arXiv:0907.3799v2 [hep-th] 23 Jul 2009

ZMP-HH/09-16

Heterotic compactifications on SU(2)-structure backgrounds^1

Jan Louis^{a,b}, Danny Martínez-Pedrera^a and Andrei Micu^c

aII. Institut für Theoretische Physik Universität Hamburg Luruper Chaussee 149 D-22761 Hamburg, Germany

bZentrum für Mathematische Physik, Universität Hamburg, Bundesstrasse 55, D-20146 Hamburg

cDepartment of Theoretical Physics, National Institute for Physics and Nuclear Engineering, Str. Atomistilor 407, P.O. Box MG-6, Măgurele, 077125, Romania

jan.louis@desy.de, danny@mail.desy.de, amicu@theory.nipne.ro

ABSTRACT

In this paper we study the reduction of heterotic string theory on SU(2)-structure backgrounds. We compute the bosonic low-energy gauged N = 2 supergravity specified by the Killing vectors corresponding to the gauged isometries. We check that the obtained Lagrangian is consistent with the one of N = 2 local supersymmetry. We also determine the Killing prepotentials.

July 23, 2009

1Work supported by: DFG – The German Science Foundation and CNCSIS – the National University Research Council.

1 Introduction

The study of the compactification of String Theory on backgrounds with G-structure has received considerable attention in recent years [1, 2]. For such backgrounds, the reduction of the structure group of the internal manifold is equivalent to the existence of one or more globally-defined internal spinors. This ensures that part of the original supersymmetry is preserved by the dimensional reduction procedure. In contrast to Calabi-Yau compactifications, these spinors need not be covariantly constant with respect to the Levi-Civita connection. Instead they are parallel with respect to a different, torsionful connection [3, 4, 5, 6]. It is in this sense that G-structure backgrounds represent generalizations of Calabi-Yau manifolds.

The effective theory for these compactifications turns out to be a gauged supergravity, with the aforementioned torsion playing the role of gauge charges and mass parameters. A potential is therefore generated, lifting at least part of the vacuum degeneracy typical of standard Calabi-Yau compactifications. For the heterotic string such backgrounds were first discussed in ref. [3] and further considered, for example, in refs. [7, 8, 9, 10, 11].

In this paper we study compactifications of the heterotic string theory (or rather its low energy supergravity) on six-dimensional manifolds with SU(2)-structure. Specifically, we introduce geometric twists which modify the closure relations of the harmonic oneand two-forms already present in K3 × T^2. This generalization preserves eight supercharges, leading to a four-dimensional effective theory with N = 2 local supersymmetry. These manifolds have been studied previously as backgrounds of type II compactifications in refs. [1, 12, 13, 14, 15, 16, 17] where they lead to N = 4 supersymmetry in four dimensions.^2 Here we consider compactifications of the heterotic string and compute the N = 2 low energy effective action for such backgrounds.

The paper is organized as follows. In section 2 we describe the features of SU(2)- structure manifolds following refs. [1, 14]. In order to set the stage we recall in section 3 the supergravity obtained after heterotic compactification on K3 × T^2 following ref. [19]. In section 4 we study as a first generalization the situation where a K3 is fibered over a torus. In this case the vector multiplet sector remains unchanged compared to compactification on K3 × T^2 and modifications arise only on the hypermultiplet sector, as we show in subsection 4.1. As expected, the metric of the σ-model appearing in the kinetic terms does not change, and the scalar field space coincides with that of the K3 × T^2 compactification. However, certain isometries in the hypermultiplet field space which are contained in SO(4, 20) are gauged, with the corresponding gauge bosons being the toroidal Kaluza-Klein vectors arising from reparametrizations of the torus factor. In subsection 4.2 we show the consistency of the computed effective action with N = 2 gauged supergravity. In section 5 we consider the case where some twisting is performed in the torus part as well. We can realize this case as a fibration of K3 × S^1 over a circle where the monodromy is in the global symmetry group of heterotic supergravity compactified on K3 × S^1. Therefore this reduction can be made sense of as a Scherk-Schwarz-type reduction [20]. In this case some isometries of the vector multiplet sector are also gauged and we compute the effective action in subsection 5.1. The consistency with supergravity is checked in subsection 5.2. Section 6 contains our conclusions and in three appendices

2A more complete discussion of type II compactifications on SU(2)-structure backgrounds will appear in ref. [18].

we give further details. In appendix A we recall the vector multiplet sector of K3 × T^2 compactifications following [19]. In appendix B we derive a formula for the line element in the space of metric deformations in terms of moduli fields that will be useful in the computation of the effective action. For completeness we compute in appendix C the Killing prepotentials P^x_I and determine their geometrical origin.

2 Manifolds with SU(2) structure

A six-dimensional manifold Y is said to have SU(2) structure if it admits a pair of globally-defined nowhere-vanishing SO(6) spinors η_i, i = 1, 2 that are linearly independent everywhere on Y . We will choose them to be normalized as η̄_iη_j = δ_{ij}. These spinors are the two singlets in the decomposition 4 → 2 ⊕ 1 ⊕ 1 of the spinor representation of SO(6) in representations of the reduced structure group SU(2). In general they are not covariantly constant with respect to the Levi-Civita connection, as is the case for Calabi-Yau manifolds such as K3 × T^2. Some of the properties of these manifolds were discussed in refs. [1, 14, 15, 16, 17] and we summarize the results in the following.

From the spinor pair η_i, and using the SO(6) gamma-matrices γ_a, a = 1, . . . , 6, one can construct a triplet of self-dual two-forms J^x, x = 1, 2, 3 and a complex one-form v^1 + iv^2 as follows

J^1_{ab} + iJ^2_{ab} = iη̄_2γ_{ab}η_1 , J^3_{ab} = −^i_2 (η̄_1γ_{ab}η_1 + η̄_2γ_{ab}η_2) ,

v^1_a + iv^2_a = η̄^c_2γ_aη_1 ,

(2.1)

where γ_{ab} denotes the antisymmetrized product of two gamma-matrices.^3 The two-forms J^x and the real one-forms v^i characterize completely the SU(2)-structure and are closed if and only if the spinors η_i are covariantly constant with respect to the Levi-Civita connection. For a generic SU(2)-structure manifold therefore, the departure from SU(2) holonomy (or equivalently from K3 × T^2) is measured by the failure of dJ^x and dv^i to vanish. The orthogonality of the η_i together with appropriate Fierz identities implies

v^i · v^j = δ^{ij} , J^x ∧ J^y = 2δ^{xy}ι_v1 ι_v2 vol_6 , ι_vi J^x = 0 , (2.2)

where vol_6 is the volume form of Y and by an abuse of notation v^i denote also the vectors v^{ia} ≡ g^{ab}v^i_a. Although a generic SU(2)-structure manifold cannot be written as a product manifold like it is the case for K3 × T^2, the existence of the two globally defined one-forms v^i does allow us to define an almost product structure [1, 14]

Π_a^b = 2v^i_av^{ib} − δ^b_a . (2.3)

Using the first condition in (2.2) it can be easily checked that this tensor indeed satisfies Π_a^cΠ_c^b = δ^b_a. The tensor Π_a^b splits the tangent vector over every point p of Y as T_pY = V_p ⊕W_p, with V_p and W_p being two- and four-dimensional subspaces, respectively.

3Under an SU(2) transformation that rotates the pair of spinors η_i into each other, the J^x transform as the corresponding SO(3)-triplet while the v^i remain invariant.

Since Π_a^b is globally defined it follows that V = ∪_{p∈Y} V_p and W = ∪_{p∈Y} W_p are welldefined distributions over all of Y . As seen from Π_a^bv^i_b = v^i_a, the distribution V is spanned by the vector fields v^i. For a detailed discussion of (integrable) almost product structures see ref. [21]. In that reference a particular case of an almost product structure, namely an almost para-complex structure, is discussed.^4

Integrability of the almost product structure Π_a^b as encoded in the vanishing of the corresponding Nijenhuis tensor is equivalent to integrability of the distributions V and W . This means that every neighborhood U of the manifold Y can be written as U_2 × U_4 such that for each p in U we have V_p = T_pU_2 and W_p = T_pU_4, and we can introduce ‘separating coordinates’ on every patch U of Y such that the metric can be given the block-diagonal structure

ds^2 = g_{ij} (y, z) dz^idz^j + g_{mn}(y, z) dy^mdy^n , (2.4)

where z^i, i = 1, 2 are coordinates on U_2 and y^m, m = 1, . . . , 4 are coordinates on U_4. In the following we will assume that (2.3) is integrable. The set of neighborhoods U_2 and U_4 represent foliations of the manifold Y , and it can happen that the leaves of these foliations are embedded submanifolds Y_2 and Y_4 of Y , respectively.

Together, the last condition in (2.2) and the block-structure (2.4) for the metric forces the two-forms J^x to have legs only along U_4. Therefore the second condition in (2.2) becomes J^x ∧ J^y = 2δ^{xy}vol_4 , (2.5) with vol_4 being the volume form on U_4. Raising an index on the two-forms J^x with the metric one obtains a triplet of almost complex structures I^x satisfying

I^xI^y = −δ^{xy}1 + ϵ^{xyz}I^z . (2.6)

Due to the spinors not being covariantly constant, these almost complex structures are in general not integrable and thus they do not form a hyperkähler structure on Y as they do on K3 or K3 × T^2.

In ref. [17] the space of possible geometrical deformations of manifolds with SU(2) structure was discussed. If one demands the absence of massive gravitino multiplets no global one- and three-forms should exist on a four-dimensional Y_4. The possible deformations are then in one-to-one correspondence with the two-forms and they span the coset space SO(3, 3 + n) SO(3) × SO(3 + n)

, (2.7)

where n is an integer such that the number of two-forms is n + 6. (For K3 we therefore have n = 16.) Furthermore, the two-forms split into three self-dual forms (which are the triplet J^x) and n + 3 anti-self-dual forms.

We therefore learn that on the six-dimensional Y we have a pair of one-forms v^i and n + 6 two-forms ω^A, A = 1, . . . , n + 6 at our disposal. Neither of them is necessarily closed and we shall consider the following Ansatz for their exterior derivatives [15, 22]

dv^i = θ^i v^1 ∧ v^2 , (2.8)

dω^A = T^A_{iB} v^i ∧ ω^B , (2.9)

4An almost para-complex structure is an almost product structure that split the tangent space over each point into two subspaces of the same dimension.

where θ^i and T^A_{iB} are constant coefficients. In principle one could also consider adding a term proportional to ω^A to the r.h.s. of (2.8), but if one insists that the almost product structure is integrable, and therefore the metric can be written as in (2.4), such a term is ruled out. The reason for that is that v^i is tangent to U_2, whereas as we already argued for J^x, the two-forms ω^A have legs only in the four-dimensional component.^5 Equation (2.9) implies that the two-forms ω^A are actually closed on each U_4. This follows since restriction to U_4 is achieved by setting v^i = 0 on the r.h.s. of (2.9), or in other words only the derivatives of ω^A in the direction of the z^i (i.e. along U_2) are nontrivial. This means that on each U_4 we have a hyperkähler structure. If, as explained before, all the U_4 form embedded four-dimensional submanifolds Y_4 of Y , we have that each Y_4 must be a K3. As a result, the number of two-forms is no longer arbitrary but constrained by n + 6 = 22. We will therefore choose to focus on the cases where the SU(2)-structure manifold is a K3 fibered over a two-dimensional space Y_2. We should nevertheless state that the reductions we perform here should give the same results for possible more general cases as long as eqs. (2.8) and (2.9) are satisfied.

The possible values of θ^i and T^A_{iB} are restricted by the nilpotency of the d-operator and by Stokes’ theorem. Acting with d on (2.8) does not give any constraint, while acting on (2.9) (and using d^2 = 0) yields

θ^iT^A_{iB} = ϵ^{jk}T^A_{jC} T^C_{kB} , (2.10)

where ϵ_{ij} = ϵ^{ij} = −ϵ^{ji}, ϵ^{12} = 1. Considering T^A_{iB} as a pair of matrices T_i ≡ (T^A_{iB}) we can rewrite equation (2.10) compactly as the commutation relation

[T_1, T_2] = θ^iT_i . (2.11)

On the other hand, Stokes’ theorem implies that ∫ Y d(v^i ∧ ω^A ∧ ω^B) = 0, which after substitution of (2.8) and (2.9) leads to

ϵ^{ij} (T^A_{jC} η^{CB} + T^B_{jC} η^{CA}) = η^{AB}θ^i . (2.12)

Here, the intersection matrix η^{AB} is defined as η^{AB} = ∫ Y v^1 ∧ v^2 ∧ ω^A ∧ ω^B , (2.13)

which has signature (3, n + 3) as follows from the discussion of the number of self-dual and anti-self-dual two-forms on Y . From (2.12) we deduce that the T_i can be split as

T_i = −^1_2 ϵ_{ij} θ^j1 + T̃_i , (2.14)

where T̃_i is such that T̃_iη is antisymmetric and thus T̃_i is traceless. Since they preserve the metric η^{AB}, the T̃_i are in the algebra of SO(3, n + 3). They also satisfy the same commutation relation (2.11) as the T_i, namely

[T̃_1, T̃_2] = θ^iT̃_i . (2.15)

5Manifolds satisfying dv^i ∼ ω^A and dω^A = 0 have been constructed as torus fibrations over a K3 base in refs. [8, 23]. However, these manifolds have SU(3)- rather than SU(2)-structure.

In this paper we study two possible situations separately. First we consider the case θ^i = 0 (and therefore T_i = T̃_i) which implies

dv^i = 0 ,

dω^A = T̃^A_{iB} v^i ∧ ω^B .

(2.16)

In this case the commutation relation (2.15) tells us that the T̃_i commute and thus they form a two-dimensional Abelian subalgebra of SO(3, n + 3). We can construct a background satisfying (2.16) if we consider Y_2 to be a torus as in K3×T^2 but we demand the six-dimensional manifold to be a non-trivial K3 fibration over this torus base. We study the reduction of heterotic supergravity on such backgrounds in section 4.

As a second case we consider a non-vanishing θ^i in (2.8) but for simplicity take this time T̃_i = 0. As we will argue in subsection 5.3, the general case of both θ^i and T̃_i non-zero is simply a sum of these two cases. Equation (2.14) for T̃_i = 0 tells us that T^A_{iB} = −^1_2 ϵ_{ij} θ^jδ^A_B and consequently the relations (2.8) and (2.9) take the form

dv^i = θ^iv^1 ∧ v^2 ,

dω^A =^1_2 θ^iϵ_{ij} v^j ∧ ω^A .

(2.17)

The first relation says that the two-dimensional component is locally a twisted torus as the one studied in ref. [24]. It is shown in that reference that a two-dimensional twisted torus does not exist as a global manifold but here we just claim that this is a local structure in every patch U_2 that does not need to extend to form a whole embedded submanifold. We see that due to the second equation in (2.17) the K3 fiber is also affected by the presence of the parameter θ^i. The reduction of the heterotic string on such background will be studied in section 5.

In order to set the stage let us proceed by recalling the heterotic compactification on the product manifold K3 × T^2.

3 Heterotic reduction on K3 × T^2

In this section we briefly recall the derivation of the effective action for the heterotic string compactified on the product manifold K3 × T^2 following ref. [19]. One starts from the bosonic part of the heterotic supergravity Lagrangian in ten dimensions which is given by [25]

L_{10} = e^{−Φ} ( R + dΦ ∧ ∗dΦ +^1_2 H_3 ∧ ∗H_3 −^1_2 tr F_2 ∧ ∗F_2 ) , (3.1)

where Φ is the ten-dimensional dilaton, R is the Ricci scalar, H_3 = dB_2 + . . . is the field strength for the NS two-form B_2 (the dots stand for Yang-Mills and gravitational Chern-Simons terms) and F_2 is the Yang-Mills field strength. The compactified theory is constrained by the consistency condition ∫ K3 dH = ∫ K3 (tr R_2 ∧ R_2 − tr F_2 ∧ F_2) = 24 − ∫ K3 tr F_2 ∧ F_2 = 0 , (3.2) where the curvature two-form R_2 obeys ∫ K3 tr R_2 ∧R_2 = 24. To satisfy this constraint the gauge bundle on K3 has to be non-trivial in that its instanton number has to compensate the curvature contribution. This breaks part of the original non-Abelian gauge symmetry of the heterotic string. The details depend on the gauge bundle chosen, but for the purpose of this paper we do not need to be more specific and just assume that (3.2) is satisfied in all cases.

The Kaluza-Klein reduction uses the following Ansatz for the metric, the NS two-form field B_2 and the Yang-Mills field A^a_1

ds^2 = g_{μν} dx^μdx^ν + g_{ij}E^iE^j + g_{mn}dy^mdy^n ,

B_2 =^1_2 B_{μν} dx^μ ∧ dx^ν + B_{iμ}E^i ∧ dx^μ +^1_2 B_{ij} E^i ∧ E^j + b_Aω^A ,

A^a_1 = A^a_μdx^μ + A^a_i E^i ,

(3.3)

where x^μ are the coordinates of the four-dimensional space-time, y^m, m = 1, . . . , 4 are the coordinates on K3 and it is convenient to define the combination E^i = dz^i − V^i_μ dx^μ. Here the z^i, i = 1, 2 are the coordinates on T^2 while V^i_μ are Kaluza-Klein gauge fields of T^2. Finally, the ω^A, A = 1, . . . , 22 are the harmonic two-forms of K3.

At a generic point in the scalar field space of the compactified theory any non-Abelian gauge symmetry is broken to an Abelian subgroup U(1)^{ng} . Let us identify these Abelian vector fields with the A^a_μ, a = 1, . . . , n_g in (3.3). In addition there are the four KK vectors V^i_μ , B_{iμ} and thus the effective theory contains n_v = 3 + n_g Abelian vector multiplets (the ‘missing’ vector being the graviphoton). The scalar superpartners in these multiplets are the 2n_g scalars A^a_i , the four scalars contained in g_{ij} + B_{ij} , the four-dimensional dilaton ϕ and the dual of B_{μν} .

The remaining scalars are assembled in n_h hypermultiplets. Twenty hypermultiplets are geometrical in that 58 out of their 80 scalars arise from the deformations of the K3 metric g_{mn} and the remaining 22 from the expansion of the B-field denoted by b_A in (3.3). Additional hypermultiplets parameterize the embedding of the instanton gauge bundle inside the original ten-dimensional gauge group. The precise number and moduli space is again model-dependent, but in the following we only need to know that altogether they span a quaternionic-Kähler manifold of dimension n_h.

Substituting the Ansatz (3.3) into the ten-dimensional Lagrangian (3.1) one derives the four-dimensional effective theory. In order to write it in the canonical N = 2 supergravity form a number of field redefinitions have to be performed [19]. Here we only give the final result but supply more details in appendix A. The bosonic Lagrangian of the compactified theory is found to be

L_4 = R +^1_2 I_{IJ} F^I_{μν} F^{Jμν} +^1_4 R_{IJ} F^I_{μν} F^J_{ρλ}ϵ^{μνρλ} − G_{pq̄}(v) ∂_μv^p∂^μv̄^{q̄} − h_{uv}(q) ∂_μq^u∂^μq^v , (3.4) where F^I_{μν} , I = 0, . . . , n_v denote the field strengths of the n_v + 1 vector fields V^i_μ , B_{iμ} and A^a_μ with field-dependent gauge coupling matrices I(v), R(v) as given in (A.5). The v^p, p = 1, . . . , n_v are the complex scalars in the vector multiplets which include the heterotic dilaton s, the toroidal moduli t, u and the Wilson-line moduli n^a. Their definition in terms of the KK-Ansatz (3.3) is given in (A.6). The metric G_{pq̄}(v) is Kähler (i.e. G_{pq̄} = ∂_p ¯∂_{q̄}K) with Kähler potential

K = − ln i(s − s̄) − ln^1_4 [ (t − t̄)(u − ū) − (n^a − n̄^a)(n^a − n̄^a) ] , (3.5) corresponding to the coset space

M_v =

SU(1, 1)

U(1) × SO(2, n_v − 1) SO(2) × SO(n_v − 1)

. (3.6)

Finally the q^u, u = 1, . . . , 4n_h in the effective action (3.4) denote the scalars in hypermultiplets, which span a quaternionic manifold whose metric is h_{uv}. This metric is largely unknown due to the gauge bundle moduli. However, the 80 geometrical moduli arising as the deformations of the K3 metric and the B-field span the submanifold

SO(4, 20) SO(4) × SO(20)

⊂ M_h , (3.7)

divided by a discrete symmetry group [26]. We will rederive this moduli space in the next section, where we discuss the slightly more general case of a K3 fibered over a torus. As we will see, the moduli space (3.7) is not affected by this generalization.

4 K3 fibration over torus base

Let us now turn to the first generalization and consider a six-dimensional manifold Y constructed as a K3 fibered over a torus. As we discussed in section 2 this corresponds to θ^i = 0 in eq. (2.8), or equivalently to (2.16). The matrices T̃_i could be any two mutually commuting elements of the algebra of SO(3, 19). Though having legs only along the K3 fibers, the two-forms ω^A(y, z) depend on both sets of coordinates y^m, z^i. They obey the differential constraint dω^A = T̃^A_{iB} v^i ∧ω^B but they are still harmonic on any K3 slice. The one-forms are v^i = dz^i and therefore satisfy dv^i = 0 as required. We see that the second cohomology of the K3 fibers is twisted over the torus in that the basis of two-forms ω^A(y, z) changes as we go from z to z + ε according to

ω^A(y, z + ε) = ω^A(y, z) + ε^i T̃^A_{iB} ω^B(y, z) . (4.1)

This equation can be integrated to give

ω^A(y, z) = (exp z^iT̃_i)^A_B ω^B(y, 0) . (4.2)

Once we go around the torus (choosing the identifications z^i ∼ z^i + 1) the basis ω^A(y, z) comes back to itself up to some discrete monodromy matrices γ_i

ω^A → γ^A_{iB} ω^B , γ_i ≡ exp T̃_i ∈ Γ(Z) , (4.3)

where for the case at hand Γ(Z) = SO(3, 19, Z) which is indeed a symmetry of the string theory.

Before we proceed let us note that as a consequence of (4.3) the intersection matrix η^{AB} defined in (2.13) simplifies. Using (4.2) and the fact that η is an invariant metric of SO(3, 19) we can perform the integral over the torus to arrive at η^{AB} = ∫ K3 ω^A ∧ ω^B , (4.4)

where we chose the normalization ∫ T^2 dz

i ∧ dz^j = ϵ^{ij}. Thus we see that η^{AB} reduces to the standard expression for K3.

4.1 Effective action

From the KK-Ansatz (3.3) and the subsequent discussion of the spectrum we infer that the twist (4.2) does not affect the vector multiplet sector of the low energy supergravity. On the other hand, in the hypermultiplet sector it will gauge some of the isometries of the K3 moduli space given in (3.7). Apart from appropriate couplings to the gauge fields it will also induce a scalar potential V_h. So in the following we concentrate on the K3 metric moduli together with the 22 scalars b^A arising from the B-field expansion.

In order to derive the effective action we have to consider a KK-Ansatz which slightly differs from (3.3) in that the metric g_{mn} of the four-dimensional internal subspace now depends on the torus coordinates z^i. Substituting the modified Ansatz into the Ricci scalar of the ten-dimensional action (3.1) we obtain kinetic terms and a potential for the degrees of freedom in g_{mn}. One finds [20, 27]

L_{h,g} =^1_4 ∫ Y √ |g|g^{mp}g^{nq}D_μg_{mn}D^μg_{pq} +^1_4 ∫ Y √ |g|g^{ij}g^{mp}g^{nq}∂_ig_{mn}∂_j g_{pq} , (4.5) where D_μ ≡ ∂_μ −V^i_μ ∂_i and |g| ≡ det g_{mn}. Note that on K3×T^2 this metric is independent of the torus coordinates z^i and thus the second term in (4.5) is absent, while in the first term the D_μ becomes an ordinary space-time derivative. The first term is a kinetic term for the metric degrees of freedom while the second term gives raise to a potential.

To proceed we need to rewrite the Lagrangian (4.5) in terms of four-dimensional moduli fields.^6 In order to do so let us expand the triplet of two-forms J^x defined in section 2 in terms of the basis ω^A as

J^x = e^{− ρ2} ξ^x_A ω^A(y, z) , (4.6)

where ξ^x_A are 66 real parameters and e^{−ρ} is the overall volume of the K3 fiber. As we discussed in section 2 the J^x are self dual two-forms which are singlets of the SU(2) structure group and satisfy ∫ K3 J^x ∧ J^y = 2δ^{xy}e^{−ρ} . (4.7)

Substituting (4.6) into (4.7) and using (4.4) we find

η^{AB}ξ^x_Aξ^y_B = 2δ^{xy} . (4.8)

Thus we see that the ξ^x_A are not all independent but constrained by the six equations (4.8). Additionally, there is a redundancy in the possible values of ξ^x_A in that an SO(3) rotation of the J^x into each other does not take us to a new point in moduli space. Modding out this action eliminates 3 physical degrees of freedom from ξ^x_A. Altogether we are left with 66 − 6 − 3 = 57 independent parameters. Adding the volume modulus ρ we obtain the 58 metric moduli of K3 [28].

Alternatively one can choose to describe the moduli in terms of the action of the Hodge star operator on the two-forms ω^A. On each four-dimensional K3 fiber, ∗ω^A can be expanded in terms of the original ω^A basis, or in other words we have

∗ ω^A = M^A_Bω^B , (4.9)

6We include this derivation explicitly since we could not find it in the literature.

where M^A_B is a moduli-dependent but otherwise constant matrix. From (4.4) one sees that M^{AB} ≡ M^A_C η^{CB} = ∫ K3 ω^A ∧ ∗ω^B (4.10)

is symmetric. Taking the Hodge dual of (4.9) and recalling that ∗∗ω^A = ω^A one derives M^A_C M^C_B = δ^A_B . This implies that the eigenvalues of the matrix M can only be ±1. Since there are three self-dual two-forms J^x and nineteen anti-self-dual it follows that there must be three +1 and nineteen −1 eigenvalues. Taking the Hogde dual of (4.6), using eq. (4.9) and recalling self-duality of J^x we obtain ξ^x_AM^A_B = ξ^x_B, or in other words the three ξ^x_A span the (+1)-eigenspace of M^A_B . The orthogonal subspace, i.e. the 19- dimensional set of all ζ_A such that η^{AB}ξ^x_Aζ_B = 0, must then be the (−1)-eigenspace. An operator M^A_B that acts as the identity in the subspace spanned by the ξ^x_A and as minus the identity in the orthogonal subspace, and is moreover such that M^{AB} is symmetric, must necessarily be given by

M^A_B = (+)^1_2 η^{AC} ξ^x_C ξ^x_B + (−)(δ^A_B −^1_2 η^{AC} ξ^x_C ξ^x_B )

= −δ^A_B + η^{AC} ξ^x_C ξ^x_B .

(4.11)

We see that M^A_B indeed carries the information on all the metric moduli except for the volume modulus ρ.

Having derived the essential ingredients of the K3 moduli space let us return to the discussion of the six-dimensional manifolds with SU(2) structure and see how these moduli are affected by the specific fibration we are using. Since the J^x are globally defined on the manifold we have a choice to express the twists given in (4.2) either in terms of z-dependent ω^A as in (4.6) or equivalently by transferring the z-dependence to the moduli ξ^x_A and ρ. The latter means that we can consider a basis ω^A(y) that is independent of z^i and write J^x = e^{− ρ2} ξ^x_A(z)ω^A(y) (4.12)

with ξ^x_A(z) = (exp z^iT̃_i)^B_Aξ^x_B . (4.13)

The following derivation is of course valid for both ‘frames’, but viewing the ω^A as an honest integral basis of the second cohomology of K3 is often useful.^7 Note that ρ does not pick up any z-dependence because the ξ^x_A(z) just defined satisfy the normalization condition (4.8). (This will change for θ^i ≠ 0 as we discuss in section 5.)

In appendix B we determine the line element on the space of metric deformations of the four-dimensional component Y_4. This can now be used to rewrite the Lagrangian given in (4.5). We replace δg by D_μg and ∂_ig in eq. (B.1) and consequently D_μξ^x_A(z) and

7This point of view corresponds to a Scherk-Schwarz compactification where one first compactifies to six dimensions on a K3 and then in a subsequent step compactifies on a T^2 to four dimensions where the scalar fields of the six-dimensional theory have a non-trivial monodromy as one goes around the torus [20]. A similar discussion can be found in [29] for compactification of M-theory on sevendimensional manifolds with SU(3) structure which can be viewed as a Calabi-Yau threefold fibered over a circle.

∂_iξ^x_A(z) appear in (B.11) instead of δξ^x_A. Similarly δρ is replaced by ∂_μρ. This leads to

L_{h,g} =^1_4 ∫ T^2 ( e^{−ρ}∂_μρ∂^μρ − 2e^{−ρ} (η^{AB} −^1_2 ξ^{yA}ξ^{yB}) D_μξ^x_A(z)D^μξ^x_B (z) ) − V_{h,g} , V_{h,g} =^1_2 ∫ T^2

e^{−ρ} (η^{AB} −^1_2 ξ^{yA}ξ^{yB}) ∂_iξ^x_A(z)∂^iξ^x_B(z) .

(4.14)

In order to perform the integration over the T^2 we need to evaluate ∂_iξ^x_A(z). From (4.13) we find ∂_iξ^x_A(z) = (exp z^iT̃_i)^B_AT̃^C_{iB} ξ^x_C ,

D_iξ^x_A(z) = (exp z^iT̃_i)^B_A(∂_μξ^x_B − V^i_μT̃^C_{iB}ξ^x_C ) .

(4.15)

After substituting this derivative into eqs. (4.14) the z-dependence drops out. We can intuitively see this since this dependence is all in the exponential exp z^iT̃_i, which preserves the metric η^{AB}. The integration over the torus is now trivial and we arrive at the effective four-dimensional Lagrangian

L_{h,g} =^1_4 ∂_μρ∂^μρ −^1_2 (η^{AB} −^1_2 ξ^{xA}ξ^{xB})D_μξ^y_AD^μξ^y_B − V_{h,g}

=^1_4 ∂_μρ∂^μρ −^1_8 D_μM^A_B D^μM^B_A − V_{h,g} ,

(4.16)

where in the second equation (4.11) was used. The covariant derivatives are given by

D_μξ^x_A = ∂_μξ^x_A − V^i_μT̃^B_{iA}ξ^x_B , D_μM = ∂_μM − V^i_μ [M, T̃_i] , (4.17)

and the potential reads

V_{h,g} =^1_4 e^{−ϕ}g^{ij} ( ξ^x_AT̃^A_{iB}ξ^{yB} ξ^y_CT̃^C_{jD}ξ^{xD} − 2ξ^x_AT̃^A_{iB}T̃^B_{jC} ξ^{xC} )

= −^1_4 e^{−ϕ}g^{ij} ( tr(MT̃_iMT̃_j ) − tr(T̃_iT̃_j) )

= −^1_8 e^{−ϕ}g^{ij}tr ( [M, T̃_i][M, T̃_j ] ) . (4.18)

In the last expressions we used matrix notation with M = (M^A_B) given in (4.11) and the property M^2 = 1.

As a next step let us include the scalars b_A arising from the B-field in the KK-Ansatz (3.3). As in (4.13) it is useful to give them a z-dependence

b_A(z) = (exp z^iT̃_i)^B_Ab_B , (4.19)

from which we compute ∂_ib_A(z) = (exp z^iT̃_i)^B_AT̃^C_{iB} b_C . (4.20)

Inserting B_2 = b_A(z)ω^A into the second term of the ten-dimensional Lagrangian (3.1) we obtain

L_{h,b} =^1_2 ∫ T^2

e^ρ ( D_μb_A(z)D^μb_B (z) + g^{ij}∂_ib_A(z)∂_j b_B (z) ) ∫ K3 ω^A ∧ ∗ω^B . (4.21)

Now we can insert (4.20). The z-dependence drops out again and the integral over the torus is trivial. Recalling eq. (4.10) we arrive at the four-dimensional Lagrangian

L_{h,b} =^1_2 M^{AB} D_μb_AD^μb_B − V_{h,b} ,

V_{h,b} = −^1_2 e^{−ϕ}g^{ij}e^ρb_AT̃^A_{iB} M^{BC}T̃^D_{jC} b_D ,

(4.22)

where the covariant derivative reads

D_μb_A = ∂_μb_A − V^i_μT̃^B_{iA}b_B . (4.23)

The combined Lagrangian for the metric deformation given in (4.16) and for the bfields given in (4.22) can be written more compactly by introducing a 24 × 24 matrix M such that ML is symmetric and given by

ML = e^{ρ 1}_2 e^ρb^2 −e^ρb^B 1 2 e^ρb^2 e^{−ρ} + b_AM^{AB} b_B +^1_4 e^ρb^4 −b_AM^{AB} −^1_2 e^ρb^2b^B

− e^ρb^A −M^{AB} b_B −^1_2 e^ρb^2b^A M^{AB} + e^ρb^Ab^B

, (4.24)

where we abbreviated b^2 = b_Ab^A and defined

L = 0 −1 0 −1 0 0 0 0 η^{AB} . (4.25)

With these conventions M satisfies M^2 = 1 and MLM^T = L and thus M is an element of SO(4, 20). Using (4.24) the complete effective Lagrangian in the hypermultiplet sector can be written as

L_h = L_{h,g} + L_{h,b} = −^1_8 tr (D_μMD^μM) − V_h ,

V_h = V_{h,g} + V_{h,b} = −^1_8 e^{−ϕ}g^{ij}tr ( [M, T_i][M, T_j] ) , (4.26)

where D_μM = ∂_μM − V^i_μ [M, T_i] . (4.27)

The matrix T_i is defined as

T_i =

0 0 0 0 0 0 0 0 T̃_i

, (4.28)

and thus is in the algebra of SO(4, 20) provided that T̃_i is in the algebra of SO(3, 19).

Setting T̃_i to zero corresponds to compactification on K3 × T^2, and in this case the Lagrangian (4.26) simplifies to

L_h = −^1_8 tr (∂_μM∂^μM) , (4.29)

which agrees with the expressions given in refs. [30, 31].

4.2 Consistency with N = 2 supergravity

In order to check the consistency with N = 2 supergravity we need to compare the kinetic terms and the potential. As we already noted, for T̃_i = 0 the Lagrangian corresponds to compactification on K3 × T^2, for which the consistency is well established. Thus we are left with checking the consistency of the covariant derivatives and the potential in (4.26).

For the case at hand no vector multiplets are charged and therefore the N = 2 supergravity potential reduces to the form [32]

V_{SUGRA} = 4e^K X^IX̄^J h_{uv}k^u_I k^v_J −

[_1 2 (I^{−1})^{IJ} + 4e^K X^IX̄^J ] P^x_I P^x_J , (4.30)

where k^u_I are the Killing vectors and P^x_I are the corresponding Killing prepotentials defined in appendix C. The Killing vectors appear in the covariant derivatives of the hyper-scalars q^u according to

D_μq^u = ∂_μq^u − k^u_I A^I_μ , I = 0, . . . , n_v , (4.31)

where A^I_μ collectively denotes all vectors fields, i.e. A^I_μ = (V^i_μ, B_{iμ}, A^a_μ). The X^I (z) are related to the complex scalars of the vector multiplets as given in (A.8) and I^{IJ} is defined in (A.5). Comparing (4.31) with the covariant derivatives computed in eqs. (4.17) and (4.23) we conclude that

k^ρ_{V i} = 0 , k^{ξxA}_{V i} = T̃^B_{iA}ξ^x_B , k^{bA}_{V i} = T̃^B_{iA}b_B . (4.32)

Note that all scalar fields are only charged with respect to V^i_μ and as a consequence the Killing vectors are non-trivial only in this direction. As shown in appendix C this implies that the only non-zero Killing prepotentials are P^x_{V i} . From this fact together with (A.5), (A.6) and (A.8) one shows that the negative term in the potential (4.30) vanishes. With the help of eqs. (A.6) and (A.8) one also shows that 4e^KX^IX̄^J k^u_I k^v_J = e^{−ϕ}g^{ij}k^u_{V i} k^v_{V j} . Finally, the metric h_{uv} can be read off from (4.16) and (4.22) or equivalently from (4.26) and is given by

h_{ρρ} =^1_4 , h_ξx_{Aξ}^y_B =^1_2 (η^{AB} −^1_2 ξ^{zA}ξ^{zB})δ^{xy} , h_{bAbB} =^1_2 M^{AB} . (4.33)

Putting all this together we obtain

V_{SUGRA} = e^{−ϕ}g^{ij}h_{uv}k^u_i k^v_j = −e^{−ϕ}g^{ij}

[_1 8 tr ( [M, T̃_i][M, T̃_j ] ) +^1_2 e^ρb_AT̃^A_{iB} M^{BC}T̃^D_{jC} b_D ] . (4.34) This expression is in complete agreement with V_h in eq. (4.26).

5 SU(2)-structure compactifications with θ^i ≠ 0.

In this section we consider the case where θ^i ≠ 0 and T̃_i = 0, that is we impose the differential relations dv^i = θ^iv^1 ∧ v^2 and dω^A =^1_2 θ^iϵ_{ij} v^j ∧ ω^A as given in eqs. (2.17). Allowing additionally for T̃_i ≠ 0 simply combines the results of the former section to what will be found here. We discuss this case briefly at the end of this section.

Without loss of generality we can assume that θ^2 = 0 so that only the first component θ^1 ≡ θ is non-zero. This can always be achieved by an SO(2) rotation of the pair of oneforms v^i. Thus we have dv^1 = θv^1 ∧ v^2, dv^2 = 0 together with dω^A =^1_2 θv^2 ∧ ω^A, which are satisfied by

v^1 = e^{−θz2} dz^1 , v^2 = dz^2 , ω^A(z) = e^12^{θz2} ω^A . (5.1)

We could construct such background by considering K3 × S^1 fibered over a second circle parametrized by z^2 ∼ z^2 + 1. The circle in the fiber has z^1 as coordinate and together with the base circle they have locally the structure of a two-dimensional twisted torus as considered in [24]. As already mentioned though, a two-dimensional twisted torus does not exist as a global manifold.

On the K3 part of the fiber we can perform an expansion similar to (4.6) and transfer the z-dependence of ω^A(z) to the moduli ρ and ξ^x_A. In view of the third equation in (5.1) we conclude that we have to set

ρ(z) = ρ + θz^2 , (5.2)

while the ξ^x_A remain independent of z^i. This simply reflects the fact that (5.1) demands a rescaling of the J^x. From the term b_Aω^A in the expansion of the NS two-form we conclude that the b-fields must be given a z-dependence

b_A(z) = e^12^{θz2} b_A . (5.3)

The question now arises of how to patch the fibers after going once around the base circle z^2 → z^2 + 1, i.e. how to make sense of the monodromy. We will see that this identification is possible if we consider the fact that heterotic supergravity compactified to six-dimensions on K3 has indeed a global SO(4, 20) symmetry (which gets broken to a discrete subgroup thereof in the full heterotic string theory). Leaving aside for the moment this issue let us start with the derivation of the effective action.

5.1 Effective action

The difference compared to the situation discussed in the previous section 4 are the twisted differential relations of the one-forms dv^1 = θv^1 ∧ v^2, dv^2 = 0. They have the effect that also isometries of the manifold spanned by scalars in vector multiplets are gauged. In the KK-reduction we can largely follow the analysis of ref. [24] where the heterotic string compactified on twisted tori was considered. Without repeating the derivation in detail here let us state that the covariant derivatives which follow from ref. [24] are D_μg_{ij} = ∂_μg_{ij} + θg_{1i}ϵ_{jk}V^k_μ + θg_{1j} ϵ_{ik}V^k_μ ,

D_μB_{12} = ∂_μB_{12} − θB_{1μ} + θB_{12}V^2_μ ,

D_μA^a_i = ∂_μA^a_i + θA^a_1ϵ_{ij} V^j_μ ,

(5.4) while the axion-dilaton s remains neutral. If we express the covariant derivatives (5.4) in the complex variables u, t and n^a defined in (A.6) we obtain

D_μu = ∂_μu − θ(uV^2_μ + V^1_μ ) ,

D_μt = ∂_μt + θ(tV^2_μ − B_{1μ}) ,

(5.5)

while the fields n^a remain neutral.

Furthermore, a potential V_v is generated and given by

V_v = −^1_2 e^{−ϕ}|g|^{−1}(g_{11} +^1_2 A^a_1A^a_1)θ^2 = −

2θ^2 e^{−ϕ} (u − ū)(t − t̄) [ (u − ū)(t − t̄) − (n^a − n̄^a)^2

]_2 . (5.6)

Here g_{ij} is the metric of the two-dimensional component of Y and |g| ≡ det g_{ij}. The final expression is written in terms of the complex vector moduli u, t and n_a and the four-dimensional dilaton ϕ as defined in appendix A. This result is consistent with the potential derived in ref. [24] if applied to a twisted two-torus.

Since θ also appears in the differential relations for ω^A in (2.17) the hypermultiplet sector is similarly affected. Repeating the analysis of the previous section one finds that only the volume modulus ρ and the b_A fields acquire a charge. Considering the action of D_μ = ∂_μ − V^i_μ∂_i on eqs. (5.2) and (5.3) we find the following covariant derivatives for ρ and b_A D_μρ = ∂_μρ − θV^2_μ , D_μb_A = ∂_μb_A −^1_2 θV^2_μ b_A .

(5.7)

As already seen the moduli comprised in ξ^x_A or equivalently M^A_B remain neutral and we can encode all covariant derivatives in the expression

D_μM = ∂_μM − V^2_μ [M, T ] , (5.8)

with M given in eq. (4.24) and the matrix T in the algebra of SO(4, 20) defined by T = −^1_2 θ 0 0 0^1_2 θ 0 0 0 0

. (5.9)

We pause here to annotate the following. Since SO(4, 20) is a global symmetry of heterotic supergravity compactified to six-dimensions on K3 we can indeed make sense of this background as a Scherk-Schwarz type of reduction in which the K3 sigma-model moduli organized in the matrix M pick up a monodromy e^T in further compactifications on circles. Unfortunately there is no non-vanishing value of θ such that e^T is in SO(4, 20, Z), so the lifting to string theory is unclear.

A potential V_h in the hypermultiplet sector is also generated. It has two contributions, one from the reduction of the ten-dimensional Ricci scalar due to the dependence of the four-dimensional volume modulus ρ on the two-dimensional local coordinates, and a second one involving the fields b_A arising from the kinetic term for the ten-dimensional B-field. Putting them together we obtain the following expression for the potential,

V_h =^1_4 e^{−ϕ}|g|^{−1}g_{11}θ^2 ( 1 +^1_2 e^ρb^TMb ) = − θ^2 e^{−ϕ} ( 1 +^1_2 e^ρb^TMb ) 4 [ (u − ū)(t − t̄) − (n^a − n̄^a)^2

] . (5.10)

It can be checked that this potential together with the kinetic terms can be cast in the following form for the Lagrangian

L_h = −^1_8 tr(D_μMD^μM) +^1_8 e^K tr ( [M, T ][M, T ] ) , (5.11)

where the covariant derivative is given in eq. (5.8), the matrix T in eq. (5.9) and K is the Kähler potential (3.5) for the scalar manifold corresponding to the vector-multiplet sector.

5.2 Consistency with N = 2 supergravity

We can check the consistency with N = 2 supergravity in much the same way as we did in section 4.2. Now we have contributions to the potential of the theory coming from both sectors, V_v and V_h. The supergravity potential for the hypermultiplets was already given in (4.30) and the fact that the negative term vanishes remains valid also in this case. For the vector multiplets the scalar potential is positive definite and again proportional to the Killing vectors. Together they read [32]

V_{SUGRA} = e^K X^Ī X^J (G_{pq̄}k^p_I k^{q̄}_J + 4h_{uv}k^u_I k^v_J ) , (5.12)

where k^p_I are the Killing vectors for the vector multiplets and G_{pq̄} the Kähler metric derived from the Kähler potential (3.5). The generic covariant derivatives for the hyperscalars are defined in (4.31) and so for the vector multiplet scalars one defines analogously

D_μv^p = ∂_μv^p − k^p_I A^I_μ , p = 1, . . . , n_v , (5.13)

where v^p collectively denotes all scalars, i.e. v^p = (s, u, t, n^a). Comparing (4.31) and (5.13) with (5.5) and (5.7) we arrive at

k^p_{V 2} = (0, θu, −θt, 0) , k^p_{V 1} = (0, θ, 0, 0) , k^p_{B1} = (0, 0, θ, 0) ,

k^ρ_{V 2} = −θ , k^{bA}_{V 2} =^1_2 θb_A ,

(5.14)

while all other Killing vectors vanish. Inserting (5.14), (4.33) and G_{pq̄} obtained as the second derivative of the Kähler potential given in (3.5) into (5.12) we can check straightforwardly that V_{SUGRA} coincides with V_v + V_h as given in eqs. (5.6) and (5.10).

Moreover, we can compute the Killing prepotential P_I for the vector multiplet sector. This prepotential is real and must satisfy the equation

k^p_I = iG^{pq̄}∂_{q̄}P_I . (5.15)

It can be checked that if we substitute in the r.h.s. of eq. (5.15) the expressions

P_V 1 = iθ t − t̄ (u − ū)(t − t̄) − (n^a − n̄^a)^2 , P_V 2 = iθ ūt − ut̄ (u − ū)(t − t̄) − (n^a − n̄^a)^2 , P_{B1} = iθ u − ū (u − ū)(t − t̄) − (n^a − n̄^a)^2 , (5.16)

we indeed obtain the Killing vectors given in the first line of (5.14).

5.3 General case with both θ^i and T̃_i non-zero

Allowing for non-vanishing T̃_i amounts to modifying the third equation in (5.1) in such a way that it satisfies dω^A =^1_2 θv^2 ∧ ω^A + T̃^A_{iB} v^i ∧ ω^B

=^1_2 θdz^2 ∧ ω^A + T̃^A_{2B} dz^2 ∧ ω^B + T̃^A_{1B} e^{−θz2} dz^1 ∧ ω^B ,

(5.17)

where the one-forms v^i are given in (5.1) but now we additionally allow for matrices T̃_i having the non-zero commutator [T̃_1, T̃_2] = θT̃_1 (5.18) as follows from (2.15). We can check that (5.17) is satisfied if we set ω^A(z) = e^{12 θz2} (exp z^2T̃_2)^A_B (exp z^1T̃_1)^B_C ω^C . (5.19) The first two terms in the last equality of (5.17) are easily seen to arise from (5.19). The third term arises as well if we compute ∂_1ω^A(z) = e^{12 θz2} (exp z^2T̃_2)^A_BT̃^B_{1C} (exp z^1T̃_1)^C_Dω^D

= e^{12 θz2} e^{−θz2}T̃^A_{1B} (exp z^2T̃_2)^B_C (exp z^1T̃_1)^C_Dω^D

= e^{−θz2}T̃^A_{1B} ω^B(z) ,

(5.20)

where we have used exp(z^2T̃_2) T̃_1 exp(−z^2T̃_2) = e^{−θz2}T̃_1 , (5.21) as follows from the commutation relation (5.18).

In the frame where the ω^A are z-independent we derive from eq. (5.19) the z-dependent moduli to be ρ(z) = ρ + θz^2 , ξ^x_A(z) = (exp z^2T̃_2)^C_B (exp z^1T̃_1)^B_Aξ^x_C . (5.22) This is the proper splitting of the z-dependence between ρ and ξ^x_A because it satisfies the orthonormality constraint (4.8). Comparing (5.22) with (4.13) and (5.2) we see that for the general case one simply has a ‘sum’ of the gaugings obtained for θ = 0 in section 4 and T̃_i = 0 in this section.

We can now combine the Killing vectors (4.32) and (5.14) to find the gauge algebra for the general case. The generators of the gauge algebra are constructed from the Killing vectors as k_I = k^p_I ∂_p + k^u_I ∂_u , (5.23) where k^p_I and k^u_I are the Killing vectors of the gauged isometries of the scalar spaces of vector multiplets and hypermultiplets, respectively. The derivatives are with respect to the vector multiplet scalars v^p = (s, u, t, n^a) and the hyper-scalars q^u = (ρ, ξ^x_A, b_A). Substituting eqs. (4.32) and (5.14) we obtain

k_V 1 = ξ^x_AT̃^A_{1B} ∂ ∂ξ^x_B + b_AT̃^A_{1B} ∂ ∂b_B + θ ∂ ∂u , k_V 2 = ξ^x_AT̃^A_{2B} ∂ ∂ξ^x_B + b_AT̃^A_{2B} ∂ ∂b_B − θ ∂ ∂ρ +^1_2 θb_A ∂ ∂b_A + θ ∂ ∂u − θt ∂ ∂t , k_{B1} = θ ∂ ∂t , (5.24) as the only non-zero components. From these expressions and recalling (2.15) we can compute the commutation relations

[k_V 1 , k_V 2 ] = θk_V 1 , [k_V 1 , k_{B1} ] = 0 , [k_V 2 , k_{B1} ] = θk_{B1} . (5.25)

This is a solvable and therefore not semisimple algebra. As expected, when θ = 0 it turns into an Abelian algebra.

6 Conclusions

In this paper we have derived the four-dimensional gauged N = 2 supergravities arising from the reduction of heterotic string theory on backgrounds with SU(2) structure. The backgrounds studied have been obtained by twisting the cohomology of K3 × T^2, i.e. by writing the action of the d-operator on the set of one- and two-forms as linear combinations of exterior products of the forms themselves.

Specifically we have studied two independent classes of such twists. In the first case we have considered twisting the K3 harmonic forms ω^A by elements of the SO(3,19) symmetry group which rotates these forms among themselves as going around the T^2 base. This leads to gaugings in the hypermultiplet moduli space which is spanned by the K3 moduli.

The second case we have analyzed can be understood as compactification to five dimensions on K3 × S^1 followed by a Scherk-Schwarz compactification on another S^1 to four dimensions. In this case the full K3 × S^1 is twisted as going around the second S^1 and as a result both isometries in the hyper and the vector moduli spaces are gauged. We have checked in both cases the resulting action against the general N = 2 gauged supergravity in four dimensions.

As mentioned in section 5, in the second case the full embedding into string theory is problematic as for this, the twist after going around the entire S^1 has to be in the (discrete) U-duality group of the compactification, which we have seen that does not happen. Nevertheless, from the supergravity point of view the compactification to four dimensions on the final S^1 is fully consistent as also shown by the four-dimensional result which is in agreement with N = 2 gauged supergravity.

It is worth mentioning that the gauging in the vector multiplet sector obtained in the second case is the same as one specific case of [29]. The twisting on the M-theory side of [29] precisely corresponds to that obtained by an element (5.9), which we have seen that can not exponentiate to an element of the integer U-duality group of string theory. Therefore on both sides the embedding into string/M-theory is problematic and thus the fact that the gaugings are the same may be purely accidental and without any meaning in the context of string dualities. This final point seems to be confirmed by the fact that in the case presented in this paper the vector multiplet gaugings requires a gauging in the hypermultiplet sector, while this does not seem to be the case in [29] where only vector multiplet gaugings were obtained.

Acknowledgements

The work of JL and DM was supported by the Deutsche Forschungsgemeinschaft (DFG) in the SFB 676 “Particles, Strings and the Early Universe”. The work of AM was supported by the National University Research Council (CNCSIS/UEFISCSU) through the reintegration grant 3/3.11.2008 and program ”Idei”, contract number 464/15.01.2009.

We have greatly benefited from conversations with R. Reid-Edwards, B. Spanjaard, H. Triendl and T. Danckaert.

Appendix

A Vector multiplet sector in heterotic K3 × T^2 compactifications

In this appendix we provide more details of the vector multiplet sector in heterotic compactifications on K3 × T^2 following [19].

In order to derive the Lagrangian (3.4) one substitutes (3.3) into the ten-dimensional Lagrangian (3.1). This yields

L_4 = R +^1_2 I_{IJ} F^I_{μν} F^{J,μν} +^1_4 R_{IJ} F^I_{μν} F^J_{ρλ}ϵ^{μνρλ} + 2∂_μs∂^μs̄ (s − s̄)^2

+^1_8 ∂_μM_{IJ} ∂^μM^{IJ} − h_{uv}∂_μq^u∂^μq^v .

(A.1)

Here M^{IJ} is an SO(2, n_v − 1) matrix of the form

M^{IJ} = G^{−1} −G^{−1}C −G^{−1}A −C^TG^{−1} G + AA^T + C^TG^{−1}C A + C^TG^{−1}A −A^TG^{−1} A^T + A^TG^{−1}C 1_{nv−3} + A^TG^{−1}A

, (A.2)

where G = (g_{ij}), B = (B_{ij}), A = (A^a_i ) and we abbreviated C = B +^1_2 AA^T. The inverse M_{IJ} is obtained by lowering the indices with the metric of SO(2, n_v − 1) L_{IJ} = 0 1_2 0 1_2 0 0 0 0 1_{nv−3}

, (A.3)

which is left invariant by M or in other words MLM = L holds. The one additional scalar field s in (A.1) also is a member of a vector multiplet. It is defined as the combination s = a 2 − i 2 e^{−ϕ} , (A.4)

where a is the axion dual to B_{μν} and ϕ is the four-dimensional dilaton defined as e^{−ϕ} = e^{−Φ}vol_6. The gauge couplings in (A.1) are found to be I_{IJ} = (s − s̄) 2i M_{IJ} , R_{IJ} = − (s + s̄) 2 L_{IJ} . (A.5)

The scalar fields g_{ij}, B_{ij} and the A^a_i can be traded for the complex Kähler coordinates u, t and n^a by the field redefinition [19]

g_{11} = 2i u − ū √ |g| , g_{12} = i u + ū u − ū √ |g| , √ |g| = − i 2 [ (t − t̄) − (n^a − n̄^a)(n^a − n̄^a) u − ū ] , B_{12} = 1 2 [ (t + t̄) − (n^a + n̄^a)(n^a − n̄^a) u − ū ] , A^a_1 = √ 2 n^a − n̄^a u − ū , A^a_2 = √ 2 ūn^a − un̄^a u − ū .

(A.6)

Inserting (A.6) into (A.1) one arrives at the terms involving the vector multiplets of the Lagrangian given in (3.4).

The Lagrangian given in (3.4) is not of the standard supergravity form but can only be obtained from it after an appropriate symplectic rotation [19]. In N = 2 supergravity the Kähler potential K is determined in terms of a holomorphic prepotential F according to [33] K = − ln [ iX̄^I (v̄)F_I (X) − iX^I (v)F̄_I (X̄) ] . (A.7)

The X^I , I = 0, . . . , n_v are (n_v + 1) holomorphic functions of the scalars v^p, and F_I abbreviates the derivative, i.e. F_I ≡^{∂F(X)}_{∂XI} . Furthermore F(X) is a homogeneous function of degree 2 in X^I , i.e. X^I F_I = 2F.

For the case at hand the X^I (v) are related to the complex fields u, t and n^a as follows,

X^0 =^1_2 t , X^1 =^1_2 (ut − n^an^a) , X^2 = −^1_2 u , X^3 =^1_2 , X^a =^{1√}_2 n^a , (A.8)

which is a symplectic rotation from a more standard basis. (See [19] for more details. Also note that this convention differs from the one of [19] so that we can use L_{IJ} as defined in (A.3).)

B Derivation of line element in the space of metrics

In this appendix we give a derivation of an expression for the line element

δs^2 = ∫ Y_4 √ |g| g^{mn}g^{pq}δg_{mp}δg_{nq} (B.1) in the space of metrics g_{mn} in terms of the variations of the moduli ρ and ξ^x_A as defined in eq. (4.6), or equivalently in terms of M^A_B as defined in eq. (4.9). Although in the main text we mostly apply it to Y_4 = K3 the following derivation holds more generally. As in eq. (4.6) we expand J^x = e^{− ρ}2 ξ^x_Aω^A with η^{AB}ξ^x_Aξ^y_B = 2δ^{xy} and η^{AB} being the intersection matrix of the ω^A defined in eq. (4.4).

Raising an index on (J^x)_{mn} by means of the metric we can define a triplet of almost complex structures (I^x)_m^n = (J^x)_{mp}g^{pn} satisfying eq. (2.6), that is

(I^1)_m^p(I^1)_p^n = −δ^n_m , (I^1)_m^p(I^2)_p^n = (I^3)_m^n , (B.2)

and cyclic permutations thereof. In the following it will prove convenient to work in matrix notation and set J^x = (J^x)_{mn}, I^x = (I^x)_m^n and g = g_{mn}. We can therefore write for example I^xg = J^x. If we act on the left of this equality with I^x and use the first equation in (B.2) we obtain g = −I^1J^1 = −I^2J^2 = −I^3J^3. Thus the variation δg is given by

δg = −I^1δJ^1 − δI^1J^1 = −I^2δJ^2 − δI^2J^2 = −I^3δJ^3 − δI^3J^3 . (B.3)

The variation of the second equation in (B.2) yields

δI^3 = δI^1I^2 + I^1δI^2 . (B.4)

From this expression and making repeated use of (B.2) we derive

δI^3J^3 = I^1(δI^1J^1 − δI^2J^2)g^{−1}I^1

= (δJ^1 + I^3δJ^2)g^{−1}J^1 ,

(B.5)

where in the last step we used the second equality in (B.3). Substituting (B.5) into the last equality of (B.3) we arrive at

δg = −I^3δJ^3 − (δJ^1 + I^3δJ^2)g^{−1}J^1 . (B.6)

This expresses δg in terms of δJ^x. Clearly a similar expression can be given with I^x and J^x cyclically permuted. The variations of the J^x are all independent with the exception of the volume modulus. Using the cyclic symmetry of (B.6) we thus have, for example δJ^1g^{−1}J^1 = I^1δJ^1. Inserted back into (B.6) we arrive at

δg = −I^1δJ^1 − I^2δJ^2 − I^3δJ^3 = −I^xδJ^x , (B.7)

or restoring the indices, δg_{mn} = −(I^x)_m^p(δJ^x)_{pn}.

We can now apply eq. (B.7) to the computation of the line element in the space of metric deformations

δs^2 = ∫ Y_4 √ |g|g^{mn}g^{pq}δg_{mp}δg_{nq} = ∫ Y_4 √ |g| tr(g^{−1}δgg^{−1}δg) = ∫ Y_4 √ |g| tr(g^{−1}I^xδJ^xg^{−1}I^yδJ^y) = ∫ Y_4 √ |g| tr(g^{−1}δJ^xg^{−1}δJ^x) = ∫ Y_4 δJ^x ∧ ∗δJ^x . (B.8)

In the last equations we used again I^xδJ^yg^{−1} = δJ^yg^{−1}I^x.

The next step is to express the (independent) variations δJ^x in terms of variations of the moduli δξ^x_A. In particular we need to take into account the fact that variations which simply rotate the J^x into themselves are physically equivalent. For such variations we must certainly have δg_{mn} = 0. We therefore require that the ‘physical’ variations are orthogonal to the ξ^x_A or in other words they have to satisfy η^{AB}ξ^x_Aδξ^y_B = 0. (Note that these variations automatically respect the constraint (4.8) and give us precisely the 9 restrictions that reduce the number of moduli contained in the 66 parameters ξ^x_A to 57.^8) The operator which projects onto this orthogonal subspace is given by (δ^A_B −^1_2 ξ^{yA}ξ^{yB}). Therefore the physically inequivalent variations of J^x (apart from the variation of the volume) can be written as

δJ^x = e^{− ρ2} (δ^A_B −^1_2 ξ^{yA}ξ^{yB})δξ^x_Bω^B , (B.9)

with ξ^{xA} = η^{AB}ξ^x_B and δξ^x_B being unrestricted. Now we substitute eq. (B.9) into (B.8) and use (4.10) and (4.11) to obtain

δs^2 = −2e^{−ρ}(η^{AB} −^1_2 ξ^{yA}ξ^{yB} )δξ^x_Aδξ^x_B . (B.10)

8If the number of forms ω^A is kept general as n + 6 then the number of moduli is 3(n + 3) which is the dimension of the Grassmanian (2.7).

Finally an overall rescaling of the J^x parameterized by δρ and given by δJ^x = −^1_2 δρJ^x leads to δg = −^1_2 δρg. It is not difficult to see that if we include also this contribution we have δs^2 = e^{−ρ}(δρ)^2 − 2e^{−ρ 1}_4 (η^{AB} −^1_2 ξ^{yA}ξ^{yB})δξ^x_Aδξ^x_B . (B.11) Making use of eq. (4.11) we can rewrite the last result in terms of δM^A_B as follows δs^2 = e^{−ρ}(δρ)^2 −^1_2 e^{−ρ}δM^A_BδM^B_A . (B.12)

C Computation of Killing prepotentials P^x_I

Although the Killing prepotential P^x_I does not directly contribute to the potential due to the vanishing of the last term in (4.30), we can nevertheless compute it from its definition. For completeness we devote this appendix to the computation of P^x_I following the procedure given in Appendix D of ref. [19].

First of all lets introduce a 4 × 24 matrix Z defined as

Z =^{1√}_2 e^ρ2 −e^{− ρ}2 +^1_2 e^ρ2 b^2 −e^ρ2 b^A 0 −ξ^x_Ab^A ξ^{xA} (C.1)

and satisfying 2Z^TZ = ML + L with ML and L given in eqs (4.24) and (4.25), respectively. As second step lets define a 4 × 4 matrix Θ of one-forms as

Θ = ZL^{−1}dZ^T =^1_2 d(e^ρb^2) e^ρ2 ξ^y_Adb^A − e^ρ2 ξ^x_Adb^A ξ^x_Adξ^{yA}

, (C.2)

from which the SU(2) connection ω^x = −^1_2 tr(ΘΣ^x) (C.3) follows. The three 4 × 4 matrices Σ^x are the self-dual ’t Hooft matrices as given in [32]. Now we compute the field strength for this connection, i.e. the triplet of two-forms K^x = dω^x +^1_2 ϵ^{xyz} ω^y ∧ ω^z , (C.4) and solve the equation satisfied by the prepotentials P^x_I , namely k^u_I K^x_{uv} = −(∂_vP^x_I + ϵ^{xyz}ω^y_v P^z_I ) . (C.5) It is not difficult to check that eq. (C.5), taking the Killing vectors k^u_I for the general case as eqs. (4.32) and (5.14) combined, has a solution given by P^x_V i =^1_2 (−1)^{x+1} ( e^{ρ2} b_AT^A_{iB} ξ^{xB} −^1_2 ϵ^{xyz}ξ^y_AT^A_{iB} ξ^{zB} ) , (C.6) for a general T_i of the form (2.14). This result can also be written as the integral expression

P^x_V i =^1_2 (−1)^xϵ_{ij} e^ρ [ ∫ Y dB ∧ J^x ∧ v^j −^1_2 ϵ^{xyz} ∫ Y J^y ∧ dJ^z ∧ v^j ] . (C.7)

It can be checked that the Killing prepotential (C.6) actually satisfies P^x_I = k^u_I ω^x_u.

References

[1] J. P. Gauntlett, N. W. Kim, D. Martelli and D. Waldram, “Fivebranes wrapped on SLAG three-cycles and related geometry,” JHEP 0111 (2001) 018 [arXiv:hep-th/0110034].

J. P. Gauntlett, D. Martelli, S. Pakis and D. Waldram, “G-structures and wrapped NS5-branes,” Commun. Math. Phys. 247 (2004) 421 [arXiv:hep-th/0205050]. J. P. Gauntlett, D. Martelli and D. Waldram, “Superstrings with intrinsic torsion,” Phys. Rev. D 69, 086002 (2004) [arXiv:hep-th/0302158].

[2] For a review see, for example,

M. Graña, “Flux compactifications in string theory: A comprehensive review,” Phys. Rept. 423 (2006) 91 [arXiv:hep-th/0509003], M. R. Douglas and S. Kachru, “Flux compactification,” arXiv:hep-th/0610102; R. Blumenhagen, B. Körs, D. Lüst and S. Stieberger, “Four-dimensional string compactifications with D-branes, orientifolds and fluxes,” arXiv:hep-th/0610327; B. Wecht, “Lectures on Nongeometric Flux Compactifications,” Class. Quant. Grav. 24 (2007) S773 [arXiv:0708.3984 [hep-th]];

H. Samtleben, “Lectures on Gauged Supergravity and Flux Compactifications,” Class. Quant. Grav. 25 (2008) 214002 [arXiv:0808.4076 [hep-th]]; and references therein.

[3] M. Rocek, “Modified Calabi–Yau manifolds with torsion,” in: Essays on Mirror Manifolds, ed. S.T. Yau (International Press, Hong Kong, 1992). S. J. Gates, C. M. Hull, and M. Rocek, “Twisted Multiplets And New Supersymmetric Nonlinear Sigma Models,” Nucl. Phys. B248 (1984) 157. C. M. Hull, “Superstring Compactifications With Torsion And Space-Time Supersymmetry,” in Turin 1985, Proceedings, Superunification and Extra Dimensions, 347.

C. M. Hull, “Compactifications Of The Heterotic Superstring,” Phys. Lett. B 178 (1986) 357.

A. Strominger, “Superstrings With Torsion,” Nucl. Phys. B 274 (1986) 253.

[4] N. Hitchin, “The geometry of three-forms in six and seven dimensions,” J. Diff.

Geom. 55 (2000), no.3 547 [arXiv: math.DG/0010054], N. Hitchin, “Stable forms and special metrics,” in “Global Differential Geometry: The Mathematical Legacy of Alfred Gray”, M.Fernandez and J.A.Wolf (eds.), Contemporary Mathematics 288, American Mathematical Society, Providence (2001) [arXiv:math.DG/0107101], N. Hitchin, “Generalized Calabi-Yau manifolds,” Quart. J. Math. Oxford Ser. 54 (2003) 281 [arXiv:math.dg/0209099].

[5] S. Chiossi and S. Salamon, “The Intrinsic Torsion of SU(3) and G_2 Structures,” in Differential geometry, Valencia, 2001, pp. 115, arXiv: math.DG/0202282.

[6] S. Salamon, Riemannian Geometry and Holonomy Groups, Vol. 201 of Pitman Research Notes in Mathematics, Longman, Harlow, 1989.

D. Joyce, “Compact Manifolds with Special Holonomy”, Oxford University Press, Oxford, 2000.

[7] G. Lopes Cardoso, G. Curio, G. Dall’Agata, D. Lust, P. Manousselis and G. Zoupanos, “Non-Kaehler string backgrounds and their five torsion classes,” Nucl. Phys. B 652 (2003) 5 [arXiv:hep-th/0211118].

[8] K. Becker, M. Becker, K. Dasgupta and P. S. Green, “Compactifications of heterotic theory on non-Kaehler complex manifolds. I,” JHEP 0304 (2003) 007 [arXiv:hep-th/0301161].

K. Becker, M. Becker, P. S. Green, K. Dasgupta and E. Sharpe, “Compactifications of heterotic strings on non-Kaehler complex manifolds. II,” Nucl. Phys. B 678, 19 (2004) [arXiv:hep-th/0310058].

[9] M. Becker, L. S. Tseng and S. T. Yau, “Moduli space of torsional manifolds,” Nucl.

Phys. B 786 (2007) 119 [arXiv:hep-th/0612290].

M. Becker, L. S. Tseng and S. T. Yau, “Heterotic Kahler/non-Kahler Transitions,” arXiv:0706.4290 [hep-th].

M. Becker, L. S. Tseng and S. T. Yau, “New Heterotic Non-Kahler Geometries,” arXiv:0807.0827 [hep-th].

K. Becker and S. Sethi, “Torsional Heterotic Geometries,” arXiv:0903.3769 [hep-th].

[10] S. Gurrieri, A. Lukas and A. Micu, “Heterotic String Compactifications on Half-flat Manifolds II,” JHEP 0712 (2007) 081 [arXiv:0709.1932 [hep-th]].

[11] I. Benmachiche, J. Louis and D. Martinez-Pedrera, “The effective action of the heterotic string compactified on manifolds with SU(3) structure,” Class. Quant. Grav. 25 (2008) 135006 [arXiv:0802.0410 [hep-th]].

[12] G. Dall’Agata, “On supersymmetric solutions of type IIB supergravity with general fluxes,” Nucl. Phys. B 695, 243 (2004) [arXiv:hep-th/0403220].

[13] M. Grana, R. Minasian, M. Petrini and A. Tomasiello, “Generalized structures of N=1 vacua,” JHEP 0511 (2005) 020 [arXiv:hep-th/0505212].

[14] J. Bovy, D. Lüst and D. Tsimpis, “N = 1,2 supersymmetric vacua of IIA supergravity and SU(2) structures,” JHEP 0508, 056 (2005) [arXiv:hep-th/0506160].

[15] R. A. Reid-Edwards and B. Spanjaard, “N=4 Gauged Supergravity from Duality- Twist Compactifications of String Theory,” arXiv:0810.4699 [hep-th].

[16] B. Spanjaard, ”Compactifications of IIA Supergravity on SU(2)-Structure Manifolds”, PhD-thesis, University of Hamburg, 2008,

www.desy.de/uni-th/stringth/Works/PhDthesis Bastiaan Spanjaard.pdf.

[17] H. Triendl and J. Louis, “Type II compactifications on manifolds with SU(2) x SU(2) structure,” arXiv:0904.2993 [hep-th].

[18] T. Danckaert, J. Louis, D. Martinez-Pedrera, B. Spanjaard and H. Triendl, in preparation.

[19] J. Louis and A. Micu, “Heterotic string theory with background fluxes,” Nucl. Phys.

B 626, 26 (2002) [arXiv:hep-th/0110187].

[20] J. Scherk and J. H. Schwarz, “How To Get Masses From Extra Dimensions,” Nucl.

Phys. B 153 (1979) 61.

[21] V. Cortes, C. Mayer, T. Mohaupt and F. Saueressig, “Special geometry of Euclidean supersymmetry. I: Vector multiplets,” JHEP 0403 (2004) 028 [arXiv:hep-th/0312001].

[22] M. Cvetic, T. Liu and M. B. Schulz, “Twisting K3 x T**2 orbifolds,” JHEP 0709 (2007) 092 [arXiv:hep-th/0701204].

[23] E. Goldstein and S. Prokushkin, “Geometric model for complex non-Kaehler manifolds with SU(3) structure,” Commun. Math. Phys. 251 (2004) 65 [arXiv:hep-th/0212307].

[24] N. Kaloper and R. C. Myers, “The O(dd) story of massive supergravity,” JHEP 9905 (1999) 010 [arXiv:hep-th/9901045].

[25] L. J. Romans and N. P. Warner, “Some Supersymmetric Counterparts Of The Lorentz Chern-Simons Term,” Nucl. Phys. B 273 (1986) 320.

[26] P. S. Aspinwall and D. R. Morrison, “U duality and integral structures,” Phys. Lett.

B 355 (1995) 141 [arXiv:hep-th/9505025].

[27] J. Maharana and J. H. Schwarz, “Noncompact symmetries in string theory,” Nucl.

Phys. B 390 (1993) 3 [arXiv:hep-th/9207016].

[28] M. A. Walton, “The Heterotic String On The Simplest Calabi-Yau Manifold And Its Orbifold Limits,” Phys. Rev. D 37 (1988) 377.

[29] O. Aharony, M. Berkooz, J. Louis and A. Micu, “Non-Abelian structures in compactifications of M-theory on seven-manifolds with SU(3) structure,” JHEP 0809, 108 (2008) [arXiv:0806.1051 [hep-th]].

[30] M. J. Duff, J. T. Liu and R. Minasian, “Eleven-dimensional origin of string / string duality: A one-loop test,” Nucl. Phys. B 452 (1995) 261 [arXiv:hep-th/9506126].

[31] M. Haack, J. Louis and H. Singh, “Massive type IIA theory on K3,” JHEP 0104 (2001) 040 [arXiv:hep-th/0102110].

[32] L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fre and T. Magri, “N = 2 supergravity and N = 2 super Yang-Mills theory on general scalar manifolds: Symplectic covariance, gaugings and the momentum map,” J. Geom. Phys. 23, 111 (1997) [arXiv:hep-th/9605032].

[33] B. de Wit and A. Van Proeyen, “Potentials And Symmetries Of General Gauged N=2 Supergravity - Yang-Mills Models,” Nucl. Phys. B 245 (1984) 89. B. de Wit, P. G. Lauwers and A. Van Proeyen, “Lagrangians Of N=2 Supergravity - Matter Systems,” Nucl. Phys. B 255 (1985) 569.

[34] A. Strominger, “Yukawa Couplings In Superstring Compactification,” Phys. Rev.

Lett. 55 (1985) 2547.

[35] P. Candelas and X. de la Ossa, “MODULI SPACE OF CALABI-YAU MANI- FOLDS,” Nucl. Phys. B 355 (1991) 455.