arXiv:0907.0219v2 [hep-th] 21 Aug 2009

AEI-2009-059, CECS-PHY-09/05

New charged black holes with conformal scalar hair

Andrés Anabalón^{1,2∗} and Hideki Maeda^{2†} 1Max-Planck-Institut für Gravitationsphysik, Albert-Einstein-Institut, Am Mühlenberg 1, D-14476 Golm, Germany.

2Centro de Estudios Científicos (CECS), Arturo Prat 514, Valdivia, Chile (Dated: August 23, 2009)

A new class of four-dimensional, hairy, stationary solutions of the Einstein-Maxwell-Λ system with a conformally coupled scalar field is constructed in this paper. The metric belongs to the Plebański-Demiański family and hence its static limit has the form of the charged C-metric. It is shown that, in the static case, a new family of hairy black holes arises. They turn out to be cohomogeneity-two, with horizons that are neither Einstein nor homogenous manifolds. The conical singularities in the C-metric can be removed due to the back reaction of the scalar field providing a new kind of regular, radiative spacetime. The scalar field carries a continuous parameter proportional to the usual acceleration present in the C-metric. In the zero-acceleration limit, the static solution reduces to the dyonic Bocharova-Bronnikov-Melnikov-Bekenstein solution or the dyonic extension of the Martínez-Troncoso-Zanelli black holes, depending on the value of the cosmological constant.

PACS numbers: 04.20.Jb 04.40.Nr 04.70.Bw

Introduction and summary. The scalar hair has played an important rôle in our understanding of four dimensional black holes as being fundamental objects, in the sense that they are characterized by a small set of parameters (for a short review see [1]). Among all the possible hairs, the conformal scalar hair is particularly interesting because (i) it contains a wellknown family of U(1) charged static black holes [2–6] and (ii) the asymptotically locally anti-de Sitter (AdS) solutions in the Einstein frame can be embedded in string theory [7] and are stable against linear perturbations [8], which provide a relevant arena for the gravitational description of superconductors [9].

These interesting features are in contrast with the exiguous knowledge of exact solutions of this system. The question on the existence of stationary axisymmetric solutions was already pointed out to be of relevance in one of the seminal papers of the subject [3], however, its explicit construction has not been done until now. This is the first of a series of papers that will improve the situation in this regard.

The exact solutions are constructed taking advantage of the following well known fact: the traceless property of the energy-momentum tensor for a conformally coupled scalar field implies that any spacetime with constant Ricci scalar could support, in principle, its back reaction. Hence, the Plebański-Demiański family of spacetimes [10] (see also [11]), the most general Petrov type D spacetime in the Einstein-Maxwell-Λ system, provides a natural starting point.

Thus, in the next section, the most general solution in the Einstein-Maxwell-Λ system with a conformally coupled scalar field within the Plebański-Demiański family is constructed. The addition of a quartic self-interaction of the scalar field is necessary to include the cosmological constant. The subsequent section is devoted to the analysis of the static case in order to show that all the known solutions of this system are included within this new family as particular limits.

Our static solution, being of the form of the charged Cmetric, is reanalyzed in the last section to show a number of remarkable features. First, accelerating black-hole configurations [12] without conical singularities can be achieved, in contrast with the Einstein-Maxwell-Λ system, without implying the existence of only two real roots in the metric functions (see[13] for instance). This is not done at the expense of changing the asymptotic behavior of the spacetime (as opposite of the embedding of the Ernst solution [14] which is asymptotic to a magnetic universe). It is worth to remark that when the cosmological is present the Ernst trick to obtain a radiative spacetime without conical singularities does not work. The configurations that we introduce here are the first radiative solutions that have no conical singularities, compact horizons, thus representing localized sources of matter, and the cosmological constant can be included without spoiling any of these properties, they can be rotating and are exact solutions that besides the scalar field can include or not a U(1) field. Secondly, as was pointed out in [15], the AdS C-metric can be interpreted as a single black hole in a certain range of the parameters. Our new black hole turns out to be a cohomogeneity-two black hole whose event horizon is neither an Einstein nor homogenous manifold, resembling the structure of the five-dimensional stationary black holes constructed in [16]. Thirdly, in the limit where the spacetime is of constant curvature, the scalar field develops a non-trivial vacuum expectation value: the energy-momentum tensor vanishes but the scalar field is non-trivial. These peculiar configurations were already observed to occur for the Minkowski [17], dS, and AdS spacetimes [6, 18], however it was not known how they connect to non-conformally flat spacetimes.

The elimination of the conical singularities in the C-metric, due to the scalar field back reaction, is an interesting result and deserves some comments. The conical singularities associated to the acceleration can be neatly described as follows. The charged C-metric can be written as [12, 13]

ds^2 = 1 A(q − p)^2 ( dp^2 X(p) + X(p)dσ^2 + dq^2 Y (q) − Y (q)dt^2 ) , X(p) = 1 − p^2 − 2mAp^3 − e^2A^2p^4, Y (q) = −X(q), (1) where A, m, and e are acceleration, mass and charge parameters, respectively. The manifold spanned by the coordinates (p, σ) is Euclidean if X(p) ≥ 0 and compact if X(p) has at least two zeros. In general X(p) has four zeros, however further requiring regularity of the Killing vector field ∂_σ at the degeneration surfaces one finds that either (i) m = 0 or (ii) m = ±e with 4Ae < −1 or 4Ae > 1, which in turn implies that X(p) has exactly two real roots.

The situation drastically changes in the presence of the scalar field. Slowly decaying scalar fields have non-trivial contributions to the total mass of the spacetime [19, 20]. Therefore, it is in principle possible to eliminate the parameter m from the metric functions, and thus the conical singularities, still keeping the total mass of the spacetime positive. Although this claim is not explicitly proven below, it is supported due to the existence of solutions with four distinct real roots even in the vanishing m limit, which represent black holes free from conical singularities.

This new family of solutions could have many applications. One of the most interesting is, in our view, when the metric is asymptotically locally AdS but not asymptotically static due to the acceleration horizon. The explicit time dependence in the asymptotic region would allow to study the elusive non-equilibrium phenomena in the dual condensed matter system. In the accompanying paper, we will further discuss the rotating case, its thermodynamical aspect and physical interpretation [21]. Our notations follows [22]. The conventions of curvature tensors are [∇_ρ, ∇_σ]V^μ = R^μ_{νρσ} V^ν and R_{μν} = R^ρ_{μρν} . The metric signature is taken to be (−, +, +, +), Greek letters are spacetime indices and we set c = 1.

The stationary solution. The Einstein-Maxwell-Λ system with a conformally coupled scalar field with quartic selfinteraction can be defined by the following set of equations;

G_{μν} + Λg_{μν} = κ 4π ( F_{μρ}F^ρ_ν − 1 4 g_{μν} F_{ρσ} F^{ρσ} ) +κT^{(ϕ)}_{μν} , (2) T^{(ϕ)}_{μν} = ∂_μϕ∂_ν ϕ − 1 2 g_{μν} ∂_ρϕ∂^ρϕ − αg_{μν} ϕ^4 + 1 6 (g_{μν} − ∇_μ∇_ν + G_{μν} ) ϕ^2, (3) ϕ = 1 6 Rϕ + 4αϕ^3, F^{μν}_{;ν} = 0, (4)

where κ := 8πG and F_{μν} := 2∇_{[μ}A_{ν]}. Using (4) the trace of Eq.(2) reduces to R = 4Λ. Given the Plebański-Demiański ansatz (Eq. (5), the trace equation can be integrated to give the metric functions. Replacing it back in the full set of field equations, we found that the most general solution with a nontrivial scalar field is given by

ds^2 = 1 (1 − qp)^2 [ (p^2 + q^2) ( dp^2 X(p) + dq^2 Y (q) ) + X(p) p^2 + q^2 ( dτ + q^2dσ

)_2 − Y (q) p^2 + q^2 ( dτ − p^2dσ

)_2 ] , (5)

X(p) = a_0 + a_2p^2 + a_4p^4, Y (q) = −a_4 − a_2q^2 − ( a_0 + Λ 3 ) q^4 − Λ 3 , ϕ = ∓ √ − Λ 6α 1 − pq 1 + pq , (6)

A_μdx^μ = c_1q + c_2p q^2 + p^2 dτ + pq c_2q − c_1p q^2 + p^2 dσ, Λ 6α = − 3 [ 3κ ( c^2_1 + c^2 ) + 8π (3a_0 + 3a_4 + Λ) ] 4κπ (3a_0 + 3a_4 + Λ)

. (7)

There are seven parameters a_0, a_2, a_4, c_1, c_2, α, and Λ with one relation between them giving six independent parameters. In [21], it will be shown that the above spacetime has nontrivial angular momentum and that it represent a black hole for certain values of the parameters. In what follows, the discussion will be focused on the static limit of the solution (5)-(7).

Reductions to the known solutions. In this section, we show that our solution reduces to the known solutions as limiting cases. First, we consider the static limit of our stationary solution (5)-(7); its static limit is achieved after the coordinate transformations p → p/n, q → n/q, σ → σ/n, and τ → τ/n together with the redefinitions of the parameters such that a_2 → n^2a_2, a_4 → n^4a_4, c_1 → n^2c_1, and c_2 → n^2c_2 and the limit n → ∞. The further coordinate transformations p → βp + a_3/(4a_4), q → q + a_3/(4a_4), and σ → σ/β and redefinitions a_0 → β^2a_0 + (5a^4_3 − 16a^2_3a_2a_4)/(256a^3_4) and a_2 → a_2 − 3a^2_3/(8a_4) bring the solution to the form (modulo a gauge transformation of the U(1) field)

ds^2 = 1 (q − βp)^2 ( dq^2 Y (q) − Y (q)dτ^2 + dp^2 X(p) + X(p)dσ^2 ) , A_μdx^μ = c_1qdτ + c_2pdσ, (8)

X(p) =a_0 + a_1 β p + a_2p^2 + βa_3p^3 + β^2a_4p^4, Y (q) = −β^2a_0 − a_1q − a_2q^2 − a_3q^3 − a_4q^4 − Λ 3 , (9) ϕ = ± √ − Λ 6α βp − q βp + q + a_3/(2a_4) , Λ 6α = − 3 ( κc^2_1 + κc^2 + 8πa_4 ) 4κπa_4 , a_1 = a_3 ( 4a_2a_4 − a^2_3 ) 8a^2_4

, (10) where a_4 ≠ 0 is assumed and new parameters a_1, a_3, and β were introduced. They allow to consider the zero acceleration limit, β → 0. It is noted that if no coordinate transformations are done after the static limit, n → ∞, the configuration (10) would have been in the same form but with β = 1 and a_1 = a_3 = 0. Then, we can set |a_2| = 1 or |a_4| = 1 if a_2a_4 ≠ 0 using a remaining degree of freedom p → dp, q → dq, τ → dτ, σ → dσ, c_1 → c_1/d^2, and c_2 → c_2/d^2 with a constant d. Hence, for β ≠ 0, there are five independent parameters.

Let us consider now the zero-acceleration limit β → 0 of the static solution (8)-(10). This makes sense only in the case of a_1 = 0, which requires a_3 = 0 or a_4 = a^2_3/(4a_2) with a_2 ≠ 0. In the case of a_3 = 0, the limit implies a constant scalar field. Note that in the previously known solutions of this system the scalar field does not carry any continuous parameter that allows to drive it to a non-zero constant value. In the case with a_4 = a^2_3/4a_2, by the coordinate transformation r := 1/q and the rescaling of the coordinates τ → τ/ √ |a_2|, r → √ |a_2|r, p → √ |a_0|p/ √ |a_2|, and σ → σ/( √ |a_0||a_2|) together with the redefinition of the parameters such as e := c_1/|a_2|, g := c_2/|a_2|, MG := −a_3/(2a_2|a_2|^{1/2}), and k := −sign(a_2), the limit provides the dyonic extension of the black hole obtained in [5];

ds^2 = − f(r)dτ^2 + dr^2 f(r) + r^2 ( dp^2 sign(a_0) − kp^2

+ (sign(a_0) − kp^2)dσ^2 ) , A_μdx^μ = e r dτ + gpdσ, (11) f(r) =k ( 1 − MG r )_2 − Λ 3 r^2, ϕ = ± √ 3 4π √ M^2G − k(e^2 + g^2) r − GM , k e^2 + g^2 M^2

= G + 2πΛ 9α G^2, (12)

where αΛ < 0 is required for the scalar field to be real and k represents the curvature of the two-dimensional section of (p, σ). Thus, all the known solutions of the relevant system are contained within the static family (8)-(10).

New static cohomogeneity-two black holes. Now let us study the static solution (8) in all its generality and hence we set β = 1 and a_1 = a_3 = 0. There are then two different families of solutions, depending whether a_4 is positive or negative. When a_4 < 0 the geometry is the same as in the extremal case of the U(1) charged C-metric; the relation of this case with a conformally coupled scalar field is analyzed in [23]. The case a_4 := b^2 > 0 does not occur within the pure Einstein- Maxwell system; the existence of solutions with a positive value of a_4 is intrinsically associated with the presence of the scalar field. In what follows we focus on this case.

The (p, σ) submanifold is Euclidean and compact if and only if X(p) has four real roots. In terms of these roots the metric functions are

X(p) = b^2 ( p^2 − ξ^2_1 ) ( p^2 − ξ^2 ) , (13)

Y (q) = −b^2 ( q^2 − ξ^2_1 ) ( q^2 − ξ^2 ) − Λ 3 , (14)

where we set 0 < ξ_1 < ξ_2 without loss of generality. It follows that the required signature and compactness is obtained if −ξ_1 ≤ p ≤ ξ_1. From the expansion of the metric around the degeneration surfaces of the angular Killing vector ∂/∂σ, it follows that the spacetime is free from conical singularities, as can be seen from the relation |X^′(ξ_1)| = |X^′(−ξ_1)| = 2b^2ξ_1(ξ^2 − ξ^2_1 ). Conformal infinity is located at p = q and there are curvature singularities at q = ±∞, so the domain of the coordinate q is p < q < ∞.

When the cosmological constant vanishes, there is an event horizon at q = ξ_2 and an acceleration horizon at q = ξ_1. For Λ ≠ 0, the roots of Y (q) = 0, q_{1(+)}, q_{1(−)}, q_{2(+)}, and q_{2(−)}, are given by

q_{1(±)} := ± 1 √ 2 [ ξ^2_1 + ξ^2 − √ (ξ^2_1 − ξ^2 )^2 − 4Λ 3b^2 ]_{1/2} , (15)

q_{2(±)} := ± 1 √ 2 [ ξ^2_1 + ξ^2 + √ (ξ^2_1 − ξ^2 )^2 − 4Λ 3b^2 ]_{1/2} . (16)

q = q_{1(+)} and q = q_{2(+)} correspond to the acceleration horizon and the event horizon, respectively.

Let us count the number of the real roots of Y (q) = 0. When Λ > 3b^2(ξ^2_1 − ξ^2 )^2/4, there is no root of Y (q) = 0 and the Killing vector ∂/∂τ becomes spacelike everywhere. There are two roots for Λ = 3b^2(ξ^2_1 − ξ^2 )^2/4, here the event and acceleration horizon coalesce. In the case of Λ < 3b^2(ξ^2_1 − ξ^2 )^2/4, there are four, three, and two roots for Λ > −3b^2ξ^2_1 ξ^2 , Λ = −3b^2ξ^2_1 ξ^2 , and Λ < −3b^2ξ^2_1 ξ^2 , respectively.

In the case of the positive or vanishing cosmological constant, the spacetime is not static near the conformal infinity. The situation is quite different for the negative cosmological constant. The acceleration horizon exists only for −3b^2ξ^2_1 ξ^2 ≤ Λ < 0 with equality holding for the case with the extremal horizon. For Λ < −3b^2ξ^2_1 ξ^2 , in contrary, there is no acceleration horizon and the spacetime is static near the conformal infinity. When the asymptotic region is static the interpretation of the C-metric changes and it corresponds to the geometry of a single black hole[15]. Thus, these cases represent new asymptotically locally AdS black holes without conical singularities.

It should be noted that, when the cosmological constant is negative, the coordinate rank q > p implies the existence of constant p slices which do not intersect none of the two acceleration horizons. Whenever the acceleration horizons exist and the cosmological constant is non-positive, these horizons reach infinity. When the cosmological constant is positive, the acceleration horizon is replaced by a compact cosmological horizon for the allowed values of Λ discussed before.

The spacetime is regular everywhere outside the event horizon. Now let us consider the behavior of the conformal scalar field, which is given by ϕ = ± √ − Λ 6α p − q p + q . (17)

The scalar field diverges on the surface p+q = 0. This surface is outside the cosmological horizon for Λ > 0. Depending on the value of p, it is outside or on the acceleration horizon for Λ = 0 and outside, on, or inside the acceleration horizon for −3b^2ξ^2_1 ξ^2 < Λ < 0. For Λ = −3b^2ξ^2_1 ξ^2 , it is completely inside of an extremal horizon. Note that in the spherically symmetric Bocharova-Bronnikov-Melnikov-Bekenstein black hole, that surface is located precisely on the event horizon [2, 3]. The scalar field reduces to zero at the conformal infinity and is regular on the event horizon.

The spacetime (8) reduces to the maximally symmetric spacetime by setting first a_3 = c_1 = c_2 = 0 and then a_4 = 0. In this limit, the scalar field becomes a stealth field [6, 17, 18]

ϕ = ϕ_S := ± √ 6 κ p − q p + q , (18)

which satisfies T^{(ϕ=ϕS)}_{μν} ≡ 0. Let us remark that, for the scalar field (18), the energy-momentum tensor vanishes if and only if the metric is maximally symmetric.

The horizon metric with constant τ is given by

ds^2_H = 1 (q_H − p)^2 ( dp^2 X(p) + X(p)dσ^2 ) , (19)

where q_H is the value of q at the event horizon. Note that the horizon manifold M_H is neither Einstein nor homogeneous. The topology of this event horizon is defined by its Euler characteristic χ. The lack of conical singularities implies that σ ∈ [ 0, 2π/{b^2ξ_1(ξ^2 − ξ^2_1 )} ] , from which it follows χ = 1 4π ∫ M_H (2)R √ gdpdσ = 2. (20) Therefore, the horizon is diffeomorphic to a two-sphere. The metric is asymptotically locally (A)dS in the sense that R^{μν}_{λρ}|_{p=q} = Λ 3 ( δ^μ_λ δ^ν_ρ − δ^μ_ρ δ^ν_λ ) . (21)

In the case that the acceleration horizon is extremal, it was recently shown that the conformal structure of the C-metric is ℜ^3 [24]. It would be interesting to have an analogous description for the non-extremal case.

As a final remark we would like to stress that the parameters given in the metric have not been labeled as mass, electric or magnetic charge because these quantities are meaningful only when they are defined as surface integrals. We expect to make a more extended analysis of these issues as well as the thermodynamical properties of these spacetimes in a forthcoming work [21].

Acknowledgmets The authors would like to thank D. Astefanesei, E. Ayón-Beato, F. Ferrari, S. Hartnoll, G. Lavrelashvili, C. Martínez, J. Oliva, M. Rodriguez, S. Tomizawa, R. Troncoso, J. Podolský, O. Varela, E. Winstanley, and J. Zanelli for discussions and useful comments. A.A. wish to thank the precious support of Cecilia Gumucio while writing this manuscript. This work was partially funded by the following Fondecyt grants: 3080024 (AA); and 1071125 (HM). A.A is an Alexander von Humboldt fellow. The Centro de Estudios Científicos (CECS) is funded by the Chilean Government through the Millennium Science Initiative and the Centers of Excellence Base Financing Program of Conicyt. CECS is also supported by a group of private companies which at present includes Antofagasta Minerals, Arauco, Empresas CMPC, Indura, Naviera Ultragas, and Telefónica del Sur. CIN is funded by Conicyt and the Gobierno Regional de Los Ríos.

Note added: At the final stage of this work, we were informed that another group also obtained the static solution (8)- (10) [23]. In their analysis, only the case where a_4 is negative (corresponding to the e^2 term of (1) is positive) is studied. In fact, this e^2 term is not the square of the electric charge and can be negative, which is the case we analyzed in the last section.

∗ Electronic address: anabalon-at-aei.mpg.de † Electronic address: hideki-at-cecs.cl [1] J. D. Bekenstein, ‘No Hair’: Twenty–five Years After, chapter in Proceedings of the Second International Andrei D. Sakharov Conference in Physics, edited by I. M. Dremin and A. M. Semikhatov (World Scientific, Singapore, 1997).

[2] N. Bocharova, K. Bronnikov, and V. Melnikov, Vestn. Mosk.

Univ. Fiz. Astron. 6, 706 (1970).

[3] J. D. Bekenstein, Annals Phys. 82, 535 (1974); 91, 75 (1975). [4] K. S. Virbhadra and J. C. Parikh, Phys. Lett. B 331, 302 (1994) [Erratum-ibid. B 340, 265 (1994)] [arXiv:hep-th/9407121].

[5] C. Martínez, R. Troncoso, and J. Zanelli, Phys. Rev. D 67, 024008 (2003) [arXiv:hep-th/0205319].

[6] C. Martínez, J. P. Staforelli, and R. Troncoso, Phys. Rev. D 74, 044028 (2006) [arXiv:hep-th/0512022].

[7] I. Papadimitriou, JHEP 0705, 075 (2007) [arXiv:hepth/0703152]; M. J. Duff and J. T. Liu, Nucl. Phys. B 554, 237 (1999) [arXiv:hep-th/9901149].

[8] E. Radu and E. Winstanley, Phys. Rev. D 72, 024017 (2005) [arXiv:gr-qc/0503095].

[9] S. A. Hartnoll, C. P. Herzog, and G. T. Horowitz, Phys. Rev.

Lett. 101, 031601 (2008) [arXiv:0803.3295 [hep-th]]; G. Koutsoumbas, E. Papantonopoulos, and G. Siopsis, JHEP 0907, 026 (2009) [arXiv:0902.0733 [hep-th]].

[10] J. F. Plebański and M. Demiański, Annals Phys. 98, 98 (1976). [11] J. B. Griffiths and J. Podolský, Int. J. Mod. Phys. D 15, 335 (2006).

[12] W. Kinnersley and M. Walker, Phys. Rev. D 2, 1359 (1970). [13] A. Ashtekar and T. Dray, Commun. Math. Phys. 79, 581 (1981). [14] F. J. Ernst, J. Math. Phys. 17, 515 (1976).

[15] O. J. C. Dias and J. P. S. Lemos, Phys. Rev. D 67, 064001 (2003) [arXiv:hep-th/0210065]; J. Podolský, Czech. J. Phys. 52, 1 (2002) [arXiv:gr-qc/0202033].

[16] H. Lu, J. Mei, and C. N. Pope, Nucl. Phys. B 806, 436 (2009)

[arXiv:0804.1152 [hep-th]].

[17] E. Ayón-Beato, C. Martínez, R. Troncoso, and J. Zanelli, Phys.

Rev. D 71, 104037 (2005) [arXiv:hep-th/0505086].

[18] S. de Haro, I. Papadimitriou, and A. C. Petkou, Phys. Rev. Lett.

98, 231601 (2007) [arXiv:hep-th/0611315]; E. Ayón-Beato, C. Martínez, R. Troncoso, and J. Zanelli, “Stealths on (A)dS”, in preparation.

[19] M. Henneaux, C. Martínez, R. Troncoso, and J. Zanelli, Phys.

Rev. D 70, 044034 (2004) [arXiv:hep-th/0404236].

[20] M. Henneaux, C. Martínez, R. Troncoso, and J. Zanelli, Annals Phys. 322, 824 (2007) [arXiv:hep-th/0603185].

[21] A. Anabalón and H. Maeda, in preparation.

[22] R. M. Wald, General Relativity, (University of Chicago Press, 1984), p.491.

[23] C. Charmousis, T. Kolyvaris, and E. Papantonopoulos, arXiv:0906.5568 [gr-qc].

[24] R. Emparan and G. Milanesi, arXiv:0905.4590 [hep-th].