arXiv:0908.2271v1 [hep-th] 17 Aug 2009

Static Spherically Symmetric Solutions of Hořava-Lifshitz Gravity with Projectability Condition Preserving

Jin-Zhang Tang^∗, Bin Chen^†, Shi Pi^{‡1} 1Department of Physics, and State Key Laboratory of Nuclear Physics and Technology, Peking University, Beijing 100871, China (Dated: August 18, 2009)

Abstract

In this paper we seek static, spherically symmetric solutions of Hořava-Lifshitz Gravity when the ”projectability condition” is preserved. And we obtain the AdS-Schwarzchild solution directly.

PACS numbers: 98.80.Cq

∗ Electronic address:JinzhangTang@pku.edu.cn † Electronic address: bchen01@pku.edu.cn ‡ Electronic address: spi@pku.edu.cn

I. INTRODUCTION

Recently a new non-relativistic renormalisable theory in four-dimension was proposed by Hořava[1, 2].Using the ADM formalism,the action of this Hořava-Lifshitz gravitational theory proposed by Hořava is given by[1, 2]

S = ∫ dtd^3x(L_K + L_V ),

L_K = √ gN { 2 κ^2 (K_{ij}K^{ij} − λK^2) } , L_V = √ gN { κ^2μ^2(Λ_W R − 3Λ^2_W )

8(1 − 3λ) + κ^2μ^2(1 − 4λ) 32(1 − 3λ)

R^2 − κ^2 2ω^4 ( C_{ij} − μω^2 2 R_{ij} ) ( C^{ij} − μω^2 2 R^{ij} )} , (1)

where λ, κ, μ, ω and Λ_W are constant parameters, and C_{ij} is the Cotton tensor,defined by C^{ij} = ϵ^{ikl}∇_k ( R^j_l − 1 4 Rδ^j_l ) . (2)

Comparing to that of general relativity in the ADM formalism, the speed of light, Newton’s constant and the cosmological constant emerge as

c = κ^2μ 4 √ Λ_W 1 − 3λ , G = κ^2 32πc , Λ = 3 2 Λ_W . (3)

It follows from (3) that for λ > 1/3 ,the cosmological constant Λ_W has to be negative. The constant μ and ω^2 are real, if we make an analytic continuation of these parameters as [3] μ → iμ, ω^2 → −iω^2, (4) the four-dimensional action remains real,and is given by

L_K = √ gN { 2 κ^2 (K_{ij}K^{ij} − λK^2) } , L_V = √ gN { κ^2μ^2(Λ_W R − 3Λ^2_W )

8(3λ − 1) + κ^2μ^2(1 − 4λ) 32(3λ − 1)

R^2 + κ^2 2ω^4 ( C_{ij} − μω^2 2 R_{ij} ) ( C^{ij} − μω^2 2 R^{ij} )} . (5)

In this case, the emergent speed of light becomes c = κ^2μ 4 √ Λ_W 3λ − 1 . (6)

The requiremnet that this speed be real implies that Λ_W must be positive for λ >^1_3 .

The static,spherically symmetric black hole solutions of Hořava-Lifshitz gravity have been discussed by [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. Actually, the solutions of AdS- Schwarzchild type can also be written in Painlevé-Gullstrand type coordinates[16], and It was observed in [17] it does in fact satisfy the ”projectability condition” for which N is a function only of t. Now we consider a static, spherically symmetric metric ansatz as

ds^2 = −f(r)dt^2_S + dr^2 f(r) + r^2(dθ^2 + sin^2 θdϕ^2). (7)

The ansatz could be a (A)dS Schwarzschild black hole if f = 1 −^Λ_2 r^2 −^M_r . The Painlevé- Gullstrand coordinates are related to the more usual Schwarzchild coordinates by dt_S = dt_{P G} ± √ 1 − f f dr, (8) than the ansatz become

ds^2 = −[1 − (1 − f)]dt^2_{P G} ∓ 2 √ 1 − fdt_{P G}dr + dr^2 + r^2(dθ^2 + sin^2 θdϕ^2). (9)

Comparing to the ADM formalism,we get N(t) = 1, and the projectability condition is preserved.

II. SOLUTIONS WHICH SATISFY PROJECTABILITY CONDITION

We now seek static, spherically symmetric solutions which satisfy the projectability condition with the metric ansatz

ds^2 = −dt^2 + 1 f(r) (dr + N^rdt)(dr + N^rdt) + r^2(dθ^2 + sin^2 θdϕ^2). (10)

Substituding the metric ansatz into the Lagrangian (5), up to an overall scaling constant,we get L_K = 1 √ f { (1 − λ)r^2f^2 ( N^′_r + N_r f^′ 2f )_2

+ 2(1 − 2λ)f^2N^2_r −4λrf^2N_r ( N^′_r + N_r f^′ 2f )} , (11)

L_V = 1 √ f { 2 − 3Λ_W r^2 − 2f − 2rf^′ + λ − 1 2Λ_W f^{′2} − 2λ(f − 1) Λ_W r f^′ +

(2λ − 1)(f − 1)^2 Λ_W r^2 } , (12)

where N_r = N^r/f and^′ means derivative to r.The full Lagrangian is L_K + L_V . It is easy to obtain the solutions by varying the functions N_r and f, we get two equations of motions,

2(1 − λ)r^2f^2 { N^{′′}_r + f^{′′} 2f N_r + 3 2 f^′ f N^′_r + 2 N^′_r r + 1 − 2λ 1 − λ f^′ f N_r r − 2 N_r r^2 } = 0, (13)

− f^′ 2f { (1 − λ)r^2fN_r ( N^′_r + N_r f^′ 2f ) − 2λrfN^2_r − 2r + λ − 1 Λ_W f^′ − 2λ(f − 1) Λ_W r }

+ { (1 − λ)r^2fN_rN^{′′}_r + 1 2 (1 − λ)r^2f^{′′} N^2_r − (1 − λ)r^2fN^{′2}_r + (1 − λ)r^2f^′ N_rN^′_r

+ 2(1 + λ)rfN_rN^′_r + (1 − λ)rf^′ N^2_r + (6λ − 4)fN^2_r + λ − 1 Λ_W f^{′′} +

2(1 − λ)(f − 1) Λ_W r^2 }

+ 1 2 √ f {L_K + L_V } = 0. (14)

When λ ≠ 1, the solution of equations (13) and (14) is f = 1, N_r = √_{ΛW} 3λ−1 r .It is

obviously it is not the (A)dS-Schwarzchild black hole solution.

When λ = 1, the equation (13) becomes f^′ f N_r r = 0. (15)

It’s solutions is f = 1 or N_r = 0. If f = 1, the equation (14) becomes

2N^2_r + 4rN_rN^′_r − 3Λ_W r^2 = 0. (16) The solution of this equation is

N_r = √ Λ_W 2 r^2 + M r . (17)

Obviously it corresponds to the AdS-Schwarzchild black hole.

Now we discuss the second solution N_r = 0 of (15). In this case, the equation (14) becomes 1 − 3 2 Λ_W r^2 − f +

(f − 1)^2 2Λ_W r^2

= 0. (18)

The solutions of the equation is f^{(1)} = 1 − Λ_W r^2 and f^{(2)} = 1 + 3Λ_W r^2. When λ = 1, the Hořava-Lifshitz gravity should return back to general relativity. For general relativity, we should discard the term (f − 1)^2/(2Λ_W r^2) which comes from the R^2 and R_{ij} R^{ij} terms in (5), and the (18) becomes f = 1 −^3_2 Λ_W r^2. This solution corresponds to positive curvature spacetime with curvature parameter K =^3_2 Λ_W . And f^{(1)},f^{(2)} respectively correspond curvature parameters K^{(1)} = Λ_W and K^{(2)} = −3Λ_W . When λ = 1, N_r = 0,the solution of f(r) in Hořava-Lifshitz gravity is different from general relativity.

[1] P. Horava, “Membranes at Quantum Criticality,” JHEP 0903, 020 (2009) [arXiv:0812.4287 [hep-th]].

[2] P. Horava, “Quantum Gravity at a Lifshitz Point,” Phys. Rev. D 79, 084008 (2009) [arXiv:0901.3775 [hep-th]].

[3] H. Lu, J. Mei and C. N. Pope, “Solutions to Horava Gravity,” arXiv:0904.1595 [hep-th].

[4] Horatiu Nastase, “On IR solutions in Horava gravity theories,” arXiv:0904.3604 [hep-th] [5] Rong-Gen Cai, Li-Ming Cao, Nobuyoshi Ohta, “Topological Black Holes in Horava-Lifshitz Gravity,” arXiv:0904.3670 [hep-th] [6] E. Colgain, H. Yavartanoo, “Dyonic solution of Horava-Lifshitz Gravity,” arXiv:0904.4357 [hep-th] [7] Changjun Gao, “Modified gravity in Arnowitt-Deser-Misner formalism,” arXiv:0905.0310 [hep-th] [8] Rong-Gen Cai, Li-Ming Cao, Nobuyoshi Ohta, “Thermodynamics of Black Holes in Horava- Lifshitz Gravity,” arXiv:0905.0751 [hep-th] [9] Ahmad Ghodsi , “Toroidal solutions in Horava Gravity,” arXiv:0905.0836 [hep-th] [10] R. A. Konoplya, “Towards constraining of the Horava-Lifshitz gravities,” arXiv:0905.1523 [hep-th] [11] Juhua Chen, Yongjiu Wang, “Timelike Geodesic Motion in Horava-Lifshitz Spacetime,” arXiv:0905.2786 [hep-th] [12] Mu-in Park, “The Black Hole and Cosmological Solutions in IR modified Horava Gravity,” arXiv:0905.4480 [hep-th] [13] Ahmad Ghodsi, Ehsan Hatefi, “Extremal rotating solutions in Horava Gravity,” arXiv:0906.1237 [hep-th] [14] Andres Castillo, Alexis Larranaga, “Entropy for Black Holes in the Deformed Horava-Lifshitz Gravity,” arXiv:0906.4380 [hep-th] [15] Hyung Won Lee, Yong-Wan Kim, Yun Soo Myung, “Extremal black holes in the Hořava- Lifshitz gravity,” arXiv:0907.3568 [hep-th] [16] Kraus P and Wilczek F, “A simple stationary line element for the Schwarzschild geometry, and some applications,” arXiv:9406042 [gr-qc] [17] E. Kiritsis, N. Tetradis and T.N. Tomaras, “Induced brane gravity: Realizations and limitations ” JHEP 0108(2001) 012[arXiv:hep-th/0106050]