arXiv:0907.2989v1 [hep-th] 17 Jul 2009

Casimir Effect in Spacetime with Extra Dimensions – From Kaluza-Klein to Randall-Sundrum Models

L.P. Teo^∗ Department of Applied Mathematics, Faculty of Engineering, University of Nottingham Malaysia Campus, Jalan Broga,

43500, Semenyih, Selangor Darul Ehsan, Malysia.

In this article, we show that the results of some previous works on Casimir effect in Kaluza- Klein spacetime can be used to deduce the nature and properties of Casimir force acting on a pair of parallel plates in the Randall-Sundrum brane model. We consider massless scalar field in a more general spacetime model – Kaluza-Klein spacetime embedded as branes in the Randall- Sundrum model. The results show that for homogeneous boundary conditions where both Dirichlet or Neumann boundary conditions are imposed on both plates, the Casimir force is always attractive at any temperature. For mixed boundary conditions where Dirichlet boundary condition is imposed on one of the plates and Neumann boundary condition on the other, the Casimir force is always repulsive. For homogeneous boundary conditions, it is also concluded that the magnitude of the Casimir force is enhanced as the size or the number of the extra dimensions is increased.

PACS numbers: 04.50.Cd, 11.10.Wx, 11.10.Kk, 04.62.+v.

Keywords: Finite temperature field Theory, Casimir effect, Kaluza-Klein spacetime, Randall-Sundrum models.

I. INTRODUCTION

Since the advent of string theory, theories of spacetime with extra dimensions become prevalent in physics. The idea of extra dimensional spacetime can be dated back to the work of Kaluza and Klein [1, 2], who tried to propose a theory that can unify classical electrodynamics and gravity. Recently, intensive investigations on the Casimir effect in spacetime with extra dimensions are undergoing. In the context of string theory, Casimir effect was studied in [3, 4, 5, 6]. The possible roles played by Casimir energy as dark energy or cosmological constant was discussed in [7, 8, 9, 10, 11, 12, 13]. The use of Casimir effect in stabilizing extra dimensions were considered in [14, 15, 16, 17, 18, 19, 20]. The influence of the extra dimensions on the Casimir force acting on a pair of parallel plates in macroscopic (3+1)-dimensional spacetime was studied in [13, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35]. In the pioneering work of Casimir [36], it was shown that the Casimir force acting on a pair of parallel prefectly conducting plates in (3+1)-dimensional spacetime is attractive. It was confirmed later in the work of Brown and Maclay [37] that the thermal correction would not change the nature of the Casimir force. The recent works [13, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] explored the possible influence of the extra dimensions to the magnitude and nature of the Casimir force. In [13, 21, 22, 23], the Casimir effect on a pair of parallel plates in spacetime with one extra dimension compactified to a circle was considered. Generalizations to extra dimensions with more dimensions and more complicated geometries were considered in [24, 25, 26, 27]. Further generalizations to finite temperature Casimir effect were studied in [28, 29, 30]. In the works [21, 22, 23, 24, 25, 26, 27, 28, 29, 30], the spacetimes considered are the generalized Kaluza-Klein (KK) models of the form M^{3+1} × N^n with metric ds^2 = g^{KK}_{μν} dx^μdx^ν = η_{αβ} dx^αdx^β − G_{ab}dx^adx^b, (1) where η_{αβ} = diag(1, −1, −1, −1) is the usual (3+1)-D metric on the Minkowski spacetime M^{3+1} and ds^2_N = G_{ab}dx^adx^b is a Riemannian metric on the n-dimensional compact internal space N^n. In this model, the metric is factorizable. Hence the geometrical structures of the macroscopic manifold M^{3+1} and the internal manifold N^n are independent. It has been concluded that the Casimir force acting on a pair of parallel plates due to a scalar field with homogeneous boundary conditions where Dirichlet or Neumann boundary conditions are imposed on both plates is always attractive, at either zero or any finite temperature. On the other hand, for mixed boundary conditions where one of the plates assumes Dirichlet boundary condition and the other one assumes Neumann boundary condition, the Casimir force is always repulsive. It should be mentioned that this conclusion was proved analytically, and in [23, 24, 25, 26, 27, 28, 29, 30], a regularization scheme using piston [38] has been employed to reach the conclusion.

∗Electronic address: LeePeng.Teo@nottingham.edu.my

In [31, 32, 33, 34], the spacetime considered is the Randall-Sundrum (RS) brane model. This model was proposed in [39, 40] to solve the hierarchy problem between the Planck and the electroweak scale. In this model, the underlying spacetime is a five-dimensional Anti-de Sitter space (AdS_5) with background metric ds^2 = g^{RS}_{μν} dx^μdx^ν = e^{−2κ|y|}η_{αβ} dx^αdx^β − dy^2. (2) This metric is non-factorizable. The extra dimension with coordinate y is compactified on the manifold S^1/Z_2. The metric of the underlying Minkowski spacetime depends on the extra dimension through the warped factor e^{−2κ|y|}, where κ determines the degree of curvature of the AdS_5 space. There are two types of RS brane models, denoted by RSI and RSII respectively. In RSI, there are two 3-branes with equal and opposite tensions, localized at y = 0 and y = πR_0 respectively, with Z_2-symmetry y ↔ −y, πR_0 + y ↔ πR_0 − y. Here R_0 is the compactification radius of the extra dimension. RSII can be considered as a limiting case of RSI where R_0 → ∞, i.e., one brane is located at infinity. In relation to Casimir effect, RS model was generalized to (3 + n)-branes with n-compact dimensions compactified to an n-torus embedded in a (3 + n + 2)-dimensional spacetime with background metric ds^2 = g^{RSKK} μν dx^μdx^ν = e^{−2κ|y|} ( η_{αβ} dx^αdx^β − n∑ i=1 R^2_i dθ^2_i ) − dy^2. (3)

In [31] and [33], it was concluded that the zero temperature Casimir force acting on a pair of parallel plates in one of the branes embedded in either the 5-dimensional RS model (2) or its extension (3) due to a massless scalar field with Dirichlet boundary conditions is always attractive. The regularization method used in [31] and [33] is not the piston method, but the authors have subtracted away the Casimir energy that would present in the region between the plates if the plates are absent. For the Casimir effect on parallel plates in a 3-brane in the RS model (2), this subtraction scheme is equivalent to the piston approach, where the Casimir force due to the Casimir energy in the region external to the plates is taken into account properly. However, for the Casimir effect in the RS model (3) which has extra compactified dimensions on the branes, this subtraction scheme is not enough to compensate for the Casimir force due to the Casimir energy in the region external to the plates.

In this article, we are going to show that the results in [25, 26, 27, 28, 29, 30] concerning Casimir force between a pair of parallel plates in KK models can be directly extended to the RS model (2) and its extension (3). In fact, we are going to consider a further extension of (3), where now the spacetime is (3 + n + 2)-dimensional with background metric ds^2 = g^{RSKK} μν dx^μdx^ν = e^{−2κ|y|} ( η_{αβ} dx^αdx^β − G_{ab}dx^adx^b ) − dy^2. (4)

Compared to the model (3), the compact n dimensions on the brane now is an arbitrary n-dimensional compact manifold with Riemannian metric ds^2_N = G_{ab}dx^adx^b. It can be considered as a KK model (1) embedded in a RS model (2). Therefore we call this model Randall-Sundrum-Kaluza-Klein (RSKK) model. We are going to conclude from the results in [25, 26, 27, 28, 29, 30] that the Casimir force acting on a pair of parallel plates in the RSKKI model (the model with two branes localized at y = 0 and y = πR_0) due to a massless scalar field is always attractive at any temperature for homogeneous boundary conditions, and is always repulsive at any temperature for mixed boundary conditions. Remarks are also going to be made on the Casimir force in RSKKII model where one of the branes is located at infinity, i.e., R_0 → ∞. This resolves the speculations that repulsive Casimir force can appear for massless scalar field with Dirichlet boundary conditions on parallel plates in RS brane models. In the case of homogeneous boundary conditions, we also conclude that the increase of the size and dimension of the internal space will increase the magnitude of the Casimir force.

In this article, we use the units where ℏ = c = k_B = 1.

II. REVIEW OF CASIMIR FORCE ON PARALLEL PLATES IN KALUZA-KLEIN MODELS

In this section, we review the results of the works [25, 26, 27, 28, 29, 30] about Casimir effect in KK models using piston approach. Consider a scalar field φ(x) with mass m (when m = 0, the field is massless) satisfying the equation of motion ( 1 √ |g^{KK} | ∂_μ √ |g^{KK} | ( g^{KK} )_{μν} ∂_ν + m^2 ) φ(x) = 0 (5)

in the KK spacetime M^{3+1} × N^n with background metric (1). A rectangular piston system (FIG. 1) is a system consists of a piston located at x^1 = a dividing the cavity [0, L_1] × [0, L_2] × [0, L_3] × N^n into two regions: Region I and

FIG. 1: A rectangular piston.

Region II. For this system, the Casimir energy E^{piston,KK}_{Cas} due to the scalar field φ(x) is the sum of the Casimir energy in Region I, E^{I,KK}_{Cas} , the Casimir energy of Region II, E^{II,KK}_{Cas} , and the Casimir energy outside the cavity, E^{out,KK}_{Cas} [38], i.e., E^{piston,KK} Cas (a; L_1; T ; m) = E^{I,KK}_{Cas} (a; T ; m) + E^{II,KK}_{Cas} (a; L_1; T ; m) + E^{out,KK}_{Cas} (T ; m).

The Casimir force acting on the piston located at x^1 = a is given by

F^{piston,KK}

Cas (a; L_1; T ; m) = − ∂ ∂a E^{piston,KK} Cas (a; L_1; T ; m) = − ∂ ∂a ( E^{I,KK}_{Cas} (a; T ; m) + E^{II,KK}_{Cas} (a; L_1; T ; m) ) . (6)

The Casimir energy outside the cavity E^{out,KK}_{Cas} does not appear in the right hand side of (6) because it is independent of the position of the piston. To evaluate to Casimir force (6) acting on the piston, one need to compute the Casimir energy E^{cavity,KK}

Cas (L; T ; m) in a cavity of the form [0, L] × [0, L_2] × [0, L_3] × N^n. Then the Casimir energies in Region I and Region II are equal to

E^{I,KK}_{Cas} (a; T ; m) = E^{cavity,KK}

Cas (a; T ; m), E^{II,KK}_{Cas} (a; L_1; T ; m) = E^{cavity,KK}_{Cas} (L_1 − a; T ; m).

By definition, the finite temperature Casimir energy of the scalar field φ(x) confined in the cavity [0, L] × [0, L_2] × [0, L_3] × N^n which is maintained in thermal equilibrium at temperature T is given by E^{cavity,KK} Cas (L; T ; m) = 1 2 ∑ ω + T ∑ log ( 1 − e^{−ω/T} ) , (7)

where the summation runs through all ω which are the eigenfrequencies of the field φ(x) satisfying the equation of motion (5), with appropriate boundary conditions on the boundary of the cavity. The first term in (7) is the zero temperature Casimir energy and the second term is the thermal correction. The naive definition of the zero temperature Casimir energy gives a divergent sum that need to be regularized. An attractive feature of the piston system is that the Casimir force acting on the piston (6) is independent of the regularization scheme employed to calculate the Casimir energies of the two regions divided by the piston.

In this article, we impose Dirichlet boundary conditions on the walls x^2 = 0, x^2 = L_2, x^3 = 0, x^3 = L_3 transversal to the x^1 direction. On the x^1 direction, we consider different combinations of boundary conditions. A complete set of independent solutions to the equation (5) is given by φ_{k,j,l}(x) = e^{−iωk,j,lt}f_k(x^1) sin πj_2x^2 L_2 sin πj_3x^3 L_3

Φ_l(x^4, . . . , x^{3+n}), k, l ∈ N_0 , j = (j_2, j_3) ∈ N^2 , (8)

where for k = 0, 1, 2, . . .,

f_k(x^1) = sin π(k + 1)x^1 L if Dirichlet boundary conditions are imposed on both x^1 = 0 and x^1 = L (DD),

f_k(x^1) = cos πkx^1 L if Neumann boundary conditions are imposed on both x^1 = 0 and x^1 = L (NN), and

f_k(x^1) = sin π ( k +^1_2 ) x^1 L if Dirichlet boundary condition is imposed on x^1 = 0 and Neumann boundary condition is imposed on x^1 = L (DN). For l = 0, 1, 2, . . ., Φ_l(x^4, . . . , x^{3+n}) is an eigenfunction of the Laplace operator^{1√}_G ∂_a √ GG^{ab}∂_b on N^n with eigenvalue λ^2_{N,l}. By convention, λ^2_{N,0} = 0 corresponds to the constant functions on N^n. The eigenfrequency ω_{k,j,l} is equal to

ω_{k,j,l} = √( π(k + χ) L )_2 + λ^2_{Ω,j} + λ^2_{N,l} + m^2, λ^2_{Ω,j} := ( πj_2 L_2

)_2 + ( πj_3 L_3

)_2 , where χ = 0 for NN boundary conditions, χ = 1/2 for DN boundary conditions and χ = 1 for DD boundary conditions.

By taking the limit where L_1 → ∞ on (6), i.e., by moving the right end of the cavity to infinite distance away, one obtains F^{∞,KK} Cas (a; T ; m) = lim_{L1→∞} F^{piston,KK}

Cas (a; L_1; T ; m) = − lim_{L1→∞} ∂ ∂a ( E^{I,KK}_{Cas} (a; T ; m) + E^{II,KK}_{Cas} (a; L_1; T ; m) ) , (9)

which can be interpreted as the Casimir force acting on a pair of parallel plates with separation a embedded orthogonally inside an infinitely long rectangular cylinder R×[0, L_2 ]×[0, L_3]×N^n [41]. By the results of [25, 26, 27, 28, 29, 30], this force is given by

F^{∞,KK} Cas (a; T ; m) = − (−1)^{2χ}T ∑ j∈N^2 ∞∑ l=0 ∞∑ p=−∞

√ λ^2_{Ω,j} + λ^2_{N,l} + m^2 + (2πpT )^2 exp ( 2a √ λ^2_{Ω,j} + λ^2_{N,l} + m^2 + (2πpT )^2 ) − (−1)^{2χ}

. (10)

In the limit T → 0, one obtains

F^{∞,KK} Cas (a; 0; m) = lim_{T →0} F^{∞,KK}_{Cas} (a; T ; m) = − 1 2πa ∞∑ k=1 ∑ j∈N^2 ∞∑ l=0 e^{2πikχ} √ λ^2_{Ω,j} + λ^2_{N,l} + m^2 k K_1 ( 2ka √ λ^2_{Ω,j} + λ^2_{N,l} + m^2 )

− 1 π ∞∑ k=1 ∑ j∈N^2 ∞∑ l=0 e^{2πikχ} ( λ^2_{Ω,j} + λ^2_{N,l} + m^2 ) K_0 ( 2ka √ λ^2_{Ω,j} + λ^2_{N,l} + m^2 ) , (11)

which is the zero temperature Casimir force acting on a pair of finite parallel plates inside an infinitely long cylinder. On the other hand, dividing (10) by L_2L_3 and taking the limit L_2 = L_3 → ∞, one finds that the finite temperature Casimir force density acting on a pair of infinite parallel plates in a (3 + 1)-dimensional macroscopic Minskowski spacetime with n-extra dimensions compactified to N^n is given by F^{‖,KK} Cas (a; T ; m) = lim_{L2=L3→∞} F^{∞,KK} Cas (a; T ; m)

L_2L_3 = − T 2π^32 a^32 ∞∑ k=1 ∞∑ l=0 ∞∑ p=−∞ e^{2πikχ} √ λ^2_{N,l} + (2πpT )^2 + m^2 k 3 2 K 3_2 ( 2ka √ λ^2_{N,l} + (2πpT )^2 + m^2 )

− T 2π^32 a^12 ∞∑ k=1 ∞∑ l=0 ∞∑ p=−∞ e^{2πikχ} (√ λ^2_{N,l} + (2πpT )^2 + m^2

) 5_2 √ k K 1_2 ( 2ka √ λ^2_{N,l} + (2πpT )^2 + m^2 ) . (12)

In the massless (m = 0) case, the sum of the terms in (12) with l = p = 0 should be replaced by its limit when m → 0 given by

lim_{m→0} ( − T 2π^32 a^32 ∞∑ k=1 e^{2πikχ} (m k ) 3_2

K 3_2 (2kam) − T 2π^32 a^12 ∞∑ k=1 e^{2πikχ} m^{52} k^12

K 1_2 (2kam) ) = { −^{ζR(3)T}_{8πa3} , if χ = 0, 1,

3ζ_R(3)T 32πa^3 , if χ = 1/2.

Taking the limit T = 0 in (12), one finds that the zero temperature Casimir force acting on a pair of infinite parallel plates in the presence of an internal manifold N^n is given by

F^{‖,KK} Cas (a; 0; m) = − 3 8π^2a^2 ∞∑ k=1 ∞∑ l=0 e^{2πikχ} √ λ^2_{N,l} + m^2 k 2 K_2 ( 2ka √ λ^2_{N,l} + m^2 )

− 1 4π^2a ∞∑ k=1 ∞∑ l=0 e^{2πikχ} (√ λ^2_{N,l} + m^2

)_3 k K_1 ( 2ka √ λ^2_{N,l} + m^2 ) . (13)

In the massless case, the sum of the terms in (13) with l = 0 should be replaced by its limit when m → 0 given by

lim_{m=0} ( − 3 8π^2a^2 ∞∑ k=1 e^{2πikχ} m^2 k^2 K_2(2kam) − 1 4π^2a ∞∑ k=1 e^{2πikχ} m^3 k K_1 (2kam) ) = { −^{π2}_{480a4} , if χ = 0, 1,

7π^2 3840a^4 , if χ = 1/2.

Looking at the expressions (10), (11), (12), (13), we notice that the results for DD boundary conditions (χ = 1) and NN boundary conditions (χ = 0) are the same. This is because the set of eigenmodes of the DD case is a subset of the eigenmodes of the NN case. Their difference is a set of modes corresponding to k = 0 in the NN case, which are independent of a. Therefore these modes would not affect the Casimir force acting on the parallel plates. From (10), (11), (12) and (13), it is easy to see that for the DD or NN boundary conditions, the Casimir force between a pair of parallel plates is always attractive. For the DN case, χ = 1/2, and (10) shows that the Casimir force is always repulsive. This is not obvious from the expressions (11), (12) and (13). However, since (11), (12) and (13) are obtained as limits of (10), they must be positive quantities.

III. CASIMIR FORCE ON PARALLEL PLATES IN RANDALL-SUNDRUM-KALUZA-KLEIN MODELS

In this section, we consider the Casimir force acting on a pair of parallel plates in the RSKK model due to a scalar field Ψ(x, y) of mass m with equation of motion ( 1 √ |g^{RSKK} | ∂_μ √ |g^{RSKK} | ( g^{RSKK} )_{μν} ∂_ν + m^2 ) Ψ(x, y) = 0. (14)

The RSKK model is a model where a KK spacetime embeds as a brane in a RS model. The background metric of the RSKK model is given by ds^2 = g^{RSKK} μν dx^μdx^ν = e^{−2κ|y|} ( g^{KK}_{μν} dx^μdx^ν ) − dy^2 = e^{−2κ|y|} ( η_{αβ} dx^αdx^β − G_{ab}dx^adx^b ) − dy^2. (15)

Notice that g^{RSKK} μν = e^{−2κ|y|}g^{KK}_{μν} , for μ, ν = 0, 1, 2, . . . , 3 + n. Therefore, √ |g^{RSKK} | = e^{−(n+4)κ|y|} √ |g^{KK} |. Using separation of variables, Ψ(x, y) = φ(x)ψ(y), the equation of motion (14) for y ≥ 0 is equivalent to the following two equations: e^{(n+2)κy} d dy ( e^{−(n+4)κy} dψ(y) dy ) − m^2e^{−2κy}ψ(y) = −m^2_{eff}ψ(y), ( 1 √ |g^{KK} | ∂_μ √ |g^{KK} | ( g^{KK} )_{μν} ∂_ν + m^2_{eff} ) φ(x) = 0. (16)

The second equation in (16) is the same as the equation of motion (5) for a scalar field with effective mass m_{eff} in the KK spacetime. For the first equation in (16), the general solutions can be expressed in terms of the Bessel functions of the first and second kinds J_ν (z) and Y_ν (z):

ψ(y) = C_1ψ_1(y) + C_2ψ_2(y) = e^{(n+4)2 κy} ( C_1J_ν

( m_{eff} κ e^{κy} ) + C_2Y_ν

( m_{eff} κ e^{κy} )) , (17)

where ν = √( n + 4 2 )_2 + (m κ )_2 . In the massless case, there is an additional solution given by ψ(y) =constant and m_{eff} = 0.

We first consider the RSKKI model, where two (3 + n)-branes are localized at y = 0 and y = πR_0 respectively. In this case, boundary conditions imposed on the branes at y = 0 and y = πR_0 give rise to discrete spectrum of m^2_{eff}. There are some possibilities [42, 43, 44] of boundary conditions. We choose the one considered in [31, 33], where Neumann boundary conditions are imposed on the branes, i.e., ∂_yψ(y)|_{y=0} = ∂_yψ(y)|_{y=πR0} = 0. In the massless case, the constant functions satisfy this boundary conditions. The general solution (17) satisfies the boundary conditions at y = 0 and y = πR_0 if and only if

C_1ψ^′_1(0) + C_2ψ^′_2(0) = 0, C_1ψ^′_1(πR_0) + C_2ψ^′_2(πR_0) = 0.

(18)

This gives a nontrivial solution to ψ(y) if and only if

Δ(m_{eff}) = ψ^′_1(0; m_{eff})ψ^′_2(πR_0; m_{eff}) − ψ^′_2(0; m_{eff})ψ^′_1(πR_0; m_{eff}) = 0, (19)

where

ψ^′_1(y; m_{eff}) = e^{n+42 κy} {( (n + 4) 2 − ν ) κJ_ν ( m_{eff} κ e^{κy} ) + m_{eff}e^{κy}J_{ν−1} (m_{eff} κ e^{κy} )} , ψ^′_2(y; m_{eff}) = e^{n+42 κy} {( (n + 4) 2 − ν ) κY_ν (m_{eff} κ e^{κy} ) + m_{eff}e^{κy}Y_{ν−1}

( m_{eff} κ e^{κy} )} . (20)

For simplicity, we only consider the massless case, i.e., the m = 0 case from now on. In this case, ν = n + 4 2 , and (19) becomes

Δ(m_{eff}) = m_{eff}e^{n+62 πκR0} { J n+2_2

( m_{eff} κ ) Y n+2_2 (m_{eff} κ e^{κπR0} ) − Y n+2_2

( m_{eff} κ ) J n+2_2

( m_{eff} κ e^{κπR0} )} = 0. (21)

We denote by m_{eff,0} = 0 the effective mass corresponding to the solution ψ(y)=constant and let m_{eff,1} < m_{eff,2} < . . . be all the positive solutions of (21). These effective masses can be calculated by numerical methods. However, the precise values of these effective masses are not important for the qualitative properties we are going to discuss. A complete set of independent solutions to the equation (16) for Ψ(x, y) in [0, L] × [0, L_2] × [0, L_3] × N^n × S^1/Z_2 whose x-components satisfy the boundary conditions specified in Section II, and y-component satisfies Neumann boundary conditions, is given by Ψ_{k,j,l,q}(x, y) = e^{−iωk,j,l,q t}f_k(x^1) sin πj_2x^2 L_2 sin πj_3x^3 L_3 Φ_l(x^4, . . . , x^{3+n})ψ_q (y), k, l, q ∈ N_0 , j ∈ N^2 .

Here f_k(x^1) is as in (8) and ψ_q(y) is given by setting m_{eff} = m_{eff,q} and substituting a nontrivial solution of (C_1, C_2) in (18) into (17). The eigenfrequencies are now given by

ω_{k,j,l,q} = √( π(k + χ) L )_2

+ λ^2_{Ω,j} + λ^2_{N,l} + m^2_{eff,q}.

Compared to the KK case discussed in Section II, we find that besides the massless field in the KK spacetime, now we have a hierarchy of massive fields due to the extra dimension with y coordinate. Since the expression (10) decays exponentially when m is large, it is easy to see that the finite temperature Casimir force acting on a pair of finite parallel plates embedded in an infinitely long rectangular cylinder in the RSKKI model is given by F^{∞,RSKKI} Cas (a; T ) = ∞∑ q=0 F^{∞,KK} Cas (a; T ; m_{eff,q} )

= − (−1)^{2χ}T ∑ j∈N^2 ∞∑ l=0 ∞∑ p=−∞ ∞∑ q=0

√ λ^2_{Ω,j} + λ^2_{N,l} + m^2_{eff,q} + (2πpT )^2 exp ( 2a √ λ^2_{Ω,j} + λ^2_{N,l} + m^2_{eff,q} + (2πpT )^2 ) − (−1)^{2χ} . (22)

The sum of the terms with q = 0 is the finite temperature Casimir force acting on a pair of parallel plates in the KK model due to a massless scalar field [29].

From (22), we can deduce some conclusions about the Casimir force as in [25, 26, 27, 28, 29, 30]. First of all, notice that each summand in the summation of (22) is positive. Therefore, the sign of the Casimir force is governed by the factor (−1)^{2χ} in front of the summation. We find that the Casimir force is always attractive at any temperature when Dirichlet boundary conditions are imposed on both plates (χ = 1) or Neumann boundary conditions are imposed on both plates (χ = 0). In the case Dirichlet boundary condition is imposed on one plate and Neumann boundary condition is imposed on the other (χ = 1/2), the Casimir force is always repulsive. In either DD, NN or DN boundary conditions, the magnitude of the Casimir force is a decreasing function of the plate separation a. Moreover, when a is large, the magnitude of the Casimir force decays exponentially.

For the influence of the extra dimensions, notice that the sum of the terms with l = 0 in (22) corresponds to the Casimir force in the absence of the internal space N^n. Using again the fact that each summand of the summation in (22) is positive, one can easily deduce that the extra dimensions enhance the magnitude of the Casimir force. Moreover, the Casimir force becomes stronger in the presence of more extra dimensions. Denote by R = Vol(N^n)^{1n} the size of the internal space N^n. The same argument as in [29, 30] shows that λ_{N,l} ∝ 1/R. Therefore using the fact that x → x e^x − 1

is a decreasing function, (22) shows that for DD or NN boundary conditions, the magnitude of the finite temperature Casimir force (22) is an increasing function of R. In other words, the increase in the size of the extra dimensions increases the magnitude of the Casimir force. Therefore experimental measurements can set an upper bound on the size of the extra dimensions. In the opposite case where the size of the extra dimensions shrinks to zero, only the terms with l = 0 in (22) give a nonzero limit:

F^{∞,RSI} Cas (a; T ) = − (−1)^{2χ}T ∑ j∈N^2 ∞∑ p=−∞ ∞∑ q=0

√ λ^2_{Ω,j} + m^2_{eff,q} + (2πpT )^2 exp ( 2a √ λ^2_{Ω,j} + m^2_{eff,q} + (2πpT )^2 ) − (−1)^{2α} ,

which is the finite temperature Casimir force acting on a pair of parallel plates in the RSI model (2). Similar reasoning shows that for DD and NN boundary conditions, the Casimir force (22) is increased by the increase of the size √ L_2L_3 of the cross section [0, L_2] × [0, L_3]. In fact, as was proved in [29, 30], when L_2 = L_3 ≫ a, the leading term of the Casimir force (22) is of order L_2L_3. Dividing (22) by L_2L_3 and taking the limit where L_2 = L_3 → ∞, one obtains from (12): F^{‖,RSKKI} Cas (a; T )

=F^{‖,KK}_{Cas} (a; T ; 0) − T 2π^32 a^32 ∞∑ k=1 ∞∑ l=0 ∞∑ p=−∞ ∞∑ q=1 e^{2πikχ} √ λ^2_{N,l} + (2πpT )^2 + m^2_{eff,q} k 3 2 K 3_2 ( 2ka √ λ^2_{N,l} + (2πpT )^2 + m^2_{eff,q} )

− T 2π^32 a^12 ∞∑ k=1 ∞∑ l=0 ∞∑ p=−∞ ∞∑ q=1 e^{2πikχ} (√ λ^2_{N,l} + (2πpT )^2 + m^2_{eff,q}

) 5_2 √ k K 1_2 ( 2ka √ λ^2_{N,l} + (2πpT )^2 + m^2_{eff,q} ) , (23)

the Casimir force density acting on a pair of infinite parallel plates in the RSKKI model. Here F^{‖,KK}_{Cas} (a; T ; 0) is the Casimir force density acting on a pair of infinite parallel plates due a massless scalar field in the Kaluza-Klein spacetime.

Taking the zero temperature limit of (22), we find that the zero temperature Casimir force acting on a pair of parallel plates in the RSKKI model is

F^{∞,RSKKI} Cas (a; 0) = − 1 2πa ∞∑ k=1 ∑ j∈N^2 ∞∑ l=0 ∞∑ q=0 e^{2πikχ} √ λ^2_{Ω,j} + λ^2_{N,l} + m^2_{eff,q} k K_1 ( 2ka √ λ^2_{Ω,j} + λ^2_{N,l} + m^2_{eff,q} )

− 1 π ∞∑ k=1 ∑ j∈N^2 ∞∑ l=0 ∞∑ q=0 ( λ^2_{Ω,j} + λ^2_{N,l} + m^2_{eff,q} ) K_0 ( 2ka √ λ^2_{Ω,j} + λ^2_{N,l} + m^2_{eff,q} ) . (24)

In the limit where L_2L_3 is large, we obtain the zero temperature Casimir force density acting on a pair of infinite parallel plates:

F^{‖,RSKKI} Cas (a; 0) =F^{‖,KK}_{Cas} (a; 0; 0) − 3 8π^2a^2 ∞∑ k=1 ∞∑ l=0 ∞∑ q=1 e^{2πikχ} √ λ^2_{N,l} + m^2_{eff,q} k 2 K_2 ( 2ka √ λ^2_{N,l} + m^2_{eff,q} )

− 1 4π^2a ∞∑ k=1 ∞∑ l=0 ∞∑ q=1 e^{2πikχ} (√ λ^2_{N,l} + m^2_{eff,q}

)_3 k K_1 ( 2ka √ λ^2_{N,l} + m^2_{eff,q} ) , (25)

where F^{‖,KK}_{Cas} (a; 0; 0) is the zero temperature Casimir force density acting on a pair of parallel plates in the Kaluza- Klein spacetime M^{3+1} × N^n due to a massless scalar field. In the limit of vanishing internal space N^n, we obtain the zero temperature Casimir force density acting on a pair of infinite parallel plates in the RSI model: F^{‖,RSI} Cas (a; 0) =F^{‖,3D}_{Cas} (a; 0) − 3 8π^2a^2 ∞∑ k=1 ∞∑ q=1 e^{2πikχ} ( m_{eff,q} k )_2

K_2 (2kam_{eff,q})

− 1 4π^2a ∞∑ k=1 ∞∑ q=1 e^{2πikχ} m^3_{eff,q} k K_1 (2kam_{eff,q} ) .

(26)

Here

F^{‖,3D}_{Cas} (a; 0) = { −^{π2}_{480a4} , if χ = 0, 1,

7π^2 3840a^4 if χ = 1/2,

is the zero temperature Casimir force density acting on a pair of infinite parallel plates in the (3 + 1)-dimensional Minskowski spacetime due to a massless scalar field. By using the approximation m_{eff,q} ≃ πκ ( q + 1 4 ) e^{−πκR0} , q ≥ 1, (27) in (26) as in [31], we find that in the case χ = 1, we obtain the same result as derived in [31] (formula (2.18)). However, we would like to emphasize that our result (26) is an exact result that does not rely on the approximation (27).

In the general case where there are n extra dimensions compactified to a torus T^n on the branes, with radius R_1, . . . , R_n respectively, the authors in [33] used the approximation m_{eff,q} ≃ πκ ( q + 1 2 ) e^{−πκR0} , q ≥ 1. Using this approximation in (25), there are still discrepancies between the result of [33] (see formula (32) in [33]) and our result (25). This disagreement is because in [33], the contribution to the Casimir force from the Casimir energy of the external region was not taken into account. Instead, a subtraction scheme where the Casimir energy that would present in the region between the plates if the plates were absent was subtracted away. However, in the presence of the internal manifold T^n, the subtracted term cannot correctly account for the contribution to the Casimir force from the Casimir energy of the external region. The piston approach is one of the systematic approaches where both the contribution to the Casimir force from the regions internal and external to the plates are taken into account properly.

As in the case of the Kaluza-Klein model, the formulas (22), (23), (24) and (25) for the finite or zero temperature Casimir force or Casimir force density show clearly that for homogeneous (DD or NN) boundary conditions, the Casimir force for parallel plates in RSKKI model is always attractive. For mixed (DN) boundary conditions, (22) shows that the Casimir force is repulsive. Since RSKKII model is a limit of the RSKKI model when the compactifying radius R_0 of the extra dimension with coordinate y becomes infinite, one would expect that the same conclusion holds for the RSKKII model. To see more clearly what happen to the Casimir force when we take the limit R_0 → ∞, one can show as in [31, 33] that in general, m_{eff,q} , q ≥ 1, is approximately proportional to e^{−πκR0} . Therefore (22) shows that for R_0 large enough, the magnitude of the Casimir force is increased if we increase the compactifying radius R_0. In the special cases considered in [31, 33], this behavior was confirmed by the figures in [31, 33]. In fact, the same argument as in [29] shows that when all the parameters except R_0 are kept fixed and R_0 → ∞, the Casimir force (22) is proportional to e^{πκR0} . Therefore we cannot take the limit R_0 → ∞ on the Casimir force (22) directly. On has to divide (22) by the factor e^{πκR0} first before taking the limit R_0 → ∞. In [31, 33], finite results have been claimed for the Casimir force density for the RSII model. In these articles, the authors retained the q = 0 terms in (26) or (25), and change the summation over q ≥ 1 to an integral over m. The later is tantamount to dividing by the factor e^{πκR0} and taking the limit R_0 → ∞ on the summation of q ≥ 1 terms. This combination of retaining the q = 0 term and changing the summation to integral is not equivalent to the direct R_0 → ∞ limit. As we have discussed, one should expect that in the limit R_0 → ∞, the Casimir force density acting on infinite parallel plates increases beyond all bounds. Nevertheless, it is easy to see that the procedure used in [31, 33] gives Casimir force that is attractive for homogeneous boundary conditions and repulsive for mixed boundary conditions.

As in [25, 26, 27, 28, 29, 30], we can discuss other properties of the Casimir force in the RSKKI model. For example, one can also deduce that in the high temperature limit, the leading term of the Casimir force is linear in T , given by the summation of the p = 0 terms in (22). One can also deduce the asymptotic behaviors of the Casimir force at different limits. Since the methods are the same as those used in [25, 26, 27, 28, 29, 30], we will not consider these here.

IV. CONCLUSIONS

We have shown that the results on the behavior of the Casimir force acting on a pair of parallel plates in spacetime with extra dimensions which are extensions of Kaluza-Klein models can be easily generalized to Randall-Sundrum model which is a nonfactorizable warped model. Although the discussions in this article are restricted to the extensions of Randall-Sundrum model, which we call Randall-Sundrum-Kaluza-Klein model, and specific boundary conditions have been chosen to impose on the branes, it is easy to see that the discussions in this article are still valid for any boundary conditions imposed on the branes and for any type of spacetime with extra dimensions, since these only change the spectrum of the effective masses or the spectrum of the internal manifold. The main message we would like to deliver in this article is that any model of extra dimensions would not change the nature of the Casimir force acting on a pair of parallel plates in the macroscopic (3+1)-dimensional Minskowski spacetime. The extra dimensions only enhance the magnitude of the Casimir force. The effect of the extra dimensions is not significant unless the size of the extra dimensions is comparable to the separation between the parallel plates.

For simplicity, we only discuss the Casimir force due to a massless scalar field in this article. It can be shown that passing to the electromagnetic field with perfectly conducting boundary conditions, the qualitative results are the same as the massless scalar field with Dirichlet boundary conditions. The differences lie in the number of polarization states of photon and the spectrum of the extra dimensions. This shall be discussed elsewhere.

Acknowledgments

This project is funded by Ministry of Science, Technology and Innovation, Malaysia under e-Science fund 06-02-01- SF0080.

[1] T. Kaluza, Zum Unitätsproblem in der Physik, Sitzungsber. Preuss. Akad. Wiss. Phys. Math. Kl. (1921), 966. [2] O. Klein, Quantentheorie und fünfdimensionale Relativitätstheorie, Z. Phys. 37 (1926), 895. [3] M. Fabinger and P. Horava, Casimir effect between world-branes in heterotic M-theory, Nucl. Phys. B 580 (2000), 243. [4] H. Gies, K. Langfeld and L. Moyaerts, Casimir effect on the worldline, JHEP 0306 (2003), 018. [5] I. Brevik and A. A. Bytsenko, Casimir energy and thermodynamic properties of the relativistic piecewise uniform string, in Mathematical Methods in Physics : Proceedings of the 1999 Londrina Winter School, World Scientific (2000).

[6] L. Hadasz, G. Liambiase and V. V. Nesterenko, Casimir energy of a nonuniform string, Phys. Rev. D 62 (2000), 025011. [7] E. Elizalde, Matching the observational value of the cosmological constant, Phys. Lett. B 516 (2001), 143. [8] C. L. Gardner, Primordial inflation and present-day cosmological constant from extra dimensions, Phys. Lett. B 524 (2002), 21. [9] K. A. Milton, Dark energy as evidence for extra dimensions, Grav. Cosmol. 9 (2003), 66.

[10] M. R. Setare, Stress-energy tensor for parallel plate on background of conformally flat brane-world geometries and cosmological constant problem, Eur. Phys. J. C 38 (2004), 373.

[11] G. Mahajan, S. Sarkar and T. Padmanabhan, Casimir effect confronts cosmological constant, Phys. Lett. B 641 (2006), 6. [12] M. Doran and J. Jaeckel, What measurable zero point fluctuations can(not) tell us about the dark energy, JCAP 0608 (2006), 010.

[13] L. Perivolaropoulos, Vacuum energy, the cosmological constant, and compact extra dimensions: Constraints from Casimir effect experiments , Phys. Rev. D 77 (2008), 107301.

[14] F. S. Accetta, Finite-temperature instability for compactification, Phys. Rev. D 34 (1986), 1798. [15] W. D. Goldberger and I. Z. Rothstein, Quantum stabilization of compactified AdS5, Phys. Lett. B 491 (2000), 339. [16] S. Nam, Casimir force in compact noncommutative extra dimensions and radius stabilization, JHEP 0010 (2000), 044. [17] W. H. Huang, Finite-temperature Casimir effect on the radius stabilization of noncommutative torus, JHEP 0011 (2000), 041.

[18] E. Ponton and E. Poppitz, Casimir energy and radius stabilization in five and six dimensional orbifolds, JHEP 0106 (2001), 019.

[19] R. Hofmann, P. Kanti and M. Pospelov, (De)stabilization of an extra dimension due to a Casimir force, Phys. Rev. D 63 (2001), 124020.

[20] W. H. Huang, Casimir effect on the radius stabilization of the noncommutative torus, Phys. Lett. B 497 (2001), 317. [21] K. Poppenhaeger, S. Hossenfelder, S. Hofmann and M. Bleicher, The Casimir effect in the presence of compactified universal extra dimensions, Phys. Lett. B 582 (2004), 1.

[22] F. Pascoal, L. F. A. Oliveira, F. S. S. Rosa and C. Farina, Estimate for the size of the compactification radius of a one extra dimension universe, Braz. J. Phys. 38 (2008), 581.

[23] A. Edery and V. N. Marachevsky, Compact dimensions and the Casimir effect: the Proca connection, JHEP 0812 (2008), 035.

[24] H. B. Cheng, The Casimir force on a piston in the spacetime with extra compactified dimensions, Phys. Lett. B 668 (2008), 72. [25] S. A. Fulling and K. Kirsten, Comment on: The Casimir force on a piston in the spacetime with extra compactified dimensions [Phys. Lett. B 668 (2008) 72], Phys. Lett. B 671 (2009), 179.

[26] K. Kirsten and S. A. Fulling, Kaluza-Klein models as pistons, Phys. Rev. D 79 (2009), 065019. [27] E. Elizalde, S.D. Odintsov and A. A. Saharian, Repulsive Casimir effect from extra dimensions and Robin boundary conditions: from branes to pistons, Phys. Rev. D 79 (2009), 065023.

[28] L. P. Teo, Finite temperature Casimir effect in spacetime with extra compactified dimensions, Phys. Lett. B. 672 (2009), 190.

[29] L.P. Teo, Finite Temperature Casimir Effect in Kaluza-Klein Spacetime, Nucl. Phys. B 819 (2009), 431. [30] L.P. Teo, Finite temperature Casimir effect for massive scalar field in spacetime with extra dimensions”, JHEP 0906 (2009), 076.

[31] M. Frank, I. Turan and L. Ziegler, Casimir force in Randall-Sundrum models, Phys. Rev. D 76 (2007), 015008. [32] R. Linares, H. A. Morales-Técotl and O. Pedraza, Casimir force for a scalar field in warped brane worlds, Phys. Rev. D 77 (2008), 066012.

[33] M. Frank, N. Saad and I. Turan, Casimir force in Randall-Sundrum models with q + 1 dimensions, Phys. Rev. D 78, 055014.

[34] R. Linares, H. A. Morales-Técotl and O. Pedraza, Brane world corrections to the scalar vacuum force in the Randall- Sundrum II-p scenario, Phys. Rev. D 78 (2008), 066013.

[35] A. Flachi and T. Tanaka, Casimir effect on the brane, arXiv:0906.2898.

[36] H. B. G. Casimir, On the attraction between two perfectly conducting plates, Proc. Kon. Nederland. Akad. Wetensch. B51

(1948), 793.

[37] L. S. Brown and G. J. Maclay, Vacuum stress between conduction plates: an image solution, Physical Review 184 (1969), 1272.

[38] R. M. Cavalcanti, Casimir force on a piston, Phys. Rev. D 69 (2004), 065015.

[39] L. Randall, R. Sundrum, Large mass hierarchy from a small extra dimension, Phys. Rev. Lett. 83 (1999), 3370. [40] L. Randall, R. Sundrum, An alternative to compactification, Phys. Rev. Lett. 83 (1999), 4690. [41] V. N. Marachevsky, Casimir interaction of two plates inside a cylinder, Phys. Rev. D 75 (2007), 085019. [42] T. Gherghetta and A. Pomarol, Bulk fields and supersymmetry in a slice of AdS, Nucl. Phys. B 586 (2000), 141. [43] A. A. Saharian, Wightman function and Casimir densities on AdS bulk with application to the RandallSundrum braneworld, Nucl. Phys. B 712 (2005), 196.

[44] T. Gherghetta, Les houches lectures on warped models and holography, arXiv:0601213.