arXiv:0907.3238v1 [hep-th] 18 Jul 2009

Quantum strings in AdS_5 × S^5

and AdS/CFT duality

A.A. Tseytlin^1

Blackett Laboratory, Imperial College, London SW7 2AZ, U.K.

Abstract

We review some recent progress in understanding the spectrum of energies/dimensions of strings/operators in AdS_5 × S^5 – planar N =4 super Yang-Mills correspondence. We consider leading strong coupling corrections to the energy of lightest massive string modes in AdS_5 × S^5 , which should be dual to members of the Konishi operator multiplet in the SYM theory. This determines the general structure of strong-coupling expansion of the anomalous dimension of the Konishi operator. We use 1-loop results for semiclassical string states to extract information about the leading coefficients in this expansion.

1 Introduction

Two important problems of modern theoretical high energy physics are to understand quantum gauge theories at any coupling (with applications to both perturbative and non-perturbative issues) and to understand string theories in non-trivial backgrounds (e.g. Ramond-Ramond ones relevant for flux compactifications). The AdS/CFT duality relates the two questions suggesting solving them together rather than separately is the best strategy. This is the modern analog of the “harmonic oscillator” or “Ising” problem – to solve two most symmetric non-trivial 4-d gauge theory and 10-d superstring theory – planar N = 4 SYM theory and its dual – free superstring in AdS_5 × S^5 . They have powerful hidden symmetries allowing to solve problem “in principle” using integrability methods. The N = 4 SYM theory has maximal supersymmetry and conformal invariance but it is a priori unclear in which sense it could be integrable. Integrability might be expected in the spectrum of anomalous dimensions (as it was previously observed in YM gluonic sector – emergence of XXX spin chain Hamiltonian as 1-loop anomlous dimension operator [1]) but hidden symmetries should play broader role as they are “inherited” via AdS/CFT from 2-d integrable QFT – string σ-model. In that sense one may hope to use 2-d integrable QFT to solve 4-d CFT.

Superstring sigma model in AdS_5 ×S^5 is integrable in “canonical” sense being an example of a sigma model on symmetric space. Its classical equations admit infinite number of conserved charges. In particular, it is closely related (via Pohlmeyer reduction) to (super) sine-Gordon and non-abelian Toda models [2]. For example, special motions of strings are described by integrable 1-d mechanical systems (Neumann, etc.). The integrability of string theory extends to quantum

1Also at Lebedev Institute, Moscow. tseytlin@imperial.ac.uk

level: we have evidence of that to 2 loops in α^′ expansion using AdS/CFT “bootstrap” reasoning (see ref. [3] and refs. there).

Quantum integrability of string theory sigma-model should control the spectrum of string energies on R × S^1 (or anomalous dimensions of 2-d primary operators = vertex operators on R^{1,1}). It may also have implications for correlation functions of vertex operators (or closedstring scattering amplitudes) but to which extent that might be true is unclear (for example, in flat space the string action is just a collection of free oscillators but space-time amplitudes are rather nontrivial).

The quantum integrability of string theory for all values of string tension^{√λ}_{2π} should then imply integrability on the gauge theory side for any value of ’t Hooft coupling λ = g^2_{YM}N_c. Again, this should be true for the spectrum of anomalous dimensions of single-trace gauge invariant operators, while implications of integrability for correlation functions of such operators a priori seem rather limited (though this may turn out not be so given remarkable hidden symmetries in the on-shell gluon scattering amplitudes related to cusped Wilson loops discovered recently, see, e.g., [4]).

Regarding the spectrum of states, in the last 7 years there was an impressive progress (for reviews, see, e.g. [5]). The spectrum of “long” operators or “semiclassical” string states with large quantum numbers is now understood to be described by the Asymptotic Bethe Ansatz (ABA) in its final BES [6] form. The ABA was constructed using information from perturbative gauge theory (spin chain for 1-loop anomalous dimensions, ...) and perturbative string theory (classical and 1-loop phase,...), symmetries (magnon S-matrix), and the assumption of exact integrability. The consequences of ABA were checked against all available perturbative gauge and string theory data. A key example is the ABA prediction for the cusp anomalous dimension or dimension Δ of twist 2 operator Tr(ΦD^S_+Φ). Namely, Δ − 2 =_{S→∞} f(λ) ln S where f(λ) satisfies exact integral equation solution of which is known in principle to any order in small λ or large λ expansion and agrees with known perturbative results (see, e.g., [7, 3, 8]):

f(λ ≪ 1) = λ 2π^2 [ 1 − λ 48 + 11λ^2 2^8 · 45 − ( 73 630 + 4ζ^2(3) π^6 ) λ^3 2^7 + ... ] , (1)

f(λ ≫ 1) = √ λ π [ 1 − 3 ln 2 √ λ − K ( √ λ)^2 − ... ] , (2)

where K is Catalan’s constant.

More recently, there was a substantial progress towards understanding the spectrum of “short” operators, i.e. the spectrum of all quantum string states. This was achieved solely on the string side by using 2-d integrable field theory methodology generalizing the Asymptotic Bethe Ansatz (ABA) describing states on R^{1,1} to Thermodynamic Bethe Ansatz (TBA) which should be describing states on R × S^1 [9, 10]. It remains to be understood why inclusion of wrapping diagram contributions to anomalous dimensions should lead to a similar modification from the gauge theory perspective. The construction of TBA is rather non-trivial due to lack of 2-d Lorentz invariance in the standard “BMN-vacuum-adapted” l.c. gauge on string theory side. In few special cases the ABA “improved” by Luscher corrections is enough: 4- and 5-loop Konishi operator dimension, and 4-loop minimal twist operator dimension were computed [11] in this way. What remains is to thoroughly check the TBA predictions against perturbative string and gauge theory data.

The key example of a “short” operator is the Konishi operator [12] Tr(Φ̄_iΦ_i) for which the weak-coupling anomalous dimension is now known up to 5 loop orders[13, 11]:

γ(λ ≪ 1) = 12λ (4π)^2 [ 1 − 4λ (4π)^2 + 28λ^2 (4π)^4

− [208 − 48ζ(3) + 120ζ(5)] λ^3 (4π)^6

+ 8[158 + 72ζ(3) − 54ζ^2(3) − 90ζ(3) + 315ζ(7)] λ^4 (4π)^8 + ... ] (3) The planar perturbation theory should have finite radius of convergence; suppose we sum up this series and re-expand at strong coupling λ – what should we expect to get? The AdS/CFT correspondence suggests [15] that γ(λ ≫ 1) should start with ∼^4 √ λ term. As was argued in [14] and will be discussed below, in general, string-theory arguments imply that

γ(λ ≫ 1) = 2^4 √ λ + b_0 + b_{14} √ λ + b_2 (^4 √ λ)^2 + b_3 (^4 √ λ)^3 + ... . (4) Here the values of b_0, b_1 should be rational, while b_3 should be transcendental. The analysis in [14] leads to

b_0 = −4, b_1 = 1 , b_2 = 0, (5)

while b_3 contains ζ(3). At the same time, the numerical result found from the TBA/Y-system approach [10] gives b_1 that is approximately twice as big. The reason for this disgreement remains to be understood but it is very encouraging that the numerical values of b_0, b_1 in [10] suggest that they are integer, i.e. rational as it should be according to the string-theory logic.

There are many open questions remaining: (i) which is radius of convergence of weak coupling expansion? (ii) how to find the analytic form of strong-coupling expansion from TBA/Y-system? (iii) how to carry out direct matching of short operators onto string spectrum found in near-flat-space expansion? (iv) is there “level crossing” as one increases λ? (v) is strong-coupling expansion of dimensions of short operators Borel summable or not as in the case of the cusp anomaly? (vi) are there exponential corrections e^{−a√λ} in (4) like in the cusp anomaly case [8]? There are also deeper issues: how to solve string theory from first principles – which are fundamental variables? how to preserve 2-d Lorentz invariance? how to prove quantum integrability? is there a useful lattice version of string “supercoset” sigma model?

Below we shall concentrate on explaining the origin of the expansion (4) of the energy of a string state which is dual to Konishi operator following ref. [14].

2 Approaches to finding energies of quantum strings in AdS_5 × S^5

According to AdS/CFT energies of quantum strings in AdS should be the same as dimensions of the corresponding gauge theory operators. The aim is to compute the leading α^′ ∼^{1√}_λ corrections to the energy of the “lightest” massive string state which should be dual to the Konishi operator in SYM theory.

The members of the Konishi multiplet are operators related to the lowest canonical dimension singlet by supersymmetry. They correspond to highest-weight states of SO(2, 4) × SO(6) labelled by (see, e.g., [16]) [J_2 − J_3, J_1 − J_2, J_2 + J_3]^{Δ0}_{(sL,sR)} with the singlet being [0, 0, 0]^2_{(0,0)}. Then full dimension is Δ = Δ_0 + γ(λ), Δ_0 = 2,^5_2 , 3, ..., 10. All operators in supermultiplet have the same anomalous dimension γ.^2 Examples of such operators are Tr(Φ̄_iΦ_i), i = 1, 2, 3, Δ_0 = 2; Tr([Φ_1, Φ_2]^2) in su(2) sector with Δ_0 = 4 Tr(Φ_1D^2_+Φ_1) in sl(2) sector with Δ_0 = 4 Assuming no “level crossing”, the Konishi operator having lowest nontrivial dimension at weak coupling should dual to the “lightest” among massive AdS_5 × S^5 string states. At large √ λ =^{R2}_{α′} a “small” string at center of AdS_5 is in nearly flat space. At strong coupling we are dealing with perturbative string theory: string states are built out of “flat-string” oscillators and there is a large degeneracy of mass spectrum which is lifted once the curvature is switched on. In flat space case we have string masses m^2 =^{4(n−1)}_{α′} , n =^1_2 (N + N̄) = 1, 2, ..., N = N̄. The n = 1 is the massless IIB supergravity (BPS) level (l.c. vacuum |0 >: (8+8)^2 = 256 states). The n = 2 is the first massive level; it is highly degenerate: [(a^i_{−1} + S^a_{−1})|0 >]^2 = [(8 + 8) × (8 + 8)]^2. Switching on AdS_5 ×S^5 background fields lifts degeneracy: states with “lightest mass” are thus at first excited string level and thus should correspond to Konishi multiplet.

The string spectrum in AdS_5 × S^5 is organised [16] in long multiplets of P SU(2, 2|4): remarkably, flat-space string spectrum can be re-organized in multiplets of SO(2, 4) × SO(6) ⊂ P SU(2, 2|4). Namely, SO(4) × SO(5) ⊂ SO(9) reps can be lifted to SO(4) × SO(6) reps of SO(2, 4) × SO(6), etc. Then the Konishi long multiplet T̂_1 = (1 + Q + Q ∧ Q + ...)[0, 0, 0]_{(0,0)} determines the Kaluza-Klein “floor” of 1-st excited string level: H_1 = ∑_∞ J=0[0, J, 0]_{(0,0)} × T̂_1.

States on the first excited level with J ≠ 0 are outside Konishi multiplet, i.e. should have higher anomalous dimension.

For scalar massive state represented by a field in AdS_5 one expects to find (−∇^2 +m^2)Φ+... = 0, i.e. Δ(Δ − 4) = (mR)^2 + O(α^′) = 4(n − 1)^{R2}_{α′} + O(α^′) or Δ = 2 + √ (mR)^2 + 4 + O(α^′) and thus [15]

Δ(λ ≫ 1) = √ 4(n − 1) √ λ + ... (6) Thus for the first massive level n = 2: Δ = 2^4 √ λ + .... What about subleading corrections?

In general, comparison between gauge and string theory states is non-trivial. In gauge theory for (λ ≪ 1) the operators are built out of free fields, canonical dimension Δ_0 determines states that can mix. In string theory with (λ ≫ 1) the near-flat-space string states are built out of free oscillators, and the level n determines states that can mix. One non-trivial question is then about the meaning of Δ_0 at strong coupling and the meaning of n at weak coupling. A possible strategy is to relate states with same global charges and to assume “non-intersection principle” [17]: no level crossing for states with same quantum numbers as λ changes from strong to weak coupling.

2That follows from the assumption of exact conformal algebra in which the dilatation operator commutes with supersymmetry generator Q on Q itself, i.e. Q has exact conformal dimension 1/2. Then members of supermultiplet obtained from “ground state” by acting by Q will have dimensions differing by (half)integers.

There are several approaches to computation of corrections to string energies: (i) vertex operator approach: use AdS_5 ×S^5 string sigma model perturbation theory to find leading terms in anomalous dimension of corresponding vertex operator [17, 18]; (ii) space-time effective action approach: use near-flat-space expansion and NSR vertex operators to reconstruct α^′ ∼ 1√ λ corrections to corresponding massive string state equation of motion [19]; (iii) “light-cone” quantization approach: start with light-cone gauge AdS_5 × S^5 string action and compute corrections to energy of corresponding flat-space oscillator string state [20]; (iv) semiclassical approach: identify short string state as small-spin limit of semiclassical string state – reproduce the structure of strong-coupling corrections to short operators [21, 14].

To find the spectrum one should solve the marginality (1,1) conditions on vertex operators, i.e. to diagonalize the 2-d anomalous dimension operator. For example, the scalar anomalous dimension operator γ̂ acts on T (x) = ∑ c_{n...m}x^n...x^m or on the coefficients c_{n...m}. γ̂ is a differential operator in target space found from the β-function for the corresponding perturbation T I = 1 4πα^′ ∫ d^2z [ G_{mn}(x)∂x^m ¯∂x^n + T (x) ] β_T = −2T −^{α′}_2 γ̂ T + O(T^2) γ̂ = Ω^{mn}D_mD_n + ... + Ω^{m...k}D_m...D_k + ... Ω^{mn} = G^{mn} + O(α^{′3}), Ω^{....} ∼ α^{′n}R^p_{....} (7) Solving −γ̂ T + m^2T = 0 is the same as diagonalising γ̂. Similar approach applies to massless (graviton, ...) and massive states: e.g., β^G_{mn} = α^′R_{mn} + O(α^{′3}) gives the Lichnerowitz operator as anomalous dimension operator

(γ̂h)_{mn} = −D^2h_{mn} + 2R_{mknl}h^{kl} − 2R_{k(m}h^k_{n)} + O(α^{′3}) (8)

For massive string states in a curved background we should get ∫ d^Dx √ g [ Φ_{...}(−D^2 + m^2 + X)Φ_{...} + ... ] m^2 =^4_{α′} (n − 1) , X = R_{....} + O(α^′) (9)

In the case of AdS_5 × S^5 background

R_{mn} −^1_{96} (F_5F_5)_{mn} = 0, R = 0 , F^2_5 = 0

so for a scalar operator the leading term in X should vanish. This apparently implies that the leading α^′ correction to the scalar string state mass should be zero: [ − D^2 + m^2 + O(^{1√}_λ ) ] Φ = 0 , Δ = 2 + √ 4(n − 1) + 4 + O(^{1√}_λ ) , Δ_{(n=2)} = 2 + 2^4 √ λ [ 1 +^1_2^√_λ + O(^1_(^√_{λ)2} ) ] (10)

There are possible subtleties in this argument, so one should try to rederive this result using other approaches. Also, one should compare this to predictions for non-singlet Konishi descendant states – they should have the same anomalous dimension. For example, Tr[Φ_1, Φ_2]^2 corresponding to SO(6) (2,2,0) state J_1 = J_2 = 2 should be described by a string state with a tensor wave function Φ_{mn;kl}.

To find γ̂ for tensor states one may use effective action approach: derive equation of motion for a massive string field in curved background from quadratic effective action reconstructed from flat-space NSR S-matrix. An example is a totally symmetric NS-NS 10-d tensor – a state on the leading Regge trajectory in flat space. It is described by a symmetric tensor Φ_{μ1...μ2n} in a metric+RR background (m^2 =^{4(n−1)}_{α′} )

L = R −^1_{2·5!} F^2_5 + O(α^{′3}) −^1_2 (D_μΦD^μΦ + m^2Φ^2) + ∑ k≥1 (α^′)^{k−1}ΦX_k(R, F_5, D)Φ + ... (11)

The assumption is that α^′nR ≪ 1, i.e. n ≪ √ λ. That corresponds to a small massive string in the middle of AdS_5 so that near-flat-space expansion should be applicable. The resulting expression is [19] (a_i are from AdS_5 and m_k are from S^5)

L =^1_2 Φ_{μ1···μ2n} (−D^2 + m^2)Φ^{μ1···μ2n} + n^2 R^2 (Φ_{a1 a2μ3···μ2n} Φ^{a1 a2μ3···μ2n} − Φ_{m1m2μ3···μ2n} Φ^{m1m2μ3···μ2n} ) + ... We may consider a particular tensor with S indices in AdS_5 and K indices in S^5 and then end up with the anomalous dimension operator

[−D^2 + (m^2 +^{K2−S2}_{2R2} )]Φ = 0 , D^2 = D^2_{AdS5} + D^2_{S5} m^2 =^4_{α′} (n − 1) =^2_{α′} (S + K − 2). (12)

This symmetric transverse traceless tensor corresponds the highest-weight state with the Young table labels (Δ, S, 0; K, J, 0) where J is an additional KK momentum. If we extract AdS_5 radius R and set √ λ =^{R2}_{α′} then [19]

(−D^2_{AdS5} + M^2)Φ = 0 , M^2 = 2 √ λ(S + K − 2) +^1_2 (K^2 − S^2) + J(J + 4) − K (13)

Equivalently, the marginality condition for the corresponding vertex operator is

0 = − √ λ(S + K − 2) +^1_2 [ Δ(Δ − 4) +^1_2 S(S − 2) −^1_2 K(K − 2) − J(J + 4) ] + O(^{1√}_λ ) (14)

The lowest BPS level is n =^1_2 (S + K) = 1 and the first massive level is n =^1_2 (S + K) = 2. A state from the first massive level on leading Regge trajectory is S = K = 2, J = 0 and then

Δ = 2 + √ 4 √ λ + 4 + O(^{1√}_λ ) = 2 + 2^4 √ λ [ 1 + 1 √ λ + O(^1_(^√_{λ)2} ) ] (15)

This is the same prediction as for a singlet scalar state found above in (10). The constant term here 2=Δ_0 − 4 corresponds to a Δ_0 = 6 operator [14].

Let us now review how the above expressions may appear directly in the vertex operator approach. If we would like to calculate the 2d anomalous dimensions from “first principles” we should start with the AdS_5 × S^5 superstring theory action [22] I = √ λ 4π ∫ d^2σ [ − ∂N_p ¯∂N^p + ∂n_k ¯∂n_k + fermions ] (16) N_pN^p ≡ N_+N_− − N_uN^∗_u − N_vN^∗_v = 1 , n_xn^∗_x + n_yn^∗_y + n_zn^∗_z = 1 N_± = N_0 ± iN_5, N_u = N_1 + iN_2, ..., n_x = n_1 + in_2, ...

and construct marginal (1,1) operators in terms of N_p and n_k. For example, a vertex operator for a dilaton field (highest-weight state) is

V_J = (N_+)^{−Δ} (n_x)^J [ − ∂N_p ¯∂N^p + ∂n_k ¯∂n_k + fermions ] (17)

where N_+ ≡ N_0 + iN_5 =^1_z (z^2 + x_mx_m) ∼ e^{it}, n_x ≡ n_1 + in_2 ∼ e^{iφ}. The marginality condition gives

0 = 2 − 2 + 1 2 √ λ [Δ(Δ − 4) − J(J + 4)] + O(^1_(^√_{λ)2} ) , (18)

i.e. Δ = 4 + J as it should be for a BPS state. A vertex operator for a bosonic string state on the leading Regge trajectory in flat space is

V_S = e^{−iEt}(∂x ¯∂x)^{S/2} , x = x_1 + ix_2 , a^′E^2 = 2(S − 2)

Candidate operators for states on leading Regge trajectory in AdS_5 × S^5 are

V_J = (N_+)^{−Δ}(∂n_x ¯∂n_x)^{J/2} , n_x ≡ n_1 + in_2 (19) V_S (ξ) = (N_+)^{−Δ}(∂N_u ¯∂N_u)^{S/2} , N_u ≡ N_1 + iN_2 (20)

where we ignore fermionic terms and possible α^′ ∼^{1√}_λ terms from diagonalization of 2-d anomalous dimension matrix. A non-trivial question is how such operators mix with operators with same charges and dimension. In general, (∂n_x ¯∂n_x)^{J/2} mixes with singlets

(n_x)^{2p+2q}(∂n_x)^{J/2−2p}( ¯∂n_x)^{J/2−2q}(∂n_m∂n_m)^p( ¯∂n_k∂n_k)^q

For operators like O_{ℓ,s} = f_{k1...kℓm1...m2s} n_{k1} ...n_{kℓ} ∂n_{m1} ¯∂n_{m2} ...∂n_{m2s−1} ¯∂n_{m2s} this question was studied, e.g., in ref. [23].^3 An example of higher-level scalar operator is

N^{−Δ}_+ [(∂n_k ¯∂n_k)^r + ...] , r = 1, 2, ...

3In the simplest case of the operator f_{k1...kℓ} n_{k1} ...n_{kℓ} with traceless f_{k1...kℓ} it has the same anomalous dimension γ̂ as its highest-weight representative V_J = (n_x)^J , i.e. γ̂ = 2 −^1_2^√_λ J(J + 4) + .... This is the same result as found for a scalar spherical harmonic that solves the Laplace equation on S^5. Similarly for the AdS_5 or SO(2, 4) model: replacing n^J_x and ∂n_m ¯∂n_m with N^{−Δ}_+ and ∂N^p ¯∂N_p, with J = −Δ and^{1√}_λ → −^{1√}_λ . For example, the dimension of N^{−Δ}_+ ∂N^p ¯∂N_p is γ̂ =^1_2^√_λ Δ(Δ − 4) + O(^1_(^√_{λ)2} ).

for which [24]

0 = −2(r − 1) + 1 2 √ λ [Δ(Δ − 4) + 2r(r − 1)] + 1 ( √ λ)^2

[^2_3 r(r − 1)(r −^7_2 ) + 4r] + ... . (21)

For r = 2 this is a candidate for a state on the first excited level. However, the contribution of fermions may change the value of the 2-d anomalous dimension.

In general, the 2-d anomalous dimensions are given by a regular series expansion in α^′ =^{1√}_λ , while^1_{( 4}√_{λ)k} appear as a result of solving quadratic-type equations for E = Δ following from the marginality condition.^4

As an illustration, for operators with two spins J_1 = K, J_2 = J in S^5:

V_{K,J} = N^{−Δ}_+ K/2∑ u,v=0 c_{uv}M_{uv} M_{uv} ≡ n^{J−u−v}_y n^{u+v}_x (∂n_y )^u(∂n_x)^{K/2−u}( ¯∂n_y)^v( ¯∂n_x)^{K/2−v} (22) the highest and lowest eigen-values of the 1-loop anomalous dimension matrix are [18]

2 − K + 1 2 √ λ [Δ(Δ − 4) −^1_2 K(K + 10) − J(J + 4) − 2JK] + O(^1_(^√_{λ)2} )

2 − K + 1 2 √ λ [Δ(Δ − 4) −^1_2 K(K + 6) − J(J + 4)] + O(^1_(^√_{λ)2} ) (23)

Again, the fermionic contributions may alter terms linear in K.

The main question on the way to finding energies or Δ’s of the corresponding states is thus how to take the AdS_5 × S^5 fermionic contributions into account? To this end we shall follow ref. [14] and employ the semiclassical approach based on the full superstring action.

3 Semiclassical approach: small-spin expansion

In semiclassical expansion for an energy of a string state one fixes the “classical” spin parameter J =^{J√}_λ and expands in large string tension ∼ √ λ, E = E( J √ λ , √ λ) = √ λE_0(J ) + E_1(J ) + 1 √ λ E_2(J ) + ... (24)

In the “short” string limit J ≪ 1

E_n = √ J (a_{0n} + a_{1n}J + a_{2n}J^2 + ...) (25)

4In particular, there cannot be any log λ terms that appear in the strong-coupling expansion of the anomalous dimensions computed using asymptotic Bethe ansatz equations [26].

Since √ λ ≫ 1 and J =^{J√}_λ =fixed, here J ∼ √ λ ≫ 1. If we knew all the terms in this expansion we could express J in terms of J, fix J to a finite value and re-expand in √ λ. Then we would get E = √√ λJ [ a_{00} + a_{10}J + a_{01} √ λ + a_{20}J^2 + a_{11}J + a_{02} ( √ λ)^2 + ... ] (26)

To trust the coefficient of^1_(^√_{λ)n} one would need to know coefficients of up to n-loop terms, e.g., the classical a_{10} and the 1-loop a_{01} coefficients are sufficient in order to fix the^{1√}_λ term.

Since here we are interested in a short string probing the near-flat-space limit, we may (i) start with classical string solutions in flat space representing states at 1-st excited string level, and (ii) then embed them into AdS_5 × S^5 and compute the 1-loop correction to their energy. The two basic examples are [14]: (1) circular string with 2 spins in two orthogonal planes, and (2) folded string spinning in one plane.

The rigid circular string rotating in two planes of flat R^4 space is described by

t = κτ , x_x ≡ x_1 + ix_2 = a e^{i(τ +σ)} , x_y ≡ x_3 + ix_4 = a e^{i(τ −σ)} , E_{flat} =^κ_{α′} =

√_4

α^′ J , J1 = J2 = J = a^2 α^′ . (27)

Identifying oscillator modes that are excited on this solution we may associate it with a quantum string state created by e^{−iEt} [ (∂n_x ¯∂x_x)^{J12} (∂n_y ¯∂x_y)^{J22} + ... ] , α^′E^2 = 2(J_1 + J_2 − 2) (28)

In the J_1 = J_2 case to get the quantum-state analog of classical expression one would need to shift J → J − 1, i.e.

E_{flat} =

√_4

α^′ (J − 1) .

Then J_1 = J_2 = 2 corresponds to state on 1-st string level n = 2.

A folded string rotating in a plane in flat space is represented by

t = κτ , x_1 ≡ x_1 + ix_2 = a sin σ e^{iτ} , E_{flat} =

√_2 α^′ S , S = a^2 2α^′ . (29)

This is a semiclassical counterpart of a quantum string state on the leading Regge trajectory created by the vertex operator e^{−iEt} [ (∂x_x ¯∂x_x)^{S2} + ... ] , α^′E^2 = 2(S − 2) . (30)

There are 3 obvious choices of how to embed the circular solution into AdS_5 × S^5 : (i) the two 2-planes may belong to S^5: J_1 = J_2 “small string”; (ii) the two 2-planes may belong to AdS_5: S_1 = S_2 “small string”; (iii) one plane in AdS_5 and the other in S^5: S = J “small string”. There are similar 3 choices for the folded string. We may then study each case in AdS_5 × S^5 , compute 1-loop correction to energy and interpolate to small values of S, J and try to match to states in the Konishi multiplet table. Getting the same expressions up to a constant shift would verify the universality of the strong-coupling expansion of the 4-d anomalous dimension of the dual gauge theory operators in the same supermultiplet.

The final result found in [14] is

E ≡ Δ = 2^4 √ λ + b_0 + b_{14} √ λ + b_2 √ λ + b_3 (^4 √ λ)^3 ... (31) b_0 = Δ_0 − 4 , b_1 = 1 (32)

where Δ_0 = 4 for the 3 circular string cases and Δ_0 = 6 for the 3 folded string cases. The value of the coefficient b_2 is sensitive to the 2-loop string corrections which were not computed so far but we conjecture that that it is zero due to supersymmetry (see ref. [14]).

The simplest example is circular rotating string in S^5 with J_1 = J_2 = J (see refs. [25, 14]) which should be dual to the Konishi descendant with J_1 = J_2 = 2: Tr([Φ_1, Φ_2]^2). The above flat solution can be directly embedded into R_t × S^5 inside of AdS_5 × S^5 – it represents a string on a small sphere inside S^5 (X^2_1 + ... + X^2_6 = 1)

X_1 + iX_2 = a e^{i(τ +σ)}, X_3 + iX_4 = a e^{i(τ −σ)} , X_5 + iX_6 = √ 1 − 2a^2, t = κτ , J = J_1 = J_2 = a^2, E^2 = κ^2 = 4J . (33)

Remarkably, the exact classical energy E_0 is just as in flat space

E_0 = √ λE = √ 4 √ λJ , J = √ λJ (34)

The 1-loop quantum string correction to the energy is given by the sum of the bosonic and fermionic fluctuation frequencies

E_1 = 1 2κ ∞∑ n=−∞ [ 4ω_n + 2n + ω_{n+} + ω_{n−} − 4(ω^f_{n+} + ω^f_{n−}) ] , (35)

where

AdS_5 : ω^2_n = n^2 + 4J

S^5 : ω^2_{n±} = n^2 + 4(1 − J ) ± 2 √ 4(1 − J )n^2 + 4J^2

Fermions : ω^2_n^f_± = n^2 + 1 + J ± √ 4(1 − J )n^2 + 4J

Expanding in small J and doing the sums one finds (UV divergences cancel)

E_1 = 1 √ J [ J − 3 8 [1 + 8ζ(3)]J^2 + . . . ]

E = E_0 + E_1 = 2 √√ λJ [ 1 + 1 2 √ λ −^3_{16} [1 + 8ζ(3)] J ( √ λ)^2 + ... ] (36)

To ensure the correct short string limit in flat space we need to shift J → J − 1. In J = J_1 = J_2 = 2 case that would suggest that for a Konishi state [2, 0, 2]_{(0,0)}

E = 2^4 √ λ [ 1 +^1_2^√_λ + O(^1_(^√_{λ)2} ) ] (37)

The dual state in the Konishi table has Δ_0 = 4. Thus in (31) one gets b_1 = 1 and b_2 = 0 (at 1-loop order) while b_3 is transcendental (1-loop contribution to it contains ζ(3)).

The same results are found for the other (2 circular and 3 folded) string solutions representing 5 other states at the 1-st massive string level dual to 5 particular operators in the Konishi multiplet table. We refer to [14] for the details.

4 Conclusions

Due to an impressive recent progress based on integrability methods we are now at the beginning of understanding the quantum string spectrum in AdS_5 × S^5 or the spectrum of “short” operators in planar N =4 SYM theory for any value of ‘t Hooft coupling. The predictions of the integrability approach are still to be checked against perturbative string results. This requires better understanding of perturbative quantum AdS_5 × S^5 string theory.

5 Acknowledgments

I would like to thank R. Roiban for collaboration on ref. [14] and also acknowledge useful discussions with N. Gromov and R. Metsaev. I am grateful to the organizers of the Shifmania workshop for their kind invitation and hospitality.

References

[1] L. N. Lipatov, “Asymptotic behavior of multicolor QCD at high energies in connection with exactly solvable spin models,” JETP Lett. 59, 596 (1994) [Pisma Zh. Eksp. Teor. Fiz. 59, 571 (1994)]. L. D. Faddeev and G. P. Korchemsky, “High-energy QCD as a completely integrable model,” Phys. Lett. B 342, 311 (1995) [hep-th/9404173].

[2] M. Grigoriev and A. A. Tseytlin, “Pohlmeyer reduction of AdS5 x S5 superstring sigma model,” Nucl. Phys. B 800, 450 (2008) [0711.0155 [hep-th]].

[3] R. Roiban and A. A. Tseytlin, “Strong-coupling expansion of cusp anomaly from quantum superstring,” JHEP 0711, 016 (2007) [0709.0681 [hep-th]].

[4] J. M. Drummond, J. Henn, G. P. Korchemsky and E. Sokatchev, “Dual superconformal symmetry of scattering amplitudes in N=4 super-Yang-Mills theory,” 0807.1095 [hep-th].

[5] A. A. Tseytlin, “Spinning strings and AdS/CFT duality,” in: “From Fields to Stings:

Circumnavigating Theoretical Physics”, M. Shifman, A. Vainshtein, and J. Wheater, eds. (World Scientific, 2004), vol. 2, 1648-1707. [hep-th/0311139] J. Plefka, “Spinning strings and integrable spin chains in the AdS/CFT correspondence,” Living Rev. Rel. 8, 9 (2005) [hepth/0507136]. Special issue on integrability and AdS/CFT correspondence, C. Kristjansen, M. Staudacher and A. Tseytlin, eds. J. Phys. A 42, 250301 (2009)

[6] N. Beisert, B. Eden and M. Staudacher, “Transcendentality and crossing,” J. Stat. Mech.

0701, P021 (2007) [hep-th/0610251].

[7] A. V. Kotikov, L. N. Lipatov and V. N. Velizhanin, “Anomalous dimensions of Wilson operators in N = 4 SYM theory,” Phys. Lett. B 557, 114 (2003) [hep-ph/0301021]. Z. Bern, M. Czakon, L. J. Dixon, D. A. Kosower and V. A. Smirnov, “The Four-Loop Planar Amplitude and Cusp Anomalous Dimension in Maximally Supersymmetric Yang-Mills Theory,” Phys. Rev. D 75, 085010 (2007) [hep-th/0610248].

[8] B. Basso, G. P. Korchemsky and J. Kotanski, “Cusp anomalous dimension in maximally supersymmetric Yang-Mills theory at strong coupling,” Phys. Rev. Lett. 100, 091601 (2008) [0708.3933 [hep-th]].

[9] J. Ambjorn, R. A. Janik and C. Kristjansen, “Wrapping interactions and a new source of corrections to the spin-chain / string duality,” Nucl. Phys. B 736, 288 (2006) [hep-th/0510171]. G. Arutyunov and S. Frolov, “On String S-matrix, Bound States and TBA,” JHEP 0712, 024 (2007) [0710.1568 [hep-th]]. G. Arutyunov and S. Frolov, “String hypothesis for the AdS_5 × S^5 mirror,” JHEP 0903, 152 (2009) [0901.1417 [hep-th]]. N. Gromov, V. Kazakov and P. Vieira, “Integrability for the Full Spectrum of Planar AdS/CFT,” 0901.3753 [hep-th]. D. Bombardelli, D. Fioravanti and R. Tateo, “Thermodynamic Bethe Ansatz for planar AdS/CFT: a proposal,” 0902.3930 [hep-th]. N. Gromov, V. Kazakov, A. Kozak and P. Vieira, “Integrability for the Full Spectrum of Planar AdS/CFT II,” 0902.4458 [hep-th]. G. Arutyunov and S. Frolov, “Thermodynamic Bethe Ansatz for the AdS_5 × S^5 Mirror Model,” JHEP 0905, 068 (2009) [0903.0141 [hep-th]]. G. Arutyunov and S. Frolov, “Simplified TBA equations of the AdS_5 × S^5 mirror model,” 0907.2647 [hep-th].

[10] N. Gromov, V. Kazakov and P. Vieira, “Exact AdS/CFT spectrum: Konishi dimension at any coupling,” 0906.4240 [hep-th].

[11] Z. Bajnok and R. A. Janik, “Four-loop perturbative Konishi from strings and finite size effects for multiparticle states,” Nucl. Phys. B 807, 625 (2009) [0807.0399 [hep-th]]. Z. Bajnok, R. A. Janik and T. Lukowski, “Four loop twist two, BFKL, wrapping and strings,” Nucl. Phys. B 816, 376 (2009) [0811.4448 [hep-th]]. Z. Bajnok, A. Hegedus, R. A. Janik and T. Lukowski, “Five loop Konishi from AdS/CFT,” 0906.4062 [hep-th].

[12] K. Konishi, “Anomalous Supersymmetry Transformation Of Some Composite Operators In Sqcd,” Phys. Lett. B 135, 439 (1984). M. Bianchi, S. Kovacs, G. Rossi and Y. S. Stanev, “Properties of the Konishi multiplet in N = 4 SYM theory,” JHEP 0105, 042 (2001) [hepth/0104016].

[13] F. Fiamberti, A. Santambrogio, C. Sieg and D. Zanon, “Anomalous dimension with wrapping at four loops in N=4 SYM,” Nucl. Phys. B 805, 231 (2008) [arXiv:0806.2095 [hep-th]].

[14] R. Roiban and A. A. Tseytlin, “Quantum strings in AdS5 x S5: strong-coupling corrections to dimension of Konishi operator,” 0906.4294 [hep-th].

[15] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from noncritical string theory,” Phys. Lett. B 428, 105 (1998) [hep-th/9802109].

[16] M. Bianchi, J. F. Morales and H. Samtleben, “On stringy AdS(5) x S5 and higher spin holography,” JHEP 0307, 062 (2003) [hep-th/0305052].

[17] A. M. Polyakov, “Gauge fields and space-time,” Int. J. Mod. Phys. A 17S1, 119 (2002) [hep-th/0110196].

[18] A. A. Tseytlin, “On semiclassical approximation and spinning string vertex operators in AdS(5) x S(5),” Nucl. Phys. B 664, 247 (2003) [hep-th/0304139].

[19] B. A. Burrington and J. T. Liu, “Spinning strings in AdS(5) x S5: A worldsheet perspective,” Nucl. Phys. B 742, 230 (2006) [hep-th/0512151].

[20] R. R. Metsaev, C. B. Thorn and A. A. Tseytlin, Nucl. Phys. B 596, 151 (2001) [hepth/0009171].

[21] A. Tirziu and A. A. Tseytlin, “Quantum corrections to energy of short spinning string in AdS5,” Phys. Rev. D 78, 066002 (2008) [0806.4758 [hep-th]].

[22] R. R. Metsaev and A. A. Tseytlin, “Type IIB superstring action in AdS(5) x S(5) background,” Nucl. Phys. B 533, 109 (1998) [hep-th/9805028].

[23] F. Wegner, “Anomalous dimensions of high-gradient operators in the n-vector model in 2 + ϵ dimensions”, Z. Phys. B78 (1990) 33.

[24] V. E. Kravtsov, I. V. Lerner and V. I. Yudson, “Anomalous Dimensions Of High Gradient Operators In The Extended Nonlinear Sigma Model And Distribution Of Mesoscopic Fluctuations,” Phys. Lett. A 134, 245 (1989). G. E. Castilla and S. Chakravarty, “Is the phase transition in the Heisenberg model described by the (2+epsilon) expansion of the non-linear sigma-model?,” Nucl. Phys. B 485, 613 (1997) [cond-mat/9605088].

[25] S. Frolov and A. A. Tseytlin, “Multi-spin string solutions in AdS(5) x S5,” Nucl. Phys.

B 668, 77 (2003) [hep-th/0304255]. S. Frolov and A. A. Tseytlin, “Quantizing three-spin string solution in AdS(5) x S5,” JHEP 0307, 016 (2003) [hep-th/0306130].

[26] M. Beccaria, “On the strong coupling expansion in the su(1—1) sector of N=4 SYM,” JHEP 0806, 063 (2008) [arXiv:0805.1180 [hep-th]]. A. Rej and F. Spill, “Konishi at strong coupling from ABE,” arXiv:0907.1919 [hep-th].