arXiv:0906.4055v1 [hep-th] 22 Jun 2009

Hidden superconformal symmetry of spinless Aharonov-Bohm system

Francisco Correa^a , Horacio Falomir^b , Vít Jakubský^a and Mikhail S. Plyushchay^a

a Departamento de Física, Universidad de Santiago de Chile, Casilla 307, Santiago 2, Chile b IFLP/CONICET - Departamento de Física, Facultad de Ciencias Exactas, Universidad Nacional de La Plata, C.C. 67, (1900) La Plata, Argentina E-mails: fco.correa.s@gmail.com, falomir@fisica.unlp.edu.ar, v.jakubsky@gmail.com, mplyushc@usach.cl

Abstract

A hidden supersymmetry is revealed in the spinless Aharonov-Bohm problem. The intrinsic supersymmetric structure is shown to be intimately related with the scale symmetry. As a result a bosonized superconformal symmetry is identified in the system. Different self-adjoint extensions of the Aharonov-Bohm problem are studied in the light of this superconformal structure and interacting anyons.

1 Introduction

The Aharonov-Bohm (AB) effect was discovered theoretically fifty years ago [1]. Since that time it found various experimental confirmations [2], and has been transformed into one of the most studied problems in planar physics [3, 4, 5, 6]; for a good review we refer the reader to [7]. The AB effect underlies the dynamical realization of anyons [8, 9, 10], which currently are supposed to play the key role in fractional Hall effect [11]. It appears in the analysis of cosmic strings [12, 13], and planar gravity [14, 15]. This effect plays also important role in the physics of graphene and nanotubes [16, 17, 18].

In their original work [1], Aharonov and Bohm pointed out the importance of the vector potential in quantum theory. Unlike in classical mechanics, it has direct impact on the quantum dynamics even when the electromagnetic field vanishes everywhere in the regions accessible for a charged particle. Such a situation is realized when the magnetic flux penetrating perpendicularly the plane is contained in finite regions bounded by impenetrable barrier. As a simple but nontrivial model can be considered a limit case given by a vector potential

A^i = α ℏe ϵ^{ij} r^j ⃗r^2 , ⃗r = (x, y), (1.1) which corresponds to a singular flux that punctures the plane in the origin x = y = 0. In comparison with the free particle on the punctured plane, the physics is changed via a nontrivial phase that wave function acquires when going around the point where the flux dwells. This is the core of the AB effect.

In this work, we are going to testify this model on the presence of a hidden supersymmetry [19]. We will show that the Hamiltonian of a spinless charged particle moving in presence of the vector potential (1.1)^1,

H_α = P_x^2 + P_y^2 = −∂^2_r − 1 r ∂_r + 1 r^2

(−i∂_φ + α)^2 , (1.2) P_x = −ı ∂_x − α y r^2 , P_y = −ı ∂_y + α x r^2

, (1.3)

x = r cos φ, y = r sin φ, possesses a rich algebraic structure of both exact (not dependent on time explicitly) and dynamical (time dependent) integrals of motion, that close for a superconformal superalgebra.

1We choose units in which particle’s mass m = 1/2 and ℏ = c = e = 1.

The key ingredients of a supersymmetric structure are supercharges Q_a, Hamiltonian H, and a grading operator Γ. The grading operator separates the set of relevant operators into families of bosonic and fermionic observables in accordance with whether they commute or anticommute with it. Supercharges are supposed to be fermionic while Hamiltonian is the bosonic operator,

{Γ, Q_a} = [H, Γ] = 0 , Γ^2 = 1 . (1.4)

We speak about hidden supersymmetry when the operators Q_a and Γ can be found despite the lack of fermionic (spin) degrees of freedom in a system. The hidden supersymmetric structure has been observed in various physically interesting one-dimensional models, including the Dirac delta function potential problem, the reflectionless Pöschl-Teller system [20], and periodic finite-gap quantum systems [21, 22]. It was also observed in the bound state Aharonov-Bohm effect [20], that corresponds to a particle confined to a circle. In those systems, hidden supersymmetry reflects their peculiar spectral and scattering properties.

We will seek for the operators Γ, Q_1 and Q_2 that would satisfy (1.4) and

{Q_a, Q_b} = 2δ_{ab}H_α , [H_α, Q_a] = 0 , Q_a = Q^†_a, a, b = 1, 2 . (1.5)

These relations correspond to Lie superalgebra of quantum mechanical N = 2 supersymmetry^2. The supercharges Q_1 and Q_2 can be nonlocal in general, as they correspond to the square roots of the spinless differential operator H_α.

The Hamiltonian H_α does not determine the dynamics of the particle uniquely until its actual domain of definition is fixed. The ambiguity in proper definition of the system is intimately related to the selfadjoint extensions of the Hamiltonian. Physically, this corresponds to different possibilities to realize the condition of impenetrability of the region x = y = 0. The task of self-adjoint extensions has been analyzed extensively in the literature. The case of a single magnetic vortex has been studied as a limit case of an impenetrable tube of finite radius with internal magnetic field [25]. It was also analyzed directly with making use of the von Neumann theory of self-adjoint extensions [26, 13, 27].

Having in mind our objective, we cannot use these results directly as they do not contain any information on the existence of the supersymmetric structure described by (1.5). Our approach will be different: we will identify first grading operator Γ, and construct operators Q_1 and Q_2 that will satisfy (1.4) and (1.5) formally. Then we will find their self-adjoint extensions. Hamiltonian, defined as the square of supercharges, will be self-adjoint by construction [28]. The obtained results will be compared with the known ones. As we will see, the self-adjoint extension with regular wave functions at the origin will be unitarily equivalent to the free particle system for integer values of the magnetic flux, meanwhile it will match exactly with the model discussed by Aharonov and Bohm for non-integer values of α. We also find two other self-adjoint extensions of H_α, which for non-integer values of α possess hidden supersymmetry and correspond to supersymmetric two-anyon systems with contact interaction.

The work is organized as follows. In the next Section, we construct a formal supercharge that satisfies the required properties. We then specify its self-adjoint extensions, and discuss the existence of N = 2 supersymmetry in the system. Finding the eigenfunctions of the associated Hamiltonian, we show that the obtained system coincides with the original model discussed by Aharonov and Bohm. We analyze the action of supercharges on the wave functions to clarify whether we have exact or spontaneously broken supersymmetry. In Section 3, we consider other two self-adjoint extensions of H_α, which posses hidden supersymmetry. A particular attention is given to the case of semi-integer flux in Section 4, where an su(2) family of grading operators exists. In Section 5, we discuss conformal symmetry of the systems and confirm their scale invariance. Sequently, we extend the algebraic structure of the hidden supersymmetry by conformal symmetry. In Section 6, we provide an alternative interpretation of the model in terms of anyons. The last section is devoted to the brief summary of possible directions for a future research. Appendices include details on self-adjoint extensions of the supercharges considered in Sections 2 and 3, and explicit formulas for the domains of the operators discussed in Section 5.

2In some systems, hidden supersymmetry appears in a nonlinear form [23], in which the anticommutator of supercharges is a polynomial in Hamiltonian [24].

2 Hidden N=2 supersymmetry in spinless AB system

In general, a formal Hamiltonian operator H_α (1.2) admits a four-parametric U(2) family of self-adjoint extensions, which specify physically different configurations, distinct in their spectral and scattering properties [27, 29]. The spectrum depends strongly on the actual choice of the domain of definition of H_α ; besides a continuous part of non-negative energy scattering states, it may contain up to two bound states of negative energy. As we stated above, our goal is to examine the model for the presence of the hidden supersymmetry (1.4), (1.5) generated by self-adjoint supercharges. This excludes immediately those selfadjoint extensions of (1.2) in which bound states are present, since negative energy levels would imply purely imaginary eigenvalues for the supercharges.

The general solution of the partial-wave stationary Schrödinger equation for non-negative energy E = k^2, k ≥ 0, H_αΨ_{k,l} = k^2Ψ_{k,l}, (2.1)

is a linear combination of Bessel, J_{|l+α|}(kr), and Neumann, Y_{|l+α|}(kr), functions multiplied by e^{ilφ}. The concrete choice of the linear combination is specified uniquely by the domain of definition of the Hamiltonian. In their seminal work [1], Aharonov and Bohm considered the model where regular at r = 0 solutions were allowed only, i.e. their solution of (2.1) was of the form Ψ_{k,l} ∼ J_{|l+α|}(kr)e^{ilφ}. (2.2) This gives rise to a unique fixing of the self-adjoint extension of the operator H_α that corresponds to the Aharonov-Bohm system, which we denote by H^{AB}_α .

The aim of the present section is to reveal a hidden supersymmetry in the Aharonov-Bohm system. We proceed as follows: first of all, we identify the Z_2-grading operator of the bosonized supersymmetry. Then we define a formal supercharge operator, find its self-adjoint extension, and obtain the second odd generator of the N = 2 supersymmetry. After that we show that the square of the found supercharges coincides with the Hamiltonian H^{AB}_α of the Aharonov-Bohm system.

Consider a nonlocal operator of rotation in π, R f(x, y) = f(−x, −y) , or R f(r, φ) = f(r, φ + π) , (2.3) which is presented in terms of the total angular momentum J = −i∂_φ + α as R = e^{−iαπ}e^{iπJ} . (2.4) It is a unitary, Hermitian involutive operator, R^2 = 1, which commutes with Hamiltonian (1.2), and can be identified as the grading operator Γ. Consider a formal nonlocal differential operator

Q_α = P_x + iR(α)P_y , where R(α) =

R, α ∈ (−1, 0) mod 2 , R, α ∈ Z , −R, α ∈ (0, 1) mod 2 .

(2.5)

This operator and operator iRQ_α satisfy formally relations {Q_α, R} = {iRQ_α, R} = 0 , {Q_α, iRQ_α} = 0 . (2.6) On the other hand, we have {Q_α, Q_α} = {iRQ_α, iRQ_α} = 2H_α + 2iR[P_x, P_y] . (2.7) The commutator [P_x, P_y] is just the two-dimensional Dirac delta function. Unlike the one-dimensional case, such a term is not uniquely defined in the planar quantum systems [30, 31]. As it was discussed in [32], the self-adjoint extension of Hamiltonian H_α has to be specified to define consistently the operator. When we specify the actual domain of the self-adjoint extension of H_α, the Dirac delta function term is redundant in the potential since its manifestation can be understood in asymptotic behavior of the wave functions near the origin.^3 In our current case, it will suffice to fix the self-adjoint extension of Q_α since the square of self-adjoint operator is self-adjoint as well.

Before we step to the analysis of the self-adjoint extension of Q_α, let us note that the actual choice of the signs in definition of R(α) in (2.5) is crucial. Alternative choice of the sign for the same flux value case leads to a different self-adjoint extension of H_α, and will be discussed in the next section. As we will see later in this section, the exception is the case of integer flux values. For α ∈ Z, both choices R(α) = R and R(α) = −R lead to the same result.

Operator Q_α (2.5) defined on the smooth functions with compact support is symmetric. Hence, the machinery of von Neumann theory can be applied to find its self-adjoint extensions. It can be checked that Q_α is essentially self-adjoint for any α ∈ R. Indeed, the equations (Q_α)^†f(r, φ) = ±if(r, φ) do not have square integrable in R^2 solutions. The deficiency index is equal to (0, 0), and the operator Q_α does have a unique self-adjoint extension, its closure, which we denote as Q^{AB}_α . Its domain of definition D(Q^{AB}_α ) is given by Eqs. (A.10) and (A.11) in Appendix.

To play the role of the supercharge, the operator Q^{AB}_α has to anticommute with the grading operator. The operator R is essentially self-adjoint on D(Q^{AB}_α ) and leaves this space invariant. Hence, the anticommutation relation {Q^{AB}_α , R} = 0 is well defined on D(Q^{AB}_α ). This allows us to construct immediately the second self-adjoint supercharge iRQ^{AB}_α , defined on D(Q^{AB}_α ) as well. The square of the supercharges gives the self-adjoint Hamiltonian H^c_α that is defined as

H^c_α = (Q^{AB}_α )^2, D(H^c_α) := { Φ ∈ D(Q^{AB}_α ) | Q^{AB}_α Φ ∈ D(Q^{AB}_α ) } . (2.8)

Let us show now that the system described by H^c_α coincides with the model proposed by Aharonov and Bohm. To do this, we shall find eigenfunctions of H^c_α.

To simplify the forthcoming analysis, let us comment on relation between the systems H^c_α and H^c_{α+n} with magnetic flux values different in integer number n ∈ Z. A simple formal operator equality

H_{α+n} = U^{−1}_n H_αU_n (2.9)

suggests that the unitary transformation U_n = e^{inφ} is associated with the change of the magnetic flux of the system. It is indeed the case. First, we have U^{−1}_n RU_n = (−1)^nR, and for α /∈ Z there holds

U^{−1}_n Q^{AB}_α U_n = Q^{AB}_{α+n} , U^{−1}_n D(Q^{AB}_α ) = D(Q^{AB}_{α+n}) . (2.10)

The case of α ∈ Z has, however, a peculiarity, and deserves a separate comment. For α = n, there exists a system with hidden supersymmetry represented by self-adjoint operators H^c_n and Q^{AB}_n defined on corresponding domains. We can use the transformation U_1 to construct another system with the same flux, described by H^c_n = U^{−1}_1 H^c_{n−1}U_1 and U^{−1}_1 Q^{AB}_{n−1}U_1. For the transformed supercharge domain, there holds a relation U^{−1}_1 D(Q^{AB}_{n−1}) = D(Q^{AB}_n ) ,

which means that the independent integrals of motion Q^{AB}_n , R and U^{−1}_1 Q^{AB}_{n−1}U_1 = P_x −iRP_y coexist in the same domain D(Q^{AB}_n ). Their linear combinations (including their multiplications by R) lead to another set of integrals of motion, given by R, P_x, P_y and their multiples by R. But P_x and P_y are the generators of translation in the plane, and, hence, the system described by H^c_n has a translational symmetry. As we will see, H^c_0 corresponds to a free particle in the plane, which, of course, possesses translational invariance. Then, the revealed translational symmetry of H^c_n can be understood as a consequence of the unitary equivalence of H^c_0 and H^c_n.

Note that the Hamiltonian H^c_0 is invariant, in addition, under spatial reflections. As there is no preferential direction in the plane, we can consider two reflections R_xg(x, y)R_x = g(−x, y) , R_y g(x, y)R_y = g(x, −y) , (2.11) which satisfy the relations

R^2_x = R^2_y = 1 , [R_x, R_y ] = 0 , R = R_xR_y . (2.12)

3 The same happens also in one dimension: when we require the wave function to be continuous at x = 0 and specify its finite derivative jump there, the delta potential term can be omitted from the Hamiltonian operator [30].

In the polar coordinates their action is given by R_xf(r, φ)R_x = f(r, π − φ) , R_yf(r, φ)R_y = f(r, −φ) . (2.13) They commute with the operator R, and within the supersymmetric structure should be treated as nonlocal even integrals of motion. Despite their involutive nature, either of these two operators can be identified as the grading operator since they do not anticommute with the supercharge (2.5) [they do not commute with (2.5) either]. As we shall see in Section 4, the twisted analogs of the operators (2.11) emerge nontrivially in the systems with half-integer flux.

We conclude that the change of the sign of R(α) in definition (2.5) for integer flux value case reduces to a unitary transformation, and that this sign ambiguity gives rise to the translational invariance of H^c_n. At the same time, we see that the complete knowledge of the system for α ∈ [−1, 0) (or for α ∈ [0, 1)) provides a detailed description for any other value of the magnetic flux as well. We will employ this fact in the forthcoming analysis of the spectral properties and supersymmetric structure of the system.

Let us fix the flux to be α ∈ [−1, 0). In the polar coordinates, the supercharge Q^{AB}_α reads Q^{AB}_α = −ı e^{ıφ} [ ∂_r −^1_r (−ı∂_φ + α) ] Π_− − ı e^{−ıφ} [ ∂_r +^1_r (−ı∂_φ + α) ] Π_+ , (2.14)

where Π_± = 1 2 (1 ± R) (2.15)

are the projectors on the subspaces of even (Π_+) and odd (Π_−) partial waves. It preserves subspaces H_l,

H_l := L { e^{ı(2l−1)φ}, e^{ı2lφ} } ⊗ L_2 ( R^+ ; r dr ) ⊂ L_2 ( R^2 ) , l ∈ Z , (2.16)

where L { e^{ı(2l−1)φ}, e^{ı2lφ} } is a linear space spanned by the indicated vectors. Then, the eigenvalue problem can be solved separately in each H_l.

The equation Q^{AB}_α Φ_{l,λ} = λΦ_{l,λ} for Φ_{l,λ} = ϕ_{2l}(r)e^{i2lφ} + ϕ_{2l−1}(r)e^{i(2l−1)φ} (2.17)

is rewritten with help of (2.14) in the form

ϕ^′_{2l}(r) + 2l + α r ϕ_{2l}(r) = ıλ ϕ_{2l−1}(r) ,

ϕ^′_{2l−1}(r) +

1 − (2l + α) r ϕ_{2l−1}(r) = ıλ ϕ_{2l}(r) . (2.18)

The general solution of (2.18) for nonzero eigenvalues λ are linear combinations of the Bessel functions of the first, J_ν (|λ|r), and second, Y_ν (|λ|r), kinds. The first is regular while the other one is singular at the origin, but both are not normalizable. We relax the condition of square integrability and require the wave functions to respect the behavior near the origin, prescribed by the domain of definition. We require also the wave functions not to have too strong divergence at infinity to keep their interpretation in terms of scattering states^4. Since the singular solution violates the first requirement due to its divergence at r = 0, it has to be discarded. Then the acceptable solutions of (2.17) for λ ≠ 0 are Φ_{λ,l} ∼ J_{|2l+α|}(|λ|r)e^{i2lφ} − i |λ| λ { J_{|1−2l−α|}(|λ|r)e^{i(2l−1)φ} for 2l + α > 0 , −J_{|1−2l−α|}(|λ|r)e^{i(2l−1)φ} for 2l + α ≤ 0 . (2.19)

The solutions of the equations (2.18) for λ = 0 with admissible behavior at the origin are

Φ_{0,l} ∼ { r^{2l+α−1}e^{i(2l−1)φ} for 2l + α ≥ 1 , r^{−2l−α}e^{i2lφ} for 2l + α ≤ 0 . (2.20)

4The mathematical framework for scattering states is provided by the rigged Hilbert space, where the functions can diverge at most as powers of r [33].

We pass now to the analysis of the eigenfunctions of H^c_α. Hamiltonian commutes with the generator of rotations since D(H^c_α) is invariant with respect to the action of J. Hence, one can find their common eigenfunctions Ψ_{|λ|,j} , H^c_αΨ_{|λ|,j} = λ^2Ψ_{|λ|,j} , JΨ_{|λ|,l} = lΨ_{|λ|,l} . (2.21) They can be composed from the eigenvectors of Q^{AB}_α corresponding to different signs of λ, Ψ_{|λ|,2l} ∼ Φ_{λ,l} + Φ_{−λ,l} ∼ J_{|2l+α|}(|λ|r)e^{2ilφ} , Ψ_{|λ|,2l−1} ∼ Φ_{λ,l} − Φ_{−λ,l} ∼ J_{|1−2l−α|}(|λ|r)e^{i(2l−1)φ}. (2.22) The zero-energy eigenstates of H^c_α are Ψ_{0,l} ∼ r^{|l+α|}e^{ilφ}. (2.23) Note that the wave functions (2.22) vanish at the origin except the special case of integer flux such that 2l + α = β ∈ {0, 1}. In this case, J_{|β−2l−α|}(|λ|r) = J_0(|λ|r) → 1 for r → 0, that is in agreement with the results on the self-adjoint extension of the free particle in the punctured plane [34]. The exclusion of the origin is of no importance here since the considered functions are regular at this point. In fact, the considered self-adjoint extenstion H^c_0 of H_α is in correspondence with the system of the free particle, since its domain of definition is spanned by the same complete basis of partial waves J_{|m|}(kr)e^{imφ}.

We can compare the system represented by H^c_α with the original setting of Aharonov and Bohm in the similar vein. The behavior of the wave functions near the origin is prescribed in the same way in both systems. This leads to the same complete basis of partial waves given by (2.19), (2.20). Hence, H^c_α and H^{AB}_α represent the same self-adjoint extension of H_α.

Thus, the system described by H^c_α coincides with that discussed originally by Aharonov and Bohm,

H^c_α = H^{AB}_α . (2.24)

This means that the Aharonov-Bohm model possesses the hidden N = 2 supersymmetry generated by the supercharges Q^{AB}_α and iRQ^{AB}_α , in which the role of the grading operator is played by the operator R. This result is valid for any value of the magnetic flux.

Now, let us discuss the nature of the revealed supersymmetry, and the action of the supercharges. The spectrum of the operator H^{AB}_α consists of continuous part only, which covers nonnegative real numbers. Any value of energy E is infinitely degenerate since there is an inifinite set of linearly independent generalized wave functions (2.22) corresponding to the given energy E = λ^2. Let us discuss the action of the supercharges Q^{AB}_α and iRQ^{AB}_α . The second supercharge interchanges the eigenfunctions of Q^{AB}_α with different sign of λ ≠ 0, i.e. there holds iRQ^{AB}_α Φ_{λ,l} ∼ Φ_{−λ,l} . (2.25) Consequently, with the direct use of this relation and (2.22), we can write Q_aΨ_{|λ|,2l} ∼ Ψ_{|λ|,2l−1}, Q_aΨ_{|λ|,2l−1} ∼ Ψ_{|λ|,2l} , (2.26) where Q_a is Q^{AB}_α or iRQ^{AB}_α .

The spectrum of H^{AB}_α includes infinitely degenerate zero energy level. We restrict our consideration to the subspace H_l where all the energy levels are doubly degenerate. This subspace is invariant under the action of the supercharges. Taking into account Eq. (2.20) for the zero modes of Q^{AB}_α , we conclude that there exists just a single state in H_l annihilated by Q^{AB}_α . Fixing l ≥ 0, we can write explicit form of the involved functions,

H^{AB}_α Ψ_{0,2l} = H^{AB}_α Ψ_{0,2l−1} = 0 , Q^{AB}_α Ψ_{0,2l} ∼ Ψ_{0,2l−1} , Q^{AB}_α Ψ_{0,2l−1} = 0 . (2.27)

This resembles the Jordan blocks structure, which can appear in diagonalization of a finite-dimensional matrix. The difference of the present case is that the dimension of the considered subspace, spanned by wave functions Ψ_{|λ|,l}, is equal to an uncountable infinity.

Figure 1: For α ∈ [−1, 0) mod 2, the supercharges Q_a ∈ {Q^{AB}_α , iRQ^{AB}_α } preserve the subspaces H_l defined in (2.16). We illustrate the action of the supercharges in these subspaces for l = 0, 1, 2. The zero energy states (2.23) are represented by the circles, the black circles correspond to the zero modes of Q_a. The arrows between the same energy levels in each H^{AB}_l correspond to relations (2.26) for E > 0 and to the relations (2.27) for E = 0.

Hence, the supercharges annihilate just one half of the zero-energy states. The rest of these states is transformed into the kernel of the supercharges (see Fig.1).

This picture can be compared with the cases of unbroken and broken supersymmetry in non-periodic one-dimensional systems. There, particularly, the unbroken supersymmetry is related to the existence of a singlet bound state of zero energy, annihilated by supercharge. The second, nonphysical solution corresponding to zero energy is transformed to a physical one by a supercharge. In the present case, the continuous nature of the spectrum together with the infinite degeneracy of the energy levels prevents us from a similar classification of the revealed hidden supersymmetry. On the other hand, there is some similarity of the revealed hidden supersymmetric structure with that appearing in one-dimensional finitegap periodic quantum systems, cf. [22].

In conclusion of this section, let us make a few comments on the structure of the revealed supersymmetry, which further on will provide an alternative interpretation of the system in terms of anyons. In (2.15) we introduced projectors Π_± on the subspaces of even and odd orbital angular momentum. This allows us to separate the domain D(H^{AB}_α ) into two subsets Π_±D(H^{AB}_α ), each of which consists of eigenvectors of R with fixed eigenvalue +1 or −1. We can employ the matrix representation of the projectors,

Π_+ = ( 1 0 0 0 ) , Π_− = ( 0 0 0 1 ) . (2.28)

The Hamiltonian H^{AB}_α as well as other operators can be rewritten in the matrix form,

H^{AB}_α = ( H^{AB}_{α,+} 0 0 H^{AB}_{α,−} ) , R = ( 1 0 0 −1 ) , (2.29)

where H^{AB}_{α,±} = Π_±H^{AB}_α . The supercharge Q^{AB}_α is antidiagonal operator and its explicit form for α ∈ [−1, 0) can be deduced from (2.14) and (2.28). In this framework, the wave function ψ from the domain of H^{AB}_α is just a column vector, whose upper element is composed of even partial waves, ψ_+ = Π_+ψ = ∑ l∈Zg^+_l (r)e^{i2lφ}, while the lower component consists of odd partial waves, ψ_− = Π_−ψ = ∑ l∈Zg^−_l (r)e^{i(2l−1)φ}. Such a representation reveals an obvious similarity of the hidden supersymmetry of the spinless Aharonov- Bohm system with supersymmetry of a usual form, associated with introduction of the spin degrees of freedom [35, 36].

3 Exotic models

The choice of the signs we made in definition of R(α) in (2.5), and the observed ambiguity for α ∈ Z case, led us to the revealing of the hidden N = 2 supersymmetry in the original Aharonov-Bohm system. In this Section we investigate the consequences of the alternative choice of the signs in (2.5) for non-integer flux values.

So, let us consider the operator

Q̃_α = P_x − iR(α)P_y, where R(α) = { R α ∈ (1, 2) mod 2 , −R α ∈ (0, 1) mod 2 . (3.1)

The formal relations (2.6) and (2.7) imposed on the supercharge remain intact, up to the sign of the commutator term [P_x, P_y] in the square of Q̃_α. This suggests that the difference, if any, could appear in self-adjoint extensions of the supercharge operator (3.1).

The transformation U_1 changes the flux of the system in one unit. It maintains the self-adjointness of the operators, i.e. when an operator O is self-adjoint on D(O), the operator Õ = U^{−1}_1 OU_1 is selfadjoint on U^{−1}_1 D(O). This means that when we find all the admissible self-adjoint extensions of Q̃_α for α ∈ (−1, 0)|_{mod 2}, we can get all the self-adjoint extensions of the operator for α ∈ (0, 1)|_{mod 2} just by application of this transformation. The inverse is also true with changing of the transformation U_1 for U^{−1}_1 = U_{−1}. Without loss of generality, we restrict our analysis to α ∈ (0, 1)|_{mod 2}.

As the operator Q̃_α for α ∈ (0, 1)|_{mod 2} coincides formally with the operator Q_α for α ∈ (−1, 0)|_{mod 2}, we can use directly Eq. (2.14) to express the operator in polar coordinates, just keeping in mind the different range of α. The operator Q̃_α preserves the subspaces (2.16), and is symmetric on C^∞_0 (R^2 − {0}). The domains of its conjugate and its closure are presented in Appendix A.

We have to solve the deficiency equations Q̃^†_αψ = ±iψ to reveal the bases of the deficiency subspaces. The relation (2.14) together with (2.16) simplify this task since the problem can be inspected for each subspace H_l separately. The deficiency indexes are vanishing again in all the subspaces H_l except the subspace H_{l0} given by the integer l_0 such that 2l_0 + α ∈ (0, 1). In contrary to (2.5), the deficiency indexes of Q̃_α are (1, 1), so that there exists a U(1) family of self-adjoint extensions Q̃^γ_α of Q̃_α. The detailed derivation of the result is rather technical (see Appendix A), and we present the final form of the domain of the self-adjoint operator Q̃^γ_α : D ( Q̃^γ_α ) := {Φ(r, φ) = f(r, φ) + A [Φ_+(r, φ) + e^{ıγ} Φ_−(r, φ)] | f(r, φ) ∈ D ( Q_α ) , A ∈ C , γ ∈ [0, 2π) } , (3.2)

where Q_α is the closure of Q̃_α. Expanding the function f(r, φ) ∈ D(Q_α) in partial waves f(r, φ) = ∑ l f_l(r)e^{ilφ}, we find that the radial parts f_l(r) have to have the following asymptotic behavior near the origin: |f_l(r)| = O(1) for l /∈ {2l_0, 2l_0 − 1}, while |f_{2l0} (r)| = o(r^{−2l0 −α}) and |f_{2l0−1}(r)| = o(r^{−1+2l0 +α}). The functions Φ_±(r, φ) form the basis of deficiency subspaces, Q̃^†_αΦ_±(r, φ) = ±iΦ_±(r, φ), and can be written in terms of McDonald functions

Φ_± = K_{2l0+α}(r)e^{2l0 iφ} ± K_{1−(2l0+α)}(r)e^{(2l0 −1)iφ} . (3.3)

The operator R is essentially self-adjoint on D ( Q̃γ_α ) , but the requirement {Q̃^γ_α, R} = 0 is consistent

if and only if the operator R leaves D(Q̃^γ_α) invariant. Using (3.2) and the fact that RD(Q_α) = D(Q_α), we get R ( D(Q̃^γ_α) ) = D(Q̃^{2π−γ}_α ) . (3.4)

The requirement on the invariance of D(Q̃^γ_α) holds true for two values of parameter γ only,

γ = 0, π mod (2π). (3.5)

Hence, the N = 2 supersymmetric structure is admissible just for these values of the parameter γ. If not stated otherwise, we will restrict γ ∈ {0, π} from now on. In this case, the domains of Q̃^γ_α and iRQ̃^γ_α coincide. It is worth to mention that both D(Q̃^0_α) and D(Q̃^π_α) acquire particularly simple form, D ( Q̃^0_α ) := { Φ(r, φ) = f(r, φ) + A K_{2l0+α}(r)e^{2il0 φ} | f(r, φ) ∈ D ( Q_α ) , A ∈ C } , (3.6)

D ( Q̃^π_α ) := { Φ(r, φ) = f(r, φ) + A K_{1−2l0−α}(r)e^{(2l0 −1)iφ} | f(r, φ) ∈ D ( Q_α ) , A ∈ C } , (3.7)

which manifests their invariance with respect to rotations generated by J.

The structure of N = 2 supersymmetry is completed by the following definition of the self-adjoint Hamiltonian H^γ_α :

H^γ_α = ( Q̃^γ_α )_2

, D(H^γ_α ) := { Φ ∈ D(Q̃^γ_α) | Q̃^γ_αΦ ∈ D(Q̃^γ_α) } . (3.8)

Hence, taking the different definition (3.1) of the supercharge, we reveal two distinct self-adjoint extensions H^γ_α of the formal Hamiltonian operator H_α, which, like the Aharonov-Bohm system considered in the previous Section, are characterized by the hidden N = 2 supersymmetry. As the domains of Hamiltonians are invariant with respect to J, the systems have rotational symmetry as well.

In the next step we shall analyze the spectrum of H^γ_α and find the associated wavefunctions. Since H^γ_α is the square of the self-adjoint operator Q̃^γ_α, and D(H^γ_α ) is a subset of D(Q̃^γ_α), we conclude that in correspondence with the hidden supersymmetric structure, the spectrum is non-negative.

We can employ Eqs. (2.14), (2.17) and (2.18), keeping in mind the different range of α, 2l_0 + α ∈ (0, 1), l_0 ∈ Z. Singular solutions of (2.18) have to be discarded in the subspaces H_l for l ≠ l_0. Hence, the eigefunctions Φ_{λ,l} = ϕ_{2l}e^{2ilφ} + ϕ_{2l−1}e^{i(2l−1)φ} lying in these subspaces have exactly the same form as (2.19) and (2.20). The situation is different in the subspace H_{l0} . Due to (3.2), the admissible solutions Φ_{λ,l0} in H_{l0} have to fit the following asymptotic behavior near the origin :

ϕ_{2l0} (r) = A (1 + e^{ıγ} )

Γ(2l_0 + α) 2^{1−(2l0+α)} r^{−2l0 −α} + o ( r^{−2l0 −α} ) ,

ϕ_{2l0 −1}(r) = A (1 − e^{ıγ} )

Γ(1 − (2l_0 + α))

2^{2l0+α} r^{−1+2l0 +α} + o ( r^{−1+2l0 +α} ) , (3.9)

dictated explicitly by the relevant part A(Φ_+(r, φ) + e^{iγ} Φ_−(r, φ)) of the domain of Q̃^γ_α, where A is a constant. The solutions of (2.18) for λ ≠ 0 are ϕ_{2l0} (r) = C_1J_{|2l0+α|}(|λ|r) + C_2Y_{|2l0+α|}(|λ|r) , ϕ_{2l0 −1}(r) = −ı |λ| λ (C_1J_{2l0 +α−1}(|λ|r) + C_2Y_{2l0 +α−1}(|λ|r)) , (3.10)

with the coefficients related to A,

C_2 A = − π 2 ( |λ| μ )_{2l0+α} (1 + e^{ıγ} ) ,

C_1 A = π 2 sin (π(2l_0 + α)) { ıλ |λ| ( |λ| μ )_{1−2l0 −α} (1 − e^{ıγ} )

+ cos (π(2l_0 + α)) ( |λ| μ )_{2l0 +α} (1 + e^{ıγ} ) } . (3.11)

The solution of (2.18) for λ = 0 reads

Φ_{l0,0} ∼ { r^{−2l0 −α}e^{2il0 φ} for γ = 0 , r^{−1+2l0 +α}e^{(2l0−1)iφ} for γ = π .

(3.12)

Likewise in the previous section, there holds [H^γ_α , J] = 0 since D(H^γ_α ) is invariant with respect to the action of J. Hence, one can find the common eigenfunctions Ψ_{|λ|,j} , H^γ_α Ψ_{|λ|,j} = λ^2Ψ_{|λ|,j} , JΨ_{|λ|,j} = jΨ_{|λ|,j} . (3.13)

They can be composed from the eigenvectors of Q̃^γ_α which correspond to eigenvalues ±λ. As long as l ≠ l_0, the scattering states of H^γ_α take the form (2.22). For l = l_0, we get Ψ_{|λ|,2l0} ∼ Φ_{λ,2l0} + Φ_{−λ,2l0} ∼ cos πα̃J_{α̃}(|λ|r) − sin πα̃Y_{α̃}(|λ|r)e^{2l0 iφ} , γ = 0 , (3.14) Ψ_{|λ|,2l0−1} ∼ Φ_{λ,2l0} − Φ_{−λ,2l0} ∼ J_{1−α̃}(|λ|r)e^{i(2l0 −1)φ}, γ = 0 , (3.15) Ψ_{|λ|,2l0} ∼ Φ_{λ,2l0} − Φ_{−λ,2l0} ∼ J_{α̃}(|λ|r)e^{2l0 iφ} , γ = π , (3.16) Ψ_{|λ|,2l0−1} ∼ Φ_{λ,2l0} + Φ_{−λ,2l0} ∼ [cos πα̃ J_{1−α̃}(|λ|r) − sin πα̃ Y_{1−α̃}(|λ|r)] e^{(2l0−1)iφ}, γ = π , (3.17) where α̃ = 2l_0 + α. Like in (2.25), the second supercharge iRQ̃^γ_α interchanges eigenvectors of Q̃^γ_α with differents signs of λ. Consequently, the supercharges interchange the wave functions Ψ_{|λ|,2l} and Ψ_{|λ|,2l−1} given by (2.22) for l ≠ l_0, and by (3.14)-(3.17) for l = l_0. In contrary to the Aharonov-Bohm Hamiltonian H^{AB}_α , the operator H^0_α (resp. H^π_α ) has a singular zero-mode Ψ_{0,2l0} = r^{−2l0 −α}e^{2l0iφ} (resp. Ψ_{0,2l0−1} = r^{−1+2l0 +α}e^{(2l0 −1)iφ}) in the subspace D(H^0_α) ∩ H_{l0} (resp. D(H^π_α ) ∩ H_{l0} )^5. However, there are no other differences in the analysis, the supercharge Q^γ_α annihilates just a half of the zero-energy states, mapping the rest to its kernel. Hence the action of the supercharge Q^γ_α is qualitatively in the complete agreement with the discussion presented for Q^{AB}_α in the previous section.

Figure 2: The figure illustrates the three different self-adjoint extentions of H_α in dependence on α. Upper and lower cases correspond to different definitions (2.5) and (3.1) of the supercharges. Rectangular shaded zones correspond to the setting discussed by Aharonov and Bohm, while gray and white triangular zones correspond to the exotic models represented by H^0_α and H^π_α respectively. The circles for half-integer values of α indicate that H^0_α and H^π_α are unitarily equivalent in this case, see the next Section 4.

4 Half-integer flux and twisted reflections

The operator R commutes formally with H_α for any value of the magnetic flux α. In contrary, the reflection operators R_x and R_y defined in (2.11) are exclusive integrals of motion of the free particle. When the magnetic flux is switched on, they provoke a change of sign of the magnetic flux in H_α, i.e. R_xH_αR_x = R_y H_αR_y = H_{−α}.

We can define the “twisted” reflection operators R̃_x = e^{iαπ} e^{−2iαφ}R_x and R̃_y = e^{−2iαφ}R_x, for which formally [H_α, R̃_x] = [H_α, R̃_y] = 0 and R̃^2_x = R̃^2_y = 1 . (4.1)

For a general value of α, however, they do not preserve the space of 2π-periodic functions. R̃_x and R̃_y are defined consistently for α = m or α = m +^1_2 only, where m ∈ Z. For α = m, these operators are related to non-twisted reflections (2.11) by the unitary transformation U_m = e^{imφ}, and they commute, therefore, with R. The situation is essentially different for half-integer values of α. For α = m +^1_2 we get

R̃_x = −ie^{−i(2m+1)φ}R_x, R̃_y = e^{−i(2m+1)φ}R_y, (4.2) and [R̃_x, R̃_y] = 2iR, [R, R̃_x] = 2iR̃_y, [R, R̃_y ] = −2iR̃_x , (4.3)

where for the sake of convenience we included in definition of R̃_x an additional numerical factor (−1)^{m+1}. The operators satisfy also {R̃_x, R̃_y} = {R̃_x, R} = {R̃_y, R} = 0 . (4.4) 5 The zero modes of H^γ_α as well as H^{AB}_α can be understood as a low energy limit of the properly normalized scattering states.

Relations (4.3), (4.4) mean that the twisted reflection operators (4.2) together with R satisfy exactly the same set of algebraic relations as the three Pauli matrices, i.e. up to the numerical factor^1_2 they are generators of the spinorial representation of su(2). In this section, we discuss the role of the triplet of reflection operators for the hidden supersymmetry of the systems with half-integer flux^6.

Without loss of generality, set α = 1/2. The operators R, R̃_x = −ie^{−iφ}R_x and R̃_y = e^{−iφ}R_y are symmetric on D(Q^{AB}_{1/2} ), or D(Q̃^γ_{1/2}), γ ∈ [0, 2π). In addition, neither R̃_xf = ±if nor R̃_yf = ±if have nontrivial solutions. The operators are essentially self-adjoint both on D(Q^{AB}_{1/2} ) and D(Q̃^γ_{1/2}). As R̃2_x = R̃2_y = 1, they are unitary as well. The described properties of the triplet of reflection operators allows us to introduce a three-parametric family of SU(2)-transformations U(β_x, β_y, β) = e^{i(βxR̃x+βyR̃y +βR)} , (4.5) which will be important in the forthcoming analysis.

Consider now the Aharonov-Bohm model described by H^{AB}_{1/2} . The domain (A.10) of the supercharge Q^{AB}_{1/2} is invariant under the action of all the triplet of reflections,

RD(Q^{AB}_α ) = R̃_xD(Q^{AB}_{1/2} ) = R̃_yD(Q^{AB}_{1/2} ) = D(Q^{AB}_{1/2} ) . (4.6)

Therefore, the set of integrals of motion of H^{AB}_{1/2} consisting of Q^{AB}_{1/2} , iRQ^{AB}_{1/2} , R and J has to be extended by the operators R̃_x and R̃_y.

The question is then how they could be incorporated into the superalgebraic structure of the system. Keeping R as the grading operator, the new integrals of motion are of the fermionic nature. Hence, the anticommutators with the supercharges Q^{AB}_{1/2} and iRQ^{AB}_{1/2} should be computed, as well as their commutators with J. Both twisted reflections, however, anticommute with angular momentum generator J. As a consequence, the repeated commutators with J give

[R̃_x, J] = 2R̃_xJ, [R̃_xJ, J] = 2R̃_xJ^2, . . . , [R̃_xJ^n, J] = 2R̃_xJ^{n+1} , (4.7)

and analogous relations for R̃_y. Subsequent anticommutators of the odd integrals R̃_xJ^n and R̃_yJ^k, n, k = 0, 1 . . ., produce the integrals of the form RJ^n. In the same way, the anticommutators of the twisted reflections with the supercharges Q^{AB}_{1/2} and iRQ^{AB}_{1/2} , and corresponding repeated (anti)commutation relations reproduce the basic integrals multiplied by (H^{AB}_{1/2} )^n. We see that the inclusion of the twisted reflection operators into the superalgebraic structure leads to its nonlinear deformation characterized by appearance of the multiplicative factors (J)^n and (H^{AB}_{1/2} )^k in (anti)commutation relations, cf. [20, 22, 24, 23].

Since the integrals R̃_x and R̃_y satisfy the relations (4.1), any of them can also be taken as the Z_2- grading operator instead of R. Such a possibility for alternative choice of the grading operator resembles the tri-supersymmetric structure studied in [22]. The difference is that here the three involutive integrals mutually anticommute, while in the tri-supersymmetric structure analogous integrals mutually commute^7. If, for instance, R̃_x is identified as the grading operator, the operators Q^{AB}_{1/2} and iR̃_xQ^{AB}_{1/2} will be nontrivial supercharges, and the angular momentum J has also to be treated as an odd generator. The anticommutator of the supercharge iR̃_xQ^{AB}_{1/2} with R generates then iR̃_yQ^{AB}_{1/2} , that has to be treated as an even integral. Further computing shows that with R_x taken as the grading operator, we have, again, a nonlinear superalgebraic structure.

The picture is completely different in the case of the systems described by H^γ_{1/2} (γ ∈ {0, π}). The operators R̃_x and R̃_y are no longer symmetries of the system as the domain D(H^γ_α ) is not invariant under their action. The unitary transformations (4.5) can be used to map the system H^γ_{1/2} (γ ∈ {0, π}) to another, equivalent one, with the same supersymmetric structure. Let us discuss a few particular

6The special “magic” of half fluxons was discussed in the context different from the present one in [37, 38]. 7A supersymmetric structure with three mutually anticommuting involutive integrals of motion was observed recently in Bogolyubov-de Gennes system [39].

examples, where the transformed grading operator acquires particularly simple form. We are interested in the mappings which would interchange the operators R, R̃_x and R̃_y in the role of the grading operator,

R = −U_0RU^†_0 , R̃_x = −U_1RU^†_1 = U_3RU^†_3 , R̃_y = −U_2RU^†_2 = U_4RU^†_4 , (4.8)

where the explicit form of the SU(2)-transformations is

U_0 = e^{i π2 R̃y} = iR̃_y , U_1 = e^i(^{π2 R− π4 R̃y} ) =^{i√}_2 R(1 − iR̃_y) , U_3 = e^{−i π4 R̃y} =^{1√}_2 (1 − iR̃_y) ,

U_2 = e^{−i π4 R̃x} =^{1√}_2 (1 − iR̃_x) , U_4 = e^i(^{π2 R− π4 R̃x}) =^{i√}_2 R(1 − iR̃_x) .

(4.9)

Let us note that the transformations (4.8) together with (2.4) suggest that the twisted reflections R̃_x and R̃_y can be written formally in the following way :

− R̃_x = exp(iπU_3JU^†_3 ) , R̃_y = exp(iπU_1JU^†_1 ) . (4.10)

Inspect now how these transformations change the other constituents of the supersymmetry, Hamiltonian and supercharges. Formally, Hamiltonian H_{1/2} commutes with any of R, R̃_x or R̃_y so that it is invariant with respect to the SU(2)-transformations (4.5). The formal operator Q̃_{1/2} is transformed as

U_0Q̃_{1/2}U^†_0 = Q̃_{1/2} , U_1Q̃_{1/2}U^†_1 = −Q̃_{1/2} , U_3Q̃_{1/2}U^†_3 = Q̃_{1/2} , U_2Q̃_{1/2}U^†_2 = iR̃_xQ̃_{1/2} , U_4Q̃_{1/2}U^†_4 = iR̃_xQ̃_{1/2} .

(4.11)

Let us suppose that we take the self-adjoint extension H^0_{1/2} (with the supercharge Q̃^0_{1/2}) as the initial system. The transformations (4.5) are unitary, and applied to Q̃^0_α produce self-adjoint operators, defined on U_kD(Q̃^0_α) for k ∈ {0, 1, 2, 3, 4}. The transformed supercharges in the upper line of (4.11) coincide formally with Q̃_{1/2}. As we found in the previous Section, there exists one-parameter family of the selfadjoint extensions of this operator, labeled by γ. Hence, the systems produced by U_0, U_1 and U_3 should fit into this classification scheme. This is indeed the case: we can write

U_0Q̃^0_{1/2}U^†_0 = Q̃^π_{1/2}, U_1Q̃^0_{1/2}U^†_1 = Q̃^{π/2}_{1/2} , U_3Q̃^0_{1/2}U^†_3 = Q̃^{3π/2}_{1/2} , (4.12)

where the value of the index γ coherently reflects the domain of definition, given by (3.2). The remaining systems with the supercharges of the lower line in (4.11) do not belong to the family of self-adjoint operators Q̃^γ_{1/2} as neither of the supercharges coincides formally with Q̃_{1/2}. The explicit form of the domains of definition of the new supercharges for k ∈ {1, 2, 3, 4} can be written in the following compact form : U_kD ( Q̃0_{1/2} ) = { Φ(r, φ) = f(r, φ) + A K_α(r)(1 + i^ke^{−iφ}) | f(r, φ) ∈ D ( Q_α ) , A ∈ C } . (4.13)

Hence, for the semi-integer values of the magnetic flux α we have a three parametric family of the systems with hidden supersymmetry, associated with the formal supercharge operator

Q_α(β_x, β_y, β) = UQ̃^0_αU^†, D(Q_α(β_x, β_y, β)) = UD(Q̃^0_α), U = U(β_x, β_y, β) . (4.14)

These systems fit into the general scheme of the self-adjoint extensions of the Aharonov-Bohm model discussed in [27], where the self-adjoint extensions of H_α with broken rotational symmetry were observed. Despite the rotational symmetry is broken in our present case as well (see (4.13)), domains of definition are invariant with respect to the operator J̃(β_x, β_y, β) = UJU^†, i.e. the systems associated with (4.14) are unitarily equivalent to the systems with rotational symmetry.

5 Superconformal symmetry

Jackiw showed that like a charge-monopole system [40], the original Aharonov-Bohm model is characterized by a dynamical conformal so(2, 1) symmetry [41]. We revealed the hidden N = 2 supersymmetry not only in the Aharonov-Bohm system characterized by a regular behavior of the wave functions at the origin, but also in exotic models corresponding to some special cases of the U(2) family of self-adjoint extensions of the formal Hamiltonian operator (1.2). On the other hand, if we look at the U(2) family of the self-adjoint extensions requiring the scale symmetry, this also excludes immediately those cases which are characterized by the presence of the bound states. Such a similarity with restrictions imposed by the requirement of the presence of the hidden supersymmetry, certainly, is worth a more in-depth look. In this section, we study the question of compatibility of the revealed hidden supersymmetric structure with the dynamical conformal symmetry.

Besides the Hamiltonian of the system, which we denote here by H, the dynamical conformal symmetry [42] is generated by the operators D and K that depend explicitly on time. They satisfy equation^d_{dt} C = ∂_tC − i[H, C] = 0, C = D, K, and their explicit form is given by D = tH − 1 4 (⃗x ⃗P + ⃗P⃗x) , K = −2t^2H + 4tD + 1 2 ⃗x^2 . (5.1)

The operator D generates dilatations, while K is the generator of the special conformal transformations. The conformal algebra so(2, 1) is established by the formal commutation relations [D, K] = iK , [H, K] = 4iD , [H, D] = iH . (5.2) The domain D_c where the commutators are well defined has to be specified. It has to be located in the intersection of the domains of all the involved operators. Also, the action of each of the operators H, K, and D has to keep the wave function in the domains of the two remaining operators. For t = 0, the explicit form of D and K in polar coordinates is D = i 2 (1 + r∂_r ) , K = 1 2 r^2 . (5.3)

Both these operators are essentially self-adjoint. Indeed, the solutions of Df(r, φ) = ±if(r, φ) are not square integrable, while deficiency equations Kf(r, φ) = ±if(r, φ) do not have solutions at all. The domains of the essentially self-adjoint operator K, and of the self-adjoint operator D are described in Appendix B. Fixing H to be one of the operators H^{AB}_α or H^γ_α, γ = 0, π, we can write D_c = {Φ(r, φ) ∈ D(H) ∩ D(D) ∩ D(K)|HΦ ∈ D(D) ∩ D(K), DΦ ∈ D(H) ∩ D(K), KΦ ∈ D(D)}. (5.4) This set is dense in L_2(R^2 ) as it contains smooth functions with compact support (C^∞_0 (R^2 )).

The generalized eigenvectors (scattering states) of H do not have compact support, and are not square integrable. However, they can serve to construct the wave packets which are normalizable, and represent physical states. These square integrable functions inherit some of the properties of the scattering states; they do not belong to C^∞_0 (R^2 ), and have a specific behavior of partial waves near the origin, dictated by D(H). We can ask whether they are present in D_c. The necessary condition is that the operators K and D do not alter asymptotic behavior of the partial waves near the origin.

The domain of definition of either H^{AB}_α or H^γ_α is rotationally invariant. The partial waves near the origin may not be more divergent than a fixed power of r, prescribed by the domain of definition. Keeping in mind explicit form (5.3), we see that neither K nor D violate this restriction on asymptotic behavior of partial waves. Hence, the domain D_c includes the physically interesting states^8 composed of the scattering states. This conclusion is not evident for other self-adjoint extentions H^γ_α when a general value of γ is considered. Let us just note that the invariance with respect to D is broken in general. The scale invariance is recovered for γ = 0 or γ = π when α is treated as a free parameter. For fixed value of the magnetic flux α = 1/2 mod 1, the scale symmetry appears in the whole family of self-adjoint extensions H^γ_{1/2} for any value of γ, see Appendix B. Therefore, the hidden supersymmetry of the systems represented by H^{AB}_α and H^γ_α comes hand in hand with conformal symmetry and the scale invariance in particular. Below we show

8We have in mind two-dimensional exponentially decreasing (gaussian) wave packet for instance.

that the both structures are compatible in the Lie algebraic sense, and give rise to the superconformal osp(2|2) symmetry.

The operators K and D commute with R, their domains are invariant with respect to the action of R, and they can be treated as bosonic generators in the framework of the extended superalgebra. The relevant commutation and anticommutation relations have to be computed to verify that the superalgebra is closed. The computation is independent on the actual choice of the self-adjoint extension, so that we adopt the notation H for H^{AB}_α or H^γ_α , and, respectively, Q_1 = P_x + iεRP_y for Q^{AB}_α or Q̃^γ_α, and Q_2 = −iεRQ_1, where ε = +1 or −1 in dependence on the value of the flux α, see Eqs. (2.5) and (3.1). The self-adjoint generator of dilatations is denoted below by D. To close the superalgebra, two additional integrals of motion (explicitly dependent on time) have to be involved. In the commutator of K and Q_j , there appear new integrals of motion [Q_j , K] = −iS_j , S_2 = −iεRS_1 , (5.5)

where S_1 = X + iεRY, X = x − 2tP_x, Y = y − 2tP_y. The mixed anticommutator of Q_j and S_k brings a new conserved quantity, {Q_1, S_2} = 2F , F = εR − J . (5.6) Completing the remaining relations dictated by the superalgebra, we end up with {Q_i, Q_j } = 2δ_{ij} H , {S_i, S_j } = 4δ_{ij} K , {Q_j , S_k} = −4δ_{jk}D + 2ϵ_{jk}F , [Q_j , K] = −iS_1 , [S_j , K] = 0 , [Q_j , D] =^i_2 Q_j , [S_j , D] = −^i_2 S_j ,

[Q_j , H] = 0 , [S_j , H] = 2iQ_j , [F, Q_j ] = iϵ_{jk}Q_k , [F, S_j ] = iϵ_{jk}S_k , [F, H] = [F, K] = [F, D] = 0 , [F, R] = [H, R] = [D, R] = [K, R] = {Q_j , R} = {S_j , R} = 0 . (5.7) Instead of the even generators J and R, in addition to the linear combination (5.6) we define the operator Z = J − ε 2 R , (5.8)

which commutes with all the other even and odd generators of superalgebra, playing the role of its central charge. The introduced operators S_j , F and Z are essentially self-adjoint on their natural domains of definition, see Appendix B. Note that from relation J = F + 2Z it follows that Q_i and S_i are vector operators.

Likewise in the case of the conformal symmetry, the actual domain of definition D_{sc} has to be specified to make the relations above consistent. It has to be an intersection of the domains of the involved operators (just let us remind that D(Q_1) = D(Q_2) and D(S_1) = D(S_2)), and the action of any of them has to keep the function in the intersection of the domains of the remaining operators.

The same analysis applies as in the case of D_c. The domain D_{sc} is dense in L_2(R^2 ) as it contains the set of smooth functions with compact support. We require that neither of the operators violates asymptotics of the functions near the origin - they should maintain or increase the power of the leading term in the asymptotic expansion. This requirement is met by all the new operators S_j , F and Z. Hence, the domain D_{sc} can support physically interesting states represented particularly by wave packets.

We conclude that the three self-adjoint extensions H^{AB}_α , H^0_α and H^π_α possess the scale invariance as a consequence of their conformal symmetry. The conformal and hidden supersymmetric structures of these systems are compatible, and lead to the superconformal symmetry. The resulting algebraic structure corresponds to the superalgebra osp(1|2) × o(2), which was observed earlier in various physical models, including a spin-1/2 particle in the presence of a magnetic vortex [43]^9. For spin-1/2 particle systems possessing the superconformal symmetry, the role of the grading operator is played by the matrix σ_3. We revealed here the same superalgebraic structure in the system without fermionic degrees of freedom.

6 Hidden supersymmetry and anyons

In early eighties, Wilczek proposed a dynamical mechanism for realization of anyons that is based on the Aharonov-Bohm effect [9]. Here we show that the anyon picture provides a rather natural interpretation for the hidden supersymmetric structure described in the previous sections.

Consider a two-anyon, planar system described by the formal Hamiltonian operator H_{any} = 2 2∑ I=1 (⃗p_I − ⃗a_I (⃗r))^2 , (6.1)

where ⃗p_I = −i∂/∂⃗x_I , ⃗r is a relative coordinate, ⃗r = ⃗x_1 − ⃗x_2, and we set the masses of the constituents m_1 = m_2 = 4. The constituent point particles are ‘statistically charged’, and each carries a ‘magnetic’ vortex described by the statistical vector potential,

a^k_1 (⃗r) = −a^k_2 (⃗r) = 1 2 αϵ^{kl} r^l ⃗r^2 . (6.2)

In the center of mass reference frame, Hamiltonian (6.1) takes the form (1.2).

The two-anyon system may be composed from statistically interacting identical bosons, or fermions. This means that when the statistical interaction is switched off (α = 0), the constituent particles should obey either Bose, or Fermi statistics. The identity of the particles and their statistics are taken into account by requiring that under the exchange, ⃗r → −⃗r ⇒ φ → φ + π, the wave function obeys the relation ψ_{α=0}(r, φ+π) = ηψ_{α=0}(r, φ) with η = +1 for boson, or η = −1 for fermion constituents. This requirement is maintained when the statistical interaction is switched on. Therefore, we have ψ_α(r, φ) = ∑ l e^{ilφ}f_{α,l}(r), l ∈ { 2Z for anyons based on bosons , 2Z + 1 for anyons based on fermions . (6.3)

Requiring the Hamiltonian (6.1) to be self-adjoint operator, its domain of definition has to be specified. The nontrivial behavior of the wave functions (6.3) near the origin, dictated by the particular choice of the self-adjoint extension, is interpreted then as a contact (zero-range) interaction of the anyons [44].

The anyon framework provides an interesting interpretation for the systems we studied in Sections 2 and 3. As follows from the discussion at the end of Section 2, Hamiltonians H^{AB}_α , H^0_α and H^π_α can be described by diagonal two-by-two matrices in representation where the grading operator R is given by the Pauli matrix σ_3, see (2.29). The upper and lower components of the states in this representation correspond to π-periodic and π-antiperiodic in φ parts of the wave functions. Due to the described correspondence between the Hamiltonian (6.1) of the two-anyon system and the Hamiltonian (1.2), we conclude that the diagonal components Π_±H^{AB}_α and Π_±H^γ_α of the studied spinless systems can be understood as the Hamiltonians that describe the relative motion of the two-anyon systems. The upper component represents the system based on bosons (as it acts on π-periodic functions) while the lower-diagonal operators rule the dynamics of the system based on fermions. The self-adjoint Hamiltonians Π_±H^γ_α imply additional contact interaction of the anyons.

Therefore, the hidden superconformal symmetry that we revealed in spinless Aharonov-Bohm system corresponds to an explicit center-of-mass supersymmetric structure of the system composed from the two two-anyon systems based on bosons and on fermions.

9The analysis of the algebraic structure was performed in [43] on a formal level, without touching the questions of self-adjointness of corresponding generators.

7 Discussion and outlook

The stationary Schrödinger equation of the Aharonov-Bohm model is separable in polar coordinates. Its radial equation corresponds to stationary Schrödinger equation of Calogero model. When we specify the self-adjoint extension of the formal Hamiltonian operator H_α, the self-adjoint extension of the radial part of H_α is fixed as well. In other words, fixing the value of the angular momentum, the (rotationaly invariant) self-ajoint extension of H_α fixes the self-adjoint extensions of Calogero model [45].

In [46], Gitman et al. discussed recently the dilatation symmetry of the self-adjoint extensions of this one-dimensional system. They concluded that there are only few self-adjoint extensions of the Calogero model which possess scale invariance. In the present work, we described three Aharonov-Bohm type systems, represented by H^{AB}_α and H^γ_α , γ = 0, π. These systems proved to be scale invariant. It is quite intriguing question, whether these two distinct symmetries, scale invariance and hidden supersymmetry, are interrelated somehow. We suppose that this is indeed the case. Verification of this hypothesis represents an interesting direction for further research, as it could provide a deeper insight into the physical system and its symmetries as well.

Recently, the hidden supersymmetry of the reflectionless Pöschl-Teller system was explained in [47] in the context of non-relativistic AdS/CFT correspondence [48, 49]. The rather natural question is then whether some AdS/CFT holography interpretation exists for the hidden superconformal symmetry observed here.

The Aharonov-Bohm type systems described formally by H_α, can have up to two bound states. The systems with negative energies were disqualified in our framework from the very beginning by requirement of the presence of a self-adjoint supercharge. This is in correlation with spontaneous breakdown of their scale invariance. However, such systems could fit into the framework of the nonlinear supersymmetry. Analysis of this possibility could be another interesting future project.

We analyzed the spinless particle case. It would be interesting to consider the systems with spin degrees of freedom as well. The spin one-half system would be governed by the Pauli Hamiltonian, whose diagonal components would differ formally just in the sign of the magnetic field, cf. [50, 43]. This suggests that the actual self-adjoint extensions of the upper- and the lower-diagonal elements of the matrix Hamiltonian could differ in some way. We suppose that the standard supersymmetry could be revealed as well as the structure of the hidden supersymmetry, at least in some particular cases. The presence of both explicit and hidden supersymmetries should give rise to the structure of tri-supersymmetry [22, 51].

As we observed in section 4, in the case of half-integer flux values there exists a three parameter family of unitary transformations (4.5), generated by R, R̃_x and R̃_y. These transformations do not change formal Hamiltonian H_α, but interchange its self-adjoint extensions. Hence, there exists a three parametric family of self-adjoint extensions of H_α which allow the existence of the hidden supersymmetry, see (4.14). We discussed few particular cases in (4.12), where the systems associated with Q̃^γ_{1/2} for γ ∈ {0, π/2, π, 3π/2} were interrelated by these unitary mappings. The family of all the self-adjoint extensions of H_α is four parametric [27]. So it seems that a great part of the self-adjoint extensions of H_α possesses hidden supersymmetry for semi-integer values of α. It would be definitely an interesting task to clarify this point.

We investigated the question of the presence of the hidden supersymmetry in spinless quantum mechanical Aharonov-Bohm type systems. The intriguing open question is whether such a symmetry may be present in related field systems. The simplest and natural system for such a generalization could be a non-relativistic (2+1)-dimensional model of a boson field minimally coupled to a Chern-Simons field [52, 31, 53].

Acknowledgements.

The work has been partially supported by DICYT (USACH), CONICYT and FONDECYT Grants 1050001, 7080056, 1095027 and 3085013, Chile, and by CONICET (PIP 01787) and UNLP (Proy. 11/X492), Argentina. H.F. is indebted to the Departamento de Física of Santiago University (Chile) for hospitality.

Appendix A

Let us present in more detail the procedure of self-adjoint extension of the following operator Q̂ = P_x + iRP_y . The supercharge (2.5) coincides with this operator for α ∈ [−1, 0] mod 2. Q̂ can be identified with (3.1) for α ∈ (0, 1) mod 2 as well. Hence, the analysis of self-adjoint extensions of Q̂ for any value of the flux will provide, using the unitary transformation U_1 sequently, a complete information on self-adjoint extensions of both (2.5) and (3.1).

The symmetric operator Q is a restriction of Q̂ to C^∞_0 (R^2 − {0}). The following relation will be useful in the forthcoming analysis : ( ϕ, Q̂ψ ) − ( Q̂ϕ, ψ ) = lim_{r→0+} ∫_{2π} 0 dφ r [(−ı cos φ + R sin φ) ϕ(r, φ)]^∗ ψ(r, φ) . (A.1)

One can easily see that Q is symmetric, since the right hand side of Eq. (A.1) vanishes for all ϕ, ψ ∈ D(Q).

The adjoint. The adjoint of Q, Q^†, is a linear operator defined on the set of those functions for which ( ϕ, Q̂ψ ) is a linear continuous functional of ψ ∈ D(Q) (see [26], for example). This requires that for any

ϕ ∈ D(Q^†) there is a vector χ ∈ L_2 ( R^2 ) such that (ϕ, Qψ) = (χ, ψ) , ∀ ψ ∈ D(Q) . (A.2) For each ϕ, this vector is unique (since D(Q) is dense in L_2 ( R^2 ) ) and the action of the adjoint operator is defined as Q^†ϕ := χ.

Since functions ψ(r, φ) ∈ D(Q) identically vanish in some neighborhood of the origin, the right hand side of Eq. (A.1) vanishes for any function ϕ(r, φ) such that Q̂ϕ(r, φ) ∈ L_2 ( R^2 ) . Therefore, the adjoint operator is densely defined in D ( Q^† ) = { ϕ(r, φ) ∈ AC ( R^2 \ {0} ) ∩ L_2 ( R^2 ) : Q̂ϕ(r, φ) ∈ L_2 ( R^2 )} , (A.3)

where AC ( R^2 \ {0} ) is a set of absolutely continuos functions in punctured plane [26].

Since the set {e^{ımφ} , m ∈ Z} is a complete orthogonal system in L_2(S^1), we can write ϕ(r, φ) = ∑ m∈Z e^{ımφ} ϕ_m(r) , (A.4)

where ϕ_m(r) ∈ AC (R^+ \ {0}) ∩ L_2 (R^+ ; r dr). Then, the condition Q̂ϕ(r, φ) ∈ L_2 ( R^2 ) for α /∈ Z reduces to |ϕ_{2l}(r)| = O(1) , for 2l + α /∈ (0, 1) , O ( r^{−(2l+α)} ) , for 2l + α ∈ (0, 1) .

(A.5) and |ϕ_{2l−1}(r)| = O(1) , for 2l − 1 + α /∈ (−1, 0) , O ( r^{(2l−1+α)} ) , for 2l − 1 + α ∈ (−1, 0) .

(A.6)

For α = β − 2l_0 ∈ Z, β ∈ {0, 1}, the partial waves ϕ_j are subject to the following restrictions

|ϕ_j | = O(1) for j ≠ 2l_0 − β , |ϕ_{2l0 −β} | = O( √ − log μr) . (A.7)

The closure Q. The minimal closed extension of Q is called the closure of this operator, which is defined as Q := ( Q^† )_† . According to the previous discussion on the definition of the adjoint operator and

Eq. (A.1), it follows that its domain is the set of functions f(r, φ) for which Q̂f(r, φ) ∈ L_2 ( R^2 ) and (see (A.1))

lim_{r→0+} ∫_{2π} 0 dφ r [(−ı cos φ + R sin φ) f(r, φ)] ϕ(r, φ)^∗ = 0 , ∀ ϕ(r, φ) ∈ D(Q^†) . (A.8) To get an insight into the restrictions on f(r, φ) posed by this requirement, it is convenient to employ the Fourier series of f(r, φ), f(r, φ) = ∑ m∈Z e^{ımφ} f_m(r) , f_m(r) ∈ AC ( R^+ \ {0} ) ∩ L_2 ( R^+ ; r dr ) . (A.9)

For α /∈ (0, 1)|_{mod 2}, the conditions posed on f_m are identical with (A.5) and (A.6) (resp. (A.7)). This means that the domains of definition Q^† and Q are identical and the operator Q is essentially self-adjoint^{10} in this case. Having in mind the note in the begining of the Appendix, we conclude that the operator Q_α defined in (2.5) has unique self-adjoint extension Q^{AB}_α for any value of the flux. Its domain of definition can be written as

D(Q^{AB}_α ) = { f(r, φ) = ∑ l f_l(r)e^{ilφ}, f_l ∈ AC(R^+ \ {0}) ∩ L_2(R^+ l; rdr), |f_l(r)| = O(1) } for α /∈ Z, (A.10) and for α = −2l_0 + β ∈ Z, D(Q^{AB}_{−2l0 +β}) = { f(r, φ) = ∑ l f_l(r)e^{ilφ}, f_l ∈ AC(R^+ \ {0}) ∩ L_2(R^+ l; rdr), |f_l(r)| = O(1) for m ≠ −2l_0 + β, |f_{2l0−β} | = O( √ − log r) } . (A.11)

For 2l_0 + α ∈ (0, 1), the conditions on f_{2l0} and f_{2l0 −1} are more restrictive,

f_{2l0} (r) = o ( r^{−(2l0 +α)} ) , f_{2l0 −1}(r) = o ( r^{(2l0 −1+α)} ) . (A.12)

This means that the restriction of Q^† to the subspace H_{l0} has a larger domain than the restriction of Q to this subspace. Since these domains do not coincide, Q is not essentially self-adjoint. Let us remind that for these values of α, Q corresponds to Q̃_α, see (3.1).

Deficiency subspaces. We shall find solutions ϕ = ϕ_{2l}e^{2liφ} + ϕ_{2l−1}e^{(2l−1)iφ} of Q^†ϕ = ±iμϕ for ϕ ∈ D(Q^†). We can use directly the equation (2.18) for λ = ±iμ. It reduces to

ϕ^{′′}_{2l}(r) + 1 r ϕ^′_{2l}(r) − { μ^2 +

(2l + α)^2 r^2 } ϕ_{2l}(r) = 0 . (A.13)

This differential equation has solutions of the form ϕ_{2l}(r) = C_1K_{|2l+α|}(μr) + C_2I_{|2l+α|}(μr), where I_ν and K_ν are the modified Bessel functions of the first and second (or, Macdonald function) kinds, respectively. The modified Bessel function of the first kind (I_ν ) has to be discarded as it diverges for f → +∞, C_2 = 0 for all l. The function K_ν decreases exponentially in infinity. For r → +0, it reads K_ν (z) ∼ 2^{|ν|−1}Γ(|ν|) z^{−|ν|} ( 1 + O ( z^2 )) . (A.14)

We require the eigenvectors of Q^† to lie in D(Q^†) and to be square integrable in particular. This requirement is met only for 0 < 2l + α < 1, i.e. for l = l_0. Then there is one (and only one) eigenvector of Q^† corresponding to each of the eigenvalues λ = ±ıμ, given by

Φ_± = e^{ı2l0φ}K_{2l0+α}(μr) ± e^{ı(2l0 −1)φ}K_{1−(2l0+α)}(μr) . (A.15)

In the main text, we fixed the scale parameter μ = 1 without lost of generality. Notice that ‖Φ_+‖ = ‖Φ_−‖.

10A densely defined symmetric operator A is essentially self-adjoint if A = A^†.

Self-adjoint extensions. Hence, the deficiency subspaces K_± are one-dimensional for α ∈ (0, 1)|mod_2. We remind that Q coincides formally with Q̃_α (defined in (3.1)) for this value of the magnetic flux. The deficiency indices are equal to one, n_± := dim K_± = 1, and, according to von Neumann’s theory of selfadjoint extensions of symmetric operators [26], the self-adjoint extensions of Q̃_α are characterized by the isometries K_+ → K_− (which, in the present case, form a group U(1) whose elements correspond to a phase factor e^{ıγ} ). Let us denote these self-adjoint extensions by Q^γ_α. Their domain of definition has the following form

D (Q^γ_α) := {Φ(r, φ) = f(r, φ) + A [Φ_+(r, φ) + e^{ıγ} Φ_−(r, φ)] : f(r, φ) ∈ D ( Q ) , A ∈ C , γ ∈ [0, 2π) } . (A.16)

The domain of definition of Q for these values of the flux is given by (A.4), (A.5), (A.6) and (A.12). The operator Q^γ_α acts as

Q^γ_αΦ(r, φ) := Q^†Φ(r, φ) = Qf(r, φ) + ıμA [Φ_+(r, φ) − e^{ıγ} Φ_−(r, φ)] . (A.17)

Taking into account (A.15), the domain can be written as

D (Q^γ_α) = { f(r, φ) + A ( K_{2l0+α}e^{2l0 iφ}(1 + e^{iγ} ) + K_{1−2l0−α}e^{(2l0−1)iφ}(1 − e^{iγ} ) )} , (A.18)

where f(r, φ) is from D(Q).

Appendix B

Let us take γ as a free parameter. Hamiltonian H^γ_α is self-adjoint as it is a square of self-adjoint supercharge Q̃γ_α. We can define the domain D_c, see (5.4), for the current extension H γ_α . It is dense in L_2(R2) as it contains infinitely smooth functions with compact support as well.

However, D_c cannot accomodate the wave packets (normalizable combinations of scattering states) for general value of γ. Let us demonstrate this in the following way: we restrict α ∈ [0, 1). Let Φ_0(r, φ) = ϕ_0(r)+ϕ_{−1}e^{−iφ} be a function lying in the intersection of H_0, D(Q̃^γ_α) and D. It has the asymptotic behavior at the origin prescribed by (3.9). Acting with D we get

Dϕ_0(r) ∼ A(1 − α)(1 + e^{iγ} )

Γ(α) 2^{1−α} r^{−α}(1 + O(r^2)) , (B.1) Dϕ_{−1}(r) ∼ Aα(1 − e^{iγ} ) Γ(1 − α)

2^α r^{−1+α}(1 + O(r^2)) . (B.2)

We require that the resulting function does not leave the domain of definition of Q^γ_α. It is a necessary condition to keep the wave packets composed of scattering states from H_0 within D_c. Considering α as a free parameter, this requirement can be satisfied just for γ = 0 or γ = π. There exists another possibility as well: when α = 1/2, DΦ_0 satisfies (3.9) for any value of γ. This is in agreement with our observation of Section 4, where the broader family of the self-adjoint extensions with hidden superysymmetry generator UQ̃^0_{1/2}U^{−1} was revealed in the case of the half-integer flux. In particular, we discussed the systems

associated with Q̃^{π/2}_{1/2} and Q̃^{3π/2}_{1/2} .

Let us present here the domains of definitions of the operators D, S_1, F and Z :

D(D) = D(D^†) = {ψ(r, φ) ∈ AC(R^2 \ {0}) ∩ L_2(R^2 )|r∂_r ψ(r, φ) ∈ L_2(R^2 )} , (B.3)

D(S_2) = D(S_1) = {Ψ ∈ L_2(R^2) : S_1Ψ ∈ L_2(R^2)} , (B.4)

D(F ) = {Ψ ∈ L_2(R^2) : F Ψ ∈ L_2(R^2)} , (B.5)

D(Z) = {Ψ ∈ L_2(R^2) : ZΨ ∈ L_2(R^2)} . (B.6)

References

[1] Y. Aharonov and D. Bohm, “Significance of electromagnetic potentials in the quantum theory,” Phys.

Rev. 115 (1959) 485.

[2] A. Tonomura et al , “Evidence for Aharonov-Bohm effect with magnetic field completely shielded from electron wave,” Phys. Rev. Lett. 56 (1986) 792; N. Osakabe et al, “Experimental confirmation of Aharonov-Bohm effect using a toroidal magnetic field confined by a superconductor,” Phys. Rev. A 34 (1986) 815.

[3] T. T. Wu and C. N. Yang, “Concept of nonintegrable phase factors and global formulation of gauge fields,” Phys. Rev. D 12 (1975) 3845.

[4] J. F. Schonfeld, “A mass term for three-dimensional gauge fields,” Nucl. Phys. B 185 (1981) 157.

[5] G. A. Goldin, R. Menikoff and D. H. Sharp, “Representations of a local current algebra in nonsimply connected space and the Aharonov-Bohm effect,” J. Math. Phys. 22 (1981) 1664.

[6] M. V. Berry, “Quantal phase factors accompanying adiabatic changes,” Proc. Roy. Soc. Lond. A 392 (1984) 45.

[7] M. Peshkin and A. Tonomura, The Aharonov-Bohm effect, Springer-Verlag (1989).

[8] J. M. Leinaas and J. Myrheim, “On the theory of identical particles,” Nuovo Cim. B 37 (1977) 1.

[9] F. Wilczek, “Magnetic flux, angular momentum, and statistics,” Phys. Rev. Lett. 48 (1982) 1144;

“Quantum mechanics of fractional spin particles,” Phys. Rev. Lett. 49 (1982) 957.

[10] F. Wilczek, “Fractional statistics and anyon superconductivity,” World Scientific, Singapore (1990), A. Khare, “Fractional statistics and quantum theory,” World Scientific, Singapore (1997).

[11] J. K. Jain, “Composite fermion approach for the fractional quantum Hall effect,” Phys. Rev. Lett.

63 (1989) 199.

[12] A. Vilenkin, “Cosmic strings and domain walls,” Phys. Rept. 121 (1985) 263; M. G. Alford and F. Wilczek, “Aharonov-Bohm interaction of cosmic strings with matter,” Phys. Rev. Lett. 62 (1989) 1071; C. Filgueiras and F. Moraes, “The bound state Aharonov-Bohm effect around a cosmic string revisited,” Phys. Lett. A 361 (2007) 13 [arXiv:gr-qc/0509100].

[13] P. de Sousa Gerbert, “Fermions in an Aharonov-Bohm field and cosmic strings,” Phys. Rev. D 40 (1989) 1346.

[14] P. de Sousa Gerbert and R. Jackiw, “Classical and quantum scattering on a spinning cone,” Commun.

Math. Phys. 124 (1989) 229.

[15] M. Alvarez, “Aharonov-Bohm scattering on a cone,” J. Phys. A: Math. Gen. 32 (1999) 4079.

[16] A. Bachtold et al, “Aharonov-Bohm oscillations in carbon nanotubes,” Nature 397 (1999) 673; S. Zaric et al, “Optical signatures of the Aharonov-Bohm Phase in single-walled carbon nanotubes,” Science 304 (2004) 1129; H. Ajiki and T. Ando, “Aharonov-Bohm effect in carbon nanotubes,” Physica B 201 (1994) 349.

[17] W. Tian and S. Datta, “Aharonov-Bohm-type effect in graphene tubules: A Landauer approach,” Phys. Rev. B 49 (1994) 5097.

[18] R. Jackiw, A. I. Milstein, S. Y. Pi and I. S. Terekhov, “Induced current and Aharonov-Bohm effect in graphene,” arXiv:0904.2046 [cond-mat.mes-hall].

[19] M. S. Plyushchay, “Deformed Heisenberg algebra, fractional spin fields and supersymmetry without fermions,” Ann. Phys. 245 (1996) 339.

[20] F. Correa and M. S. Plyushchay, “Hidden supersymmetry in quantum bosonic systems,” Annals Phys.

322 (2007) 2493 [arXiv:hep-th/0605104].

[21] F. Correa, L. M. Nieto and M. S. Plyushchay, “Hidden nonlinear supersymmetry of finite-gap Lamé equation,” Phys. Lett. B 644 (2007) 94 [arXiv:hep-th/0608096].

[22] F. Correa, V. Jakubský, L. M. Nieto and M. S. Plyushchay, “Self-isospectrality, special supersymmetry, and their effect on the band structure,” Phys. Rev. Lett. 101 (2008) 030403 [arXiv:0801.1671 [hep-th]]; F. Correa, V. Jakubský and M. S. Plyushchay, “Finite-gap systems, tri-supersymmetry and self-isospectrality,” J. Phys. A 41 (2008) 485303 [arXiv:0806.1614 [hep-th]].

[23] M. Plyushchay, “Hidden nonlinear supersymmetries in pure parabosonic systems,” Int. J. Mod. Phys.

A 15 (2000) 3679 [arXiv:hep-th/9903130].

[24] A. A. Andrianov, M. V. Ioffe and V. P. Spiridonov, “Higher derivative supersymmetry and the Witten index,” Phys. Lett. A 174 (1993) 273 [arXiv:hep-th/9303005].

[25] C. R. Hagen, “Aharonov-Bohm scattering of particles with spin,” Phys. Rev. Lett. 64 (1990) 503;

F.A.B. Coutinho, Y. Nogami, J. Fernando Perez, Phys. Rev. A 46, 6052 - 6055 (1992); A. Moroz, “The single-particle density of states, bound states, phase-shift flip, and a resonance in the presence of an Aharonov-Bohm potential,” Phys. Rev. A 53 (1996) 669 [arXiv:cond-mat/9504107].

[26] M. Reed, B. Simon, Methods of Modern Mathematical Physics II. Fourier Analysis, Self-Adjointness, Academic Press , New York (1978).

[27] L. Da̧browski and P. Šťovíček, “Aharonov-Bohm effect with delta type interaction,” J. Math. Phys.

39 (1998) 47; R. Adami and A. Teta, “On the Aharonov-Bohm effect,” Lett. Math. Phys. 43 (1998) 43 [arXiv:quant-ph/9702048].

[28] H. Falomir and P. A. G. Pisani, “Self-adjoint extensions and SUSY breaking in supersymmetric quantum mechanics,” J. Phys. A 38 (2005) 4665 [arXiv:hep-th/0501083].

[29] P. Giacconi, F. Maltoni and R. Soldati, “On the scattering amplitude in the Aharonov-Bohm gauge field,” Phys. Rev. D 53 (1996) 952 [arXiv:hep-th/9509003].

[30] S. Albeverio, F. Gesztesy, R. Hough-Kronh, and H. Holden, “Solvable models in quantum mechanics”, Springe-Verlag, New York (1988).

[31] O. Bergman and G. Lozano, “Aharonov-Bohm scattering, contact interactions and scale invariance,” Annals Phys. 229 (1994) 416 [arXiv:hep-th/9302116].

[32] R. Jackiw, “Delta function potentials in two-dimensional and three-dimensional quantum mechanics,” M. A. B. Bég Memorial Volume, World Scientific, Singapore (1991).

[33] L.E. Ballentine, Quantum Mechanics, Prentice Hall (1990).

[34] K. Kowalski, K. Podlaski and J. Rembieliński, “Quantum mechanics of a free particle on a plane with an extracted point,” Phys. Rev. A 66 (2002) 032118.

[35] E. Witten, “Dynamical breaking of supersymmetry,” Nucl. Phys. B 188 (1981) 513.

[36] F. Cooper, A. Khare and U. Sukhatme, “Supersymmetry and quantum mechanics,” Phys. Rept. 251 (1995) 267 [arXiv:hep-th/9405029].

[37] N. Byers and C. N. Yang, “Theoretical considerations concerning quantized magnetic flux in superconducting cylinders,” Phys. Rev. Lett. 7 (1961) 46.

[38] Y. Aharonov et al., “A-B and Berry phases for a quantum cloud of charge,” Phys. Rev. Lett. 73 (1994) 918 [arXiv:hep-th/9312131].

[39] F. Correa, G. V. Dunne and M. S. Plyushchay, “The Bogoliubov/de Gennes system, the AKNS hierarchy, and nonlinear quantum mechanical supersymmetry,” Ann. Phys., in press, arXiv:0904.2768 [hep-th].

[40] R. Jackiw, “Dynamical symmetry of the magnetic monopole,” Annals Phys. 129 (1980) 183.

[41] R. Jackiw, “Dynamical symmetry of the magnetic vortex,” Annals Phys. 201, 83 (1990).

[42] V. de Alfaro, S. Fubini and G. Furlan, “Conformal invariance in quantum mechanics,” Nuovo Cim.

A 34 (1976) 569.

[43] P. A. Horvathy, “Dynamical (super)symmetries of monopoles and vortices,” Rev. Math. Phys. 18 (2006) 329 [arXiv:hep-th/0512233].

[44] C. Manuel and R. Tarrach, “Do anyons contact interact?,” Phys. Lett. B 268 (1991) 222.

[45] H. Falomir, M. A. Muschietti and P. A. G. Pisani, “On the resolvent and spectral functions of a second order differential operator with a regular singularity,” J. Math. Phys. 45 (2004) 4560 [arXiv:math-ph/0404034].

[46] D.M. Gitman, I.V. Tyutin, B.L. Voronov, “Self-adjoint extensions and spectral analysis in Calogero problem,” arXiv:0903.5277 [quant-ph].

[47] F. Correa, V. Jakubský and M. S. Plyushchay, “Aharonov-Bohm effect on AdS_2 and nonlinear supersymmetry of reflectionless Poschl-Teller system,” Annals Phys. 324 (2009) 1078 [arXiv:0809.2854 [hep-th]].

[48] C. Leiva and M. S. Plyushchay, “Conformal symmetry of relativistic and nonrelativistic systems and AdS/CFT correspondence,” Annals Phys. 307 (2003) 372 [arXiv:hep-th/0301244].

[49] D. T. Son, “Toward an AdS/cold atoms correspondence: a geometric realization of the Schroedinger symmetry,” Phys. Rev. D 78 (2008) 046003 [arXiv:0804.3972 [hep-th]]; K. Balasubramanian and J. McGreevy, “Gravity duals for non-relativistic CFTs,” Phys. Rev. Lett. 101 (2008) 061601 [arXiv:0804.4053 [hep-th]].

[50] Y. Aharonov and A. Casher, “The ground state of a spin 1/2 charged particle in a two-dimensional magnetic field,” Phys. Rev. A 19 (1979) 2461; Y. Aharonov, A. Casher and S. Yankielowicz, “Topological singularities and supersymmetry breaking,” Phys. Rev. D 30 (1984) 386 .

[51] F. Correa, L. M. Nieto and M. S. Plyushchay, “Hidden nonlinear su(2|2) superunitary symmetry of N=2 superextended 1D Dirac delta potential problem,” Phys. Lett. B 659 (2008) 746 [arXiv:0707.1393 [hep-th]].

[52] R. Jackiw and S. Y. Pi, “ Soliton solutions to the gauged nonlinear Schrödinger equation on the plane,” Phys. Rev. Lett. 64 (1990) 2969.

[53] P. A. Horvathy and P. Zhang, “Vortices in (abelian) Chern-Simons gauge theory,” Phys. Reports, in press, arXiv:0811.2094 [hep-th].