bc}_{da} = f_{bcda} real and totally antisymmetric). We also require gauge covariance. We then find Ω terms that contribute a gauge variation with gauge parameter^1_2 Ω. We off-set these by a supplementary gauge variation. Then we end up with the following ansatz for N = 8 supersymmetry variations (for levels k = 1,2),

δZ_{Aa} = iε_{AB}ψ^B_a − εψ_{Aa} δψ_{Aa} = γ^με_{AB}D_μZ^B_a + iγ^μεD_μZ_{Aa} + ( ε_{AB}Z^B_b Z^C_c Z^d_C + ε_{BC}Z^B_b Z^C_c Z^d_A ) f^{bc}_{da}

−iεZ_{Ab}Z^B_c Z^d_B f^{bc}_{da} + i 3 ε^∗ε_{ABCD}Z^B_b Z^C_c Z^{Dd} f^{bc}_{da}, δ~A_μ^b_a = ( − iε^{AB}γ_μψ_{Ac}Z^d_B + iε_{AB}γ_μZ^A_c ψ^{Bd}

+εγ_μψ_{Bc}Z^{Bd} + ε^∗γ_μZ_{Bc}ψ^{Bd} ) f^{bc}_{da}, (7.1)

Much is surely getting fixed in these supersymmetry transformations by the requirement that it reproduces the BLG transformation rules in certain limits. We go through that argument in detail in Appendix using triality. Gauge covariance then dictates how to put the gauge 3-algebra indices, at least to a large extent. Still some ambiguities remain. We will see how that ambiguity is cured by having associated identities in section 7.1.

It is also worth of noting that the supersymmetry transformations (7.1) involve terms of baryon number ΔQ_B = 0,±1. In M-theory, the baryon number is related to the Kaluza-Klein momentum around the M-theory circle. Upon dimensional reduction, there may be a priori an infinite tower of fields carrying multiple Kaluza-Klein momentum. The fact that only fields with ΔQ_B = 0,±1 and none with ΔQ_B ≥ 2 appear implies that higher momentum modes are bound-states of these elementary modes.

7.1 closing N = 2 supersymmetry

The most general ansatz for the N = 2 supersymmetry variations such that they reduce to BLG variations for BLG gauge groups are given by a 3-parameter family (we denote the three parameters as a, b and d respectively):

δZ_{Aa} = −εψ_{Aa} δψ_{Aa} = iγ^μεD_μZ_{Aa} − iε ( aZ_{Ab}Z^B_c Z^d_B + bZ^B_b Z_{Ac}Z^d_B + (1 − a − b)Z_{Bb}Z^B_c Z^d_A ) f^{bc}_{da} + i 3 ε^∗ε_{ABCD}Z^B_b Z^C_c Z^{Dd} f^{bc}_{da}, δ~A_μ^b_a = ( − εγ_μZ^A_c ψ^d_A − ε^∗γ_μψ^A_c Z^d_A +dεγ_μ ( Z^A_c ψ^d_A + Z^{Ad}ψ_{Ac} ) + dε^∗γ_μ ( ψ^A_c Z^d_A + ψ^{Ad} Z_{Ac} ) ) f^{bc}_{da} (7.2)

Eventually, we will see that all three parameters are traded for the three identities. At present, the only identity we can make use of, is identity in (6.24). We then find that the following variations

δZ_{Aa} = −εψ_{Aa} δψ_{Aa} = iγ^μεD_μZ_{Aa} − iεZ_{Ab}(cZ^B_c Z^d_B − (1 − c)Z^{Bd}Z_{Bc}) f^{bc}_{da} + i 3 ε^∗ε_{ABCD}Z^B_b Z^C_c Z^{Dd} f^{bc}_{da}, δ~A_μ^b_a = −(εγ_μ(cZ^B_c ψ^d_B − (1 − c)Z^{Bd}ψ_{Bc}) + ε^∗γ_μ(cγ_μψ^B_c Z^d_B − (1 − c)ψ^{Bd}Z_{Bc}) f^{bc}_{da} (7.3)

close on some equations of motion. More precisely, they close on the one parameter set of equations of motion

0 = γ^μD_μψ_{Aa}

+c ( 2Z_{Ab}Z^B_c ψ^d_B + ψ_{Ab}Z^B_c Z^d_B ) f^{bc}_{da} −(1 − c) ( 2Z_{Ab}ψ_{Bc}Z^{Bd} + ψ_{Ab}Z_{Bc}Z^{Bd} ) f^{bc}_{da} + 1 3 ε_{ABCD}(2ψ^B_b Z^C_c Z^{Dd} + Z^B_b Z^C_c ψ^{Dd} ) f^{bc}_{da} . (7.4)

Of course, we can not really get different results since we use just one and the same supersymmetry variation, and the dependence on the parameter c is fake, because we have the identity (6.24). So the equations of motion must not depend on the parameter c. This implies that ( Z^B_c ψ^d_B + ψ_{Bc}Z^{Bd} ) f^{bc}_{da} = 0. (7.5)

We have generated a new identity! Now that we have this identity, we can go back to our ansatz and make it slightly more general

δZ_{Aa} = −εψ_{Aa} δψ_{Aa} = iγ^μεD_μZ_{Aa} − iεZ_{Ab}(cZ^B_c Z^d_B − (1 − c)Z^{Bd}Z_{Bc}) f^{bc}_{da} + i 3 ε^∗ε_{ABCD}Z^B_b Z^C_c Z^{Dd} f^{bc}_{da}, δ~A_μ^b_a = ( − εγ_μZ^A_c ψ^d_A − ε^∗γ_μψ^A_c Z^d_A +dεγ_μ ( Z^A_c ψ^d_A + Z^{Ad} ψ_{Ac} ) + dε^∗γ_μ ( ψ^A_c Z^d_A + ψ^{Ad}Z_{Ac} )) f^{bc}_{da} (7.6)

by allowing for two parameters d and c that need no longer be correlated due to our two identities (6.24) and (7.5). Again, we can carry out the closure computation but this time when we demand the closure equation does not depend on any choice of parameters (since the dependence on parameters in the variations is fake due to our identities), we find yet another identity ( ψ^C_b Z_{Bc}Z^{Bd} − Z_{Bb}Z^B_c ψ^{Cd} ) f^{bc}_{da} = 0 (7.7)

that will be very important for us below.

It would be desirable to have no ambiguity in the N = 2 supersymmetry variations. So far we have been able to explain only two of three parameters, namely the parameters a and d. At the same time we have derived an identity (7.7) that seems to fit nowhere. Now let us be bold and just make a supersymmetry variation of an identity ( Z_{Ab}Z^B_c Z^d_B + Z_{Bb}Z^B_c Z^d_A ) f^{bc}_{da} = 0 (7.8)

that would be a most desirable identity, which we have not yet derived. What we then find is nothing but the identity (7.7). To see this requires a few further steps, but due to its importance, let us show it in detail. Supersymmetry variation gives us

0 = Σ^M_{AD} ( ψ^D_b Z^B_c Z^d_B − Z^B_b Z_{Bc}ψ^{Dd} )

+Σ^{M,BD} ( Z_{Ab}ψ_{[Dc}Z^d_{B]} + Z_{[Bb}ψ_{D]c}Z^d_A ) +Σ^M_{BD} ( Z_{Ab}Z^{[Bc}ψ^{D]d} + ψ^{[Db}Z^{B]c}Z^d_A ) (7.9)

Then identity Z_{Bb}Z^D_c ψ^{Bd} + ψ^B_b Z^D_c Z^d_B = 0 follows from the identity Eq (6.23). Hence, we are left with the identity in (7.7). Consequently, we have now derived the identity (7.8), just make an inverse supersymmetry variation of (7.7)!

Now we have totally eliminated all ambiguity there was in our ansatz for the N = 2 supersymmetry variations, all three parameters have been traded for corresponding identities. We can then go through our ’identity generating’ mechanism a last time, computing [δ_η,δ_ε]ψ_{Aa} with three arbitrary parameters, ande demand the outcome of that computation be independent of any parameters. This way we generate one new identity

ψ_{Bb} ( Z_{Ac}Z^{Bd} + Z^B_c Z^d_A ) f^{bc}_{da} = 0. (7.10)

Given these identities, we now find the following closure relations for the N = 2 supersymmetry variations,

[δ^{(2)}_η ,δ^{(2)}_ε ]Z_{Aa} = −2iε^X γ^μη^X D_μZ_{Aa} + ~Λ^{(22)b}_aZ_{Ab} [δ^{(2)}_η ,δ^{(2)}_ε ]ψ_{Aa} = −2iε^X γ^μη^X D_μψ_{Aa} + ~Λ^{(22)b}_aψ_{Aa} +iε^X γ^λη^X γ_λE^{(22)}_{Aa} − 2ε^{[8}η^{7]}E^{(22)}_{Aa} , [δ^{(2)}_η ,δ^{(2)}_ε ]~A_μ^b_a = −2iε^X γ^μη^X ~F_{νμ}^b_a − D_μ ~Λ^{(22)b}_a (7.11)

with gauge parameter ~Λ^{(22)b}_a = 4ε^{[8}η^{7]}Z^B_c Z^d_B f^{bc}_{da} (7.12)

and we have closure on the ABJM equations of motion after we make use of all identities we have obtained so far.

7.2 commuting N = 6 and N = 2 supersymmetries

Making an N = 6 supersymmetry variation of identity (7.5) we obtain three new identities^8,

Z^{[A}D_μZ^{B]} + (D_μZ^{[B})Z^{A]} = 0 (7.14) Z^{[A}[Z^{B]}Z^CZ_C] + [Z^{[B}Z^CZ_C]Z^{A]} + Z^C[Z^AZ^BZ_C] + [Z^AZ^BZ_C]Z^C = 0 (7.15) ψ_{[A}γ^μψ_{B]} = 0. (7.16)

8To understand how we can get three new identies instead of just one, we note that an equation of the form

γ^με_MV_μ + ε_MU = 0 (7.13)

with ε_M arbitrary, implies that U = 0 and V_μ = 0 separately.

To be able to close supersymmetry and show SO(8) invariance, we must have two more identities. These are ( Z_{Ab}Z_{Bc}Z^d_C − Z_{Cb}Z_{[Ac}Z^d_{B]} ) f^{bc}_{da} = 0, ( Z_{Ab}Z_{Bc}Z^{Cd} − Z^C_b Z_{[Ac}Z^d_{B]} ) f^{bc}_{da} = 0. (7.17)

By contracting the first equation by the totally independent spinor ψ^{Ca}, we easily can see that the result vanishes by using identities (6.23), (7.7). As an unnecessary extra check we can also contract the left-hand side by Z^{Ca} and again get zero by identity (7.8). Now we have more than shown that this identity holds. The second identity is proved the same way, by contracting by ψ^a_C.

Let us make an N = 6 supersymmetry variation of the first identity. Expanding Σ^{M,AB}Σ^N_{CD} using Fierz relations in appendix, we find the supersymmetry variation gives just one single set of identities, ( ψ^C_b Z_{[Ac}Z^d_{B]} − Z_{Ab}Z_{Bc}ψ^{Cd} ) f^{bc}_{da} = 0. (7.18)

Using the same method as above, but applied to mixed supersymmetry variations^9, we generate the following new identities ( Z_{Ab}ψ^{[Dc}Z^{B]d} − ψ^{[Db}Z^{B]c}Z^d_A ) f^{bc}_{da} = 0 ( Z_{Ab}Z_{[Bc}ψ^d_{D]} + ψ_{[Db}Z_{B]c}Z^d_A ) f^{bc}_{da} = 0 (7.19)

Let us now compute closure among these supersymmetries, commuting an N = 2 and an N = 6 variation. Given the above identities we get

([δ^{(2)}_η ,δ^{(6)}_ε ] + [δ^{(6)}_η ,δ^{(2)}_ε ])Z_{Aa} = ~Λ^b_aZ_{Ab}, ([δ^{(2)}_η ,δ^{(6)}_ε ] + [δ^{(6)}_η ,δ^{(2)}_ε ])ψ_{Aa} = ~Λ^b_aψ_{Ab} − (ε_{AB}η − η_{AB}ε)E^B_a , ([δ^{(2)}_η ,δ^{(6)}_ε ] + [δ^{(6)}_η ,δ^{(2)}_ε ])~A_μ^b_a = −D_μ ~Λ^b_a (7.20)

with gauge parameter

~Λ^{(62)b}_a = ( εη_{AB}Z^A_c Z^{Bd} + ε^∗η^{AB}Z_{Ac}Z^d_B ) f^{bc}_{da} − (ε ↔ η) (7.21)

and we have closure on the ABJM fermionic equation of motion E_{Aa} = 0.

9In practive this means we compute δ^{(6)}_ε (aZ_AZ_BZ^B + bZ^BZ_AZ_B + (1 − a − b)Z_BZ^BZ_A) and require the result be independent of a and b.

8 Manifestly SO(8) invariant ABJM scalar potential

The ABJM sextic potential is most nicely expressed using 3-brackets. It can then be expressed as V_{ABJM} = 2 3 ( ‖[Z^A,Z^B;Z^C]‖^2 − 1 2 ‖[Z^A,Z^B;Z^A]‖^2 ) (8.1)

where we define

‖X‖^2 = ⟨X,X⟩ (8.2)

and SU(4) indices are contracted. We note that in this notation all SU(4) indices are up-stairs despite some of them are being contracted. Anytime we find an SU(4) index down-stairs in this notation, that will correspond to a non-ABJM field – a field with a monopole operator attached.

For the sake of completeness, let us list a few equivalent ways of expressing the sextic potential. We have the following alternative expressions V = 2 3 ‖[Z^A,Z^B;Z^C] + α[Z^D,Z^{[A};Z^D]δ^{A]}_C ‖^2 V = 2 3 ( f^{ab}_{gh} f^{ch}_{e f} − 1 2 f^{ab}_{eh} f^{ch}_{g f} ) Z^A_a Z^e_AZ^B_b Z^f_BZ^C_c Z^g_C (8.3)

in the 3-algebra language, where we can choice α = 1 or α =^1_3 . In the matrix realization of the 3-algebra, we find the potential expressed as

V = − 1 3 tr ( Z^AZ_AZ^BZ_BZ^CZ_C + Z_AZ^AZ_BZ^BZ_CZ^C +4 Z^AZ_CZ^BZ_AZ^CZ_B − 6Z^AZ_CZ^BZ_BZ^CZ_A ) (8.4)

and as it should, this vanishes when the matrices are commuting.

To establish this let us first consider the first term in the ABJM potential and just apply the identity (7.17), which in terms of 3-brackets reads

[Z^A,Z^B;Z^C] = [Z_C,Z^A;Z_B]. (8.5)

Again, notice that the right hand side involves two non-ABJM fields, viz. two monopole operators. We then get ⟨ [Z^A,Z^B;Z^C],[Z^A,Z^B;Z^C] ⟩ = ⟨ [Z^A,Z^B;Z^C],[Z_C,Z^A;Z_B] ⟩ = − ⟨ [Z^A,Z^B;Z^C],[Z^A,Z_C;Z_B] ⟩ (8.6) and we can continue from here as − ⟨ [Z^A,Z^B;Z^C],[Z^A,Z_C;Z_B] ⟩ = − ⟨ [Z^B,Z^A;Z^C],[Z^A,Z_C;Z_B] ⟩ = ⟨ [Z^A,Z_C;Z_B],[Z^A,Z_C;Z_B] ⟩ . (8.7)

Of course it is not true that

[Z^A,Z^B;Z^C] = −[Z^A,Z_C;Z_B] (8.8)

For this to be true we must contract by something antisymmetric in BC. However, there is no way to really tell whether this is the case or not by just looking at the first term – this term behaves in all respects just as if the 3-bracket had been totally antisymmetric.

For the second term we have by identities

[Z^A,Z^B;Z^A] = −[Z^A,Z_A;Z_B]. (8.9)

Hence the terms are totally antisymmetric.

We now ask whether the ABJM potential can be written in the manifestly SO(8) invariant form of hermitian BLG theory

V_{BLG} = 1 12 ‖[Z^α,Z^β;Z^γ]‖^2 (8.10)

where Z^α are chosen to be real SO(8) spinors, and where we do not distinguish Z^α from Z_α. Expanding them out as Z^α = (Z^A,Z_A), (where Z_A has a monopole operator attached. In terms of indices, Z^α_a = (Z^A_a ,Z_{Aa})), we get

V_{BLG} = 1 6 ( ‖[Z^A,Z^B;Z_C]‖^2 + ‖[Z^A,Z^B;Z^C]‖^2 + 2‖[Z^A,Z_B;Z^C]‖^2 ) (8.11)

but due to the above result obtained from identity (7.17), we can write this as

V_{BLG} = 1 6 (⟨ [Z^A,Z^B;Z_C],[Z^A,Z^B;Z_C] ⟩ + 3 ⟨ [Z^A,Z^B;Z^C][Z^A,Z^B;Z^C] ⟩) (8.12)

Next we use the fundamental identity (4.12) (this is really the same algebraic structure as in BLG theory, only that the ABJM 3-algebra is a refined version of the BLG 3-algebra, where some care must be taken with respect to how the generators are ordered inside the 3-product) together with the trace invariance condition (4.18) (again this is the same trace invariance condition as in BLG theory, the only difference is that here care must be taken with respect to the ordering of elements), and can derive the following trace identity,

⟨[X,Y ;Z],[U,V;W ]⟩ = ⟨[X,W;V ],[U,Z;Y ]⟩

−⟨[Y,W ;V ],[U,Z;X]⟩ +⟨[X,Y;U],[Z,V;W ]⟩ (8.13)

By applying this identity we derive the identity ⟨ [Z^A,Z^B;Z_C],[Z^A,Z^B;Z_C] ⟩ = ⟨ [Z^A,Z_C;Z^B],[Z^A,Z_C;Z^B] ⟩ − ⟨ [Z^B,Z_C;Z^B],[Z^A,Z_C;Z^A] ⟩ + ⟨ [Z^A,Z^B;Z^A],[Z_C,Z^B;Z_C] ⟩ (8.14)

Now we rewrite the last term as

[Z_C,Z^B;Z_C] = [−Z^C,Z^B;Z^C] (8.15)

using identity (7.17), and the second term as

[Z^B,Z_C;Z^B] = [Z_B,Z_C;Z_B] (8.16)

again using (7.17). Using this, we can write the trace identity (8.14) in the form ⟨ [Z^A,Z^B;Z_C],[Z^A,Z^B;Z_C] ⟩ = ⟨ [Z^A,Z_C;Z^B],[Z^A,Z_C;Z^B] ⟩ −2 ⟨ [Z^B,Z_C;Z^B],[Z^A,Z_C;Z^A] ⟩ . (8.17)

Substituting this expression into the hermitian BLG potential, we find that this becomes equal to the ABJM potential. This establishes the sought-for SO(8) invariance of the ABJM scalar potential.

Acknowledgements

We thank Dongsu Bak, David J. Gross, Seok Kim, Jeong-Hyuk Park, C. Socchiciu and Takao Suyama for useful discussions and comments, and Martin Cederwall, Neil Lambert, Hao Lin and Tasso Petkou for several correspondences. SJR thanks the hospitality of the Kavli Institute for Theoretical Physics during the course of this work. This work was supported in part by the KOSEF-SRC-R11-2005-021, KOSEF-2009-008-0372, KRF-2005-084-C00003 and in part by the U.S. National Science Foundation under Grant No. PHY05-51164 at KITP (SJR).

A SO(8) gamma matrices

Here Γ^I are SO(8) gamma matrices in the Weyl basis

Γ^I = ( 0 Γ^{Iαβ̇} Γ^I_{α̇β} 0 ) (A.1)

They can be chosen to have real components and are then antisymmetric

(Γ^I)^T = −Γ^I . (A.2)

The charge conjugation matrix is then Ω = ( δ_{αβ} 0 0 δ^{α̇β̇} ) (A.3)

and its inverse is

Ω^{−1} = ( δ^{αβ} 0 0 δ_{α̇β̇} ) (A.4)

Since invariant tensors with two equal indices (that is δ_{IJ}, δ_{αβ} and δ_{α̇β̇}) in SO(8) are thus identity matrices, we can put all SO(8) indices downstairs. We define the chirality matrix

Γ = Γ^{12...8} (A.5)

These gamma matrices have properties

Γ^2 = 1 {Γ,Γ^I} = 0 Γ^T = Γ (Γ^I)^T = −Γ^I (Γ^{IJ})^T = −Γ^{IJ} (Γ^{IJK})^T = Γ^{IJK} (Γ^{IJKL})^T = Γ^{IJKL} (A.6)

and duality

Γ^{I1...Im} = 1 (8 − m)! ε^{I1...ImIm+1...I8} ΓΓ^{I8...Im+1} ΓΓ^{I8...Im} = 1 (m − 1)!

ε^{I1...ImIm+1...I8} Γ^{I1...Im−1} (A.7)

Defining η = ε^†, we find the the Fierz identity 16εη = −(ηε) − (ηΓε)Γ −(ηΓ^Iε)Γ^I + (ηΓΓ^Iε)ΓΓ^I − 1 2 (ηΓ^{IJ}ε)Γ^{IJ} + 1 2 (ηΓΓ^{IJ}ε)ΓΓ^{IJ} + 1 6 ( (ηΓ^{IJK} ε)Γ^{IJK} − (ηΓΓ^{IJK}ε)ΓΓ^{IJK} ) − 1 24 (ηΓ^{IJKL}ε)Γ^{IJKL} (A.8)

For chiral spinors Γε = ε Γη = η (A.9)

we have

ηΓ^{I1...Iodd} ε = 0 (A.10)

and get the Fierz identity εη = 1 16 [ −ηε + 1 2 ηΓ_{IJ}εΓ_{IJ} − 1 24 ηΓ_{IJKL}εΓ_{IJKL} ] (1 + Γ). (A.11)

and consequently

16(εη − ηε) = ηΓ_{IJ}εΓ_{IJ}

1 + Γ 2 . (A.12)

B SO(1,2) gamma matrices

We let γ^μ denote gamma matrices and c charge conjugation. These have properties

c^T = −c (γ^μ)^T = −cγ^μc^{−1} (B.1)

We have the Fierz identity εη = − 1 2 ( ηε + (ηγ^με)γ_μ ) . (B.2)

An explicit realization is

γ^0 = ( 0 1 −1 0 ) ,γ^1 = ( 0 1 1 0 ) ,γ^2 = ( 1 0 0 −1 ) (B.3) and c = ( 0 −1 1 0 ) (B.4) Since also (γ_μ)^† = γ_0γ_μγ_0 (γ_μ)^T = −cγ_μc^{−1} (B.5) and we understand that the choice c = γ_0 (B.6) amounts to gamma matrices with real components, for instance we could take them as specified explicitly above.

In such a basis, Majorana spinors also have real components since the majorana condition ψ = ψ^T c (B.7) amounts to the condition ψ^† = ψ^T (B.8) if we define ψ = ψ^†γ_0.

C Reducing SO(8) to SU(4)× U(1)

To reduce BLG theory to ABJM theory we want to reduce the symmetry as SO(8) → SO(6) × SO(2) = SU(2) × U(1) . (C.1) We represent the SO(8) gamma matrices Γ^I = (Γ^M,Γ^7,Γ^8) (C.2) where Γ^M = Σ^M ⊗ σ^1 Γ^7 = 1 ⊗ σ^2 Γ^8 = Σ ⊗ σ^1 (C.3) and σ^1 = ( 0 1 1 0 ) , σ^2 = ( 0 −i i 0 ) (C.4)

Here Σ^M are hermitian SO(6) gamma matrices that we represent as

Σ^M = ( 0 Σ^{M,AB} Σ^M_{AB} 0 ) (C.5)

where A is Weyl index of SO(6), its chirality being distinguished by the placing up and down respectively. Hermiticity amounts to the condition

Σ^{∗M,AB} = −Σ^M_{AB}. (C.6)

We also define Σ = ( δ^A_B 0 0 −δ_A^B ) . (C.7)

We use index notation as follows. The spinor and co-spinor are decomposed as

ξ_α = ( ξ^A ξ_A )

ξ_{α̇} = ( ξ^A −ξ_A ) . (C.8)

Accordingly, matrices (linear maps on the space of these vectors) are represented as

M_{αβ̇} = ( M^A_B M^{AB} M_{AB} M_A^B ) , M_{α̇β} = ( M^A_B M^{AB} M_{AB} M_A^B ) , M_{αβ} = ( M^A_B M^{AB} M_{AB} M_A^B ) , M_{α̇β̇} = ( M^A_B M^{AB} M_{AB} M_A^B ) (C.9)

and these in turn sit in an SO(8) matrix ( M_{αβ} M_{αβ̇} M_{α̇β} M_{α̇β̇} ) (C.10) that maps a spinor (ξ_α,ξ_{α̇})^T into a new spinor with the same spinor index structure.

For the reduction we also need Γ_{IJ} = (Γ_{MN},Γ_{M7},Γ_{M8},Γ_{78}) = ( Σ_{MN} ⊗ 1,Σ_M ⊗ iσ^3,Σ_MΣ ⊗ 1,−Σ ⊗ iσ^3 ) (C.11) We define the hermitian SO(8) chirality matrix as Γ = iΓ^{1...8} = 1 ⊗ σ^3. (C.12) It is conventient to define supersymmetry parameter ε^{AB} = ε^MΣ^{M,AB} (C.13) where ε^M is a real component spinor. This will have the property (ε^{AB})^∗ = −ε_{AB} (ε_{AB})^∗ = −ε^{AB} (C.14) We have that Σ^M_{AB} = 1 2 ε_{ABCD}Σ^{M,CD} = Σ^{∗M,BA} (C.15) and Σ^M_{AB}Σ^{M,CD} = −4δ^{CD}_{AB}

Σ^M_{AB}Σ^M_{CD} = −2ε_{ABCD}. (C.16)

D Some more useful relations

The N = 8 Fierz identity is ε_Iη_J − η_Iε_J = −ε_{[I}η_{J]} + ε_{(I}γ^μη_{J)}γ_μ, (D.1)

D.1 N = 6

Fierz identities read Σ^M_{AB}Σ^N_{CD} = −(Σ^{MN})_{[A}^E ε_{|E|B]CD} − 1 3 δ^{MN} ε_{ABCD} Σ^M_{AB}Σ^{N,CD} = −2(Σ^{MN})_{[A}^{[C}δ^{D]}_{B]} − 2 3 δ^{MN} δ^{CD}_{AB} . (D.2)

D.2 N = 2

Fierz identities read

εη − ηε = (ε_X γ^νη_X )γ_ν − 2iε_{[8}η_{7]} ε^∗η^∗ − η^∗ε^∗ = (ε_X γ^νη_X )γ_ν + 2iε_{[8}η_{7]} εη^∗ − ηε^∗ = ( ε_7γ^νη_7 − ε_8γ^νη_8 + 2iε_{(8}γ^νη_{7)} ) γ_ν (D.3)

and then we have

εγ^μη − ηγ^με = 2ε^X γ^μη^X εη − ηε = −4iε^{[8}η^{7]} ε^∗η − η^∗ε = 0. (D.4)

D.3 N = 8

Fierz identities are those for N = 6 and N = 2 plus the mixed ones,

ε_Mη − η_Mε = 1 2 ( −ε_Mη^∗ + ε_Mγ^μη^∗γ_μ ) − (ε ↔ η) εη_M − ηε_M = 1 2 ( ε_Mη + ε_Mγ^μηγ_μ ) − (ε ↔ η) (D.5)

E BLG theory

The matter content in BLG theory is eight scalar fields X_I and eight fermions ψ_α where I transforms as a vector and α as a chiral spinor of the global internal symmetry group SO(8). We denote SO(8) gamma matrices as Γ^I and SO(1,2) gamma matrices as γ^μ. We define the chirality matrix of SO(8) as

Γ = Γ^{1...8}. (E.1)

We denote by c the charge conjugation matrix in SO(1,2). The charge conjugation matrix of SO(8) can be chosen to be unity. The fermions are constrained by Γψ = −ψ ψ = ψ^T c (E.2)

Here ψ = ψ^†γ^0. If we let γ^0 = c this is the SO(8) Majorana-Weyl spinor condition ψ^† = ψ^T , that is all components are real. We let ε_{α̇} denote a supersymmetry parameter, Γε = ε ε = ε^T c (E.3)

which will then also have real components. We let A_μ denote a non-dynamical gauge field and define covariant derivative as D_μ = ∂_μ + A_μ. In these conventions the N = 8 supersymmetry transformations read

δX_I = iε_{α̇}Γ_{Iα̇α}ψ_α δψ_α = −γ^μΓ_{Iαα̇}ε_{α̇}D_μX_I + 1 6 Γ_{Iαα̇}Γ_{Jα̇β}Γ_{Kββ̇}ε_{β̇}[X_I,X_J,X_K] δA_μ = −iε_{α̇}γ_μΓ_{Iα̇β}[·,ψ_β,X_I] (E.4)

They close on-shell. In particular the fermionic equation of motion reads

γ^μD_μψ − 1 2 Γ_{IJ}[ψ,X_I,X_J] = 0. (E.5)

E.1 Trial BLG theory

We can use triality of SO(8) to rotate 8_v,8_s,8_c. We want to do this in such a way that the ABJM SO(6) R-symmetry is embedded in SO(8) in such a way that we have the decomposition rules

8_s → 4 + 4^′ 8_c → 4 + 4^′ 8_v → 6 + 1 + 1 (E.6)

To this end we make the following triality rotation of matter fields and supersymmetry parameters,

X_I → X_α ψ_α → ψ_{α̇} ε_{α̇} → ε_I. (E.7)

The BLG theory is then mapped to a trial theory where supersymmetry transformations read

δX_{αa} = iε_IΓ_{Iαα̇}ψ_{α̇a} δψ_{α̇a} = −γ^μΓ_{Iα̇α}ε_ID_μX_{αa} + 1 6 Γ_{Kα̇α}Γ_{Kβγ̇}Γ_{Iγ̇γ}ε_I[X_α,X_β,X_γ] δA_μ = −iε_Iγ_μΓ_{Iαβ̇}[·,ψ_{β̇},X_α] (E.8)

To understand this, one just re-labels indices and defines

Γ_{Iαα̇} = Γ_{α̇Iα} = Γ_{αα̇I} Γ_{Iα̇α} = Γ_{αIα̇} = Γ_{α̇αI}. (E.9)

To relate to the ABJM supersymmetry transformations, we decompose

X_{αa} = ( Z^A_a Z^a_A ) , ψ_{α̇a} = ( ψ^{Aa} −ψ_{Aa} ) (E.10)

into Weyl spinors of SO(6) and we let ε_I = (ε^M,ε^7,ε^8). (E.11) A Majorana-Weyl spinor X of SO(8) is subject to X^† = X^T . (E.12) We introduce a complex supersymmetry parameter ε ≡ ε^7 + iε^8 (E.13) We can parametrize the six supersymmetries by the supersymmetry parameters ε^{AB} ≡ ε^MΣ^{M,AB}, ε_{AB} = 1 2 ε_{ABCD}ε^{CD} (E.14) These supersymmetry variations become δZ^A_a = −iε^{AB}ψ_{Ba} δZ^a_A = iε_{AB}ψ^{Ba} δψ^{Aa} = −γ^με^{AB}D_μZ^a_B + ( ε^{AB}Z^b_BZ^c_CZ^C_d + ε^{BC}Z^b_BZ^c_CZ^d_A ) f^{da}_{bc} δψ_{Aa} = γ^με_{AB}D_μZ^B_a − ( ε_{AB}Z^B_b Z^C_c Z^d_C + ε_{BC}Z^B_b Z^C_c Z^d_A ) f^{bc}_{da} δ~A_μ^b_a = −i ( ε^{AB}γ_μψ_{Ac}Z^d_B − ε_{AB}γ_μZ^A_c ψ^{Bd} ) f^{bc}_{da} (E.15) We also have two more supersymmetries in trial BLG theory, parametrized by ε and ε^∗. These are δZ^A_a = ε^∗ψ^{Aa} δZ^a_A = −εψ_{Aa} δψ^{Aa} = −iγ^με^∗D_μZ^A_a + iε^∗Z^c_BZ^B_d f^{da}_{bc}Z^b_A − i 3 εε^{ABCD}Z^b_BZ^c_CZ_{Dd} f^{da}_{bc} δψ_{Aa} = iγ^μεD_μZ^a_A − iεZ^B_c Z^d_B f^{bc}_{da}Z_{Ab} + i 3 ε^∗ε_{ABCD}Z^B_b Z^C_c Z^{Dd} f^{bc}_{da} δ~A_μ^b_a = − ( εγ_μZ^A_c ψ^d_A + ε^∗γ_μψ^A_c Z^d_A ) f^{bc}_{da}. (E.16) Now we wrote these BLG supersymmetry variations in an ABJM notation but they are gauge covariant, and close on-shell, only when the structure constants f^{bc}_{da} are real and totally antisymmetric, and indices are raised by δ^{ab}.

References

[1] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, “N=6 superconformal Chern- Simons-matter theories, M2-branes and their gravity duals,” JHEP 0810, 091 (2008) [arXiv:0806.1218 [hep-th]].

[2] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] [arXiv:hep-th/9711200].

[3] J. A. Minahan and K. Zarembo, “The Bethe ansatz for superconformal Chern-Simons,” JHEP 0809 (2008) 040 [arXiv:0806.3951 [hep-th]]:

D. Bak and S. J. Rey, “Integrable Spin Chain in Superconformal Chern-Simons Theory,” JHEP 0810 (2008) 053 [arXiv:0807.2063 [hep-th]]:

D. Bak, H. Min and S. J. Rey, “Generalized Dynamical Spin Chain and 4-Loop Integrability in N=6 Superconformal Chern-Simons Theory,” arXiv:0904.4677 [hep-th].

[4] D. Bak, D. Gang and S. J. Rey, “Integrable Spin Chain of Superconformal U(M) ×U(N) Chern-Simons Theory,” JHEP 0810 (2008) 038 [arXiv:0808.0170 [hep-th]]: J. A. Minahan, W. Schulgin and K. Zarembo, “Two loop integrability for Chern-Simons theories with N=6 supersymmetry,” JHEP 0903 (2009) 057 [arXiv:0901.1142 [hep-th]].

[5] G. Arutyunov and S. Frolov, “Superstrings on AdS_4 × CP^3 as a Coset Sigma-model,” JHEP 0809 (2008) 129 [arXiv:0806.4940 [hep-th]]:

N. Gromov and P. Vieira, “The AdS4/CFT3 algebraic curve,” JHEP 0902 (2009) 040 [arXiv:0807.0437 [hep-th]]:

D. Bak and S. J. Rey, “Integrable Spin Chain in Superconformal Chern-Simons Theory,” JHEP 0810 (2008) 053 [arXiv:0807.2063 [hep-th]].

[6] V. Borokhov, A. Kapustin and X. k. Wu, “Monopole operators and mirror symmetry in three dimensions,” JHEP 0212 (2002) 044 [arXiv:hep-th/0207074]: V. Borokhov, “Monopole operators in three-dimensional N = 4 SYM and mirror symmetry,” JHEP 0403 (2004) 008 [arXiv:hep-th/0310254]:

Y. Imamura, “Monopole operators in N=4 Chern-Simons theories and wrapped M2- branes,” arXiv:0902.4173 [hep-th]:

M. K. Benna, I. R. Klebanov and T. Klose, “Charges of Monopole Operators in Chern- Simons Yang-Mills Theory,” arXiv:0906.3008 [hep-th].

[7] S. Kim, “The complete superconformal index for N=6 Chern-Simons theory,” arXiv:0903.4172 [hep-th].

[8] J. Bagger and N. Lambert, “Three-Algebras and N=6 Chern-Simons Gauge Theories,” Phys. Rev. D 79, 025002 (2009) [arXiv:0807.0163 [hep-th]].

[9] M. Schnabl and Y. Tachikawa, “Classification of N=6 superconformal theories of ABJM type,” arXiv:0807.1102 [hep-th].

[10] J. Bagger and N. Lambert, “Gauge Symmetry and Supersymmetry of Multiple M2- Branes,” Phys. Rev. D 77, 065008 (2008) [arXiv:0711.0955 [hep-th]]: A. Gustavsson, “Algebraic structures on parallel M2-branes,” Nucl. Phys. B 811, 66 (2009) [arXiv:0709.1260 [hep-th]].

[11] Y. Nakayama, S. Ryu, M. Sakaguchi and K. Yoshida, JHEP 0901 (2009) 006 [arXiv:0811.2461 [hep-th]]:

Y. Nakayama, M. Sakaguchi and K. Yoshida, “Non-Relativistic M2-brane Gauge Theory and New Superconformal Algebra,” JHEP 0904 (2009) 096 [arXiv:0902.2204 [hep-th]]: Y. Nakayama, “Superfield Formulation for Non-Relativistic Chern-Simons-Matter Theory,” arXiv:0902.2267 [hep-th]:

K. M. Lee, S. Lee and S. Lee, “Nonrelativistic Superconformal M2-Brane Theory,” arXiv:0902.3857 [hep-th].

[12] Y. Nakayama and S. J. Rey, “Observables and Correlators in Nonrelativistic ABJM Theory,” arXiv:0905.2940 [hep-th].

[13] B. E. W. Nilsson and J. Palmkvist, “Superconformal M2-branes and generalized Jordan triple systems,” Class. Quant. Grav. 26, 075007 (2009) [arXiv:0807.5134 [hep-th]].

[14] M. Benna, I. Klebanov, T. Klose and M. Smedback, “Superconformal Chern-Simons Theories and AdS_4/CFT_3 Correspondence,” JHEP 0809, 072 (2008) [arXiv:0806.1519 [hep-th]].

[15] M. A. Bandres, A. E. Lipstein and J. H. Schwarz, “Studies of the ABJM Theory in a Formulation with Manifest SU(4) R-Symmetry,” JHEP 0809, 027 (2008) [arXiv:0807.0880 [hep-th]].

[16] G. W. Moore and N. Seiberg, “Taming the Conformal Zoo,” Phys. Lett. B 220, 422 (1989).

[17] A. Gustavsson, “Selfdual strings and loop space Nahm equations,” JHEP 0804 (2008) 083 [arXiv:0802.3456 [hep-th]].

[18] I. Klebanov, T. Klose and A. Murugan, “AdS_4/CFT_3 – Squashed, Stretched and Warped,” JHEP 0903 (2009) 140 [arXiv:0809.3773 [hep-th]].