arXiv:0909.2518v1 [hep-th] 14 Sep 2009

M5 brane from mass deformed BLG theory

Andreas Gustavsson^1

Center for quantum spacetime (CQUeST), Sogang University, Seoul 121-742, Korea and School of Physics & Astronomy, Seoul National University, Seoul 151-747 Korea

Abstract

We study small fluctuations around a BPS three-sphere vacuum solution of mass deformed BLG theory. We realize the BLG theory by a Nambu bracket and find a maximally supersymmetric lagrangian for the fluctuation fields corresponding to a single M5 brane on R^{1,2} × S^3.

1a.r.gustavsson@swipnet.se

1 Introduction

The low energy effective theory living on finitely many coincident M2 branes probing the orbifold singularity R^8 /Z_k was found in [10]. It is a Chern-Simons theory with gauge group U(N) × U(N) coupled to matter fields with manifest N = 6 supersymmetry and SU(4)×U(1) R symmetry. For a given gauge group, the only free parameter is the integer valued Chern-Simons level k. For levels k = 1, 2 the theory has enhanced OSp(8|4) maximal superconformal symmetry [10, 15, 16, 17, 18].

Subsequently a larger class of N = 6 superconformal theories were found for various gauge groups [11]. We will refer to any N = 6 supersymmetric Chern- Simons-matter theory as ABJM theory. It is unclear to me whether all these theories correspond to M2 branes probing an R^8 /Z_k singularity. In any case, for k = 1, 2 all these ABJM theories get enhanced OSp(8|4) superconformal symmetry.

ABJM theories can also be formulated using a particular class of threealgebras [13] called hermitian three-algebras. Another type of three-algebra has been found for the N = 5 supersymmetric theories [14].

The smallest non-trivial ABJM gauge group is SO(4). For this choice of gauge group, the ABJM lagrangian can be recast in a form that is manifestly OSp(8|4) invariant, which is then the BLG lagrangian [12] up to a triality of SO(8) R-symmetry indices.

There are mass deformations of BLG and ABJM theories [19, 11] that preserve all the manifest supersymmetries. For ABJM theories this means N = 6 supersymmetry. However the SO(6) R symmetry is broken by the mass deformation to SO(4) × SO(2). For BLG theory the mass deformation preserves N = 8 supersymmetry and breaks the SO(8) R symmetry down to SO(4) × SO(4). It is plausible that also the above mentioned mass deformed ABJM theories will get enhanced N = 8 supersymmetry for levels k = 1, 2, along with an enhanced SO(4) × SO(4) R symmetry.

For levels k = 1, 2 then, we can in mass deformed ABJM and BLG theories, find a vacuum solution which preserves N = 8 supersymmetry. Thus

R^{1,2} ×

S^3fuzzy Z_k . (1)

The fuzzy three-sphere is described by four matrices G^i of a certain size N × N [5]. This construction generalizes the fuzzy two-sphere construction in [1]. In the large N limit we can map these matrices to the embedding functions T^i of a classical three-sphere. These obey the three-algebra and three-sphere constraint {T^i, T^j , T^k} = 1 R ϵ^{ijkl}T^l, T^iT^i = R^2 (2)

respectively, for a three-sphere of radius R. The curly three-bracket is the Nambu bracket as defined in Eq (12). (Our general definition is in Eq (48)). Since K^{ij} = {T^i, T^j , ·} (3) are nothing but the six Killing vectors on the three-sphere generating the rotation group SO(4), we have a realization of the SO(4) three-algebra which is the smallest non-trivial three-algebra, and in fact the only possible three-algebra of finite dimension (if we assume a few requirements which are all very natural from physics point of view). However there is an infinite dimensional extension of the SO(4) three-algebra, which is generated by any function on S^3 which has a Taylor series expansion

f(T^i) = ∞∑ k=1 f_{i1...ik} T^{i1} ...T^{ik} . (4)

Due to the three-sphere constraint on T^iT^i we only need to consider traceless symmetric tensors f_{i1 ...ik} . We could now consider new three-algebra generators T^{i1...ik} = T^{i1} · · · T^{ik} (5) and we find that all these generate an infinite dimensional three-algebra.

In line with these considerations it is natural to also expect that ABJM theory with gauge group U(N) × U(N), in the large N limit can be mapped into BLG theory which is realized by a Nambu three-bracket on S^3/Z_k which should be viewed as an S^1/Z_k bundle over S^2, so that in particular the large k limit is S^2 [3]. As an aside, since BLG theory is maximally supersymmetric for any k, this means that we should find supersymmetry enhancement in ABJM theory in the large N limit for any level k.

In this paper we will only study BLG theory with a Nambu bracket on S^3. As argued in the paragraph above, this seems to correspond to taking k = 1 and N = ∞ in ABJM theory.

Fluctuation analysis

In the spirit of [2, 3], we will obtain the induced theory of small fluctuations about the maximally supersymmetric three-sphere vacuum solution of BLG theory. If we temporarily let X collectively denote all the fields in BLG theory, then we expand the mass deformed BLG lagrangian in small fluctuations around the vacuum. We thus write X = T + δX where T is the vacuum configuration, and expand the lagrangian as L(X) = L(T ) + δX δL δX + 1 2 (δX)^2 δL δXδX + ... (6) All derivatives are evaluated at T . If T is a static supersymmetric vacuum, then the lagrangian is minus the hamiltonian and this is minimized at the supersymmetric vacuum. Hence the first order derivatives all vanish and we are left with

L(X) = L(T ) + 1 2 (δX)^2 δL δXδX + .... (7) In a static supersymmetric vacuum we have L(T ) = 0 and we need not write out the zeroth order term L(T ). However, L(T )(= 0) is invariant only under the unbroken supersymmetries. If we do not write out the term L(T ) (since it is zero anyway), then it looks like the supersymmetry variation of the full action can be found be just computing the supersymmetry variation of the second order term. This is wrong. Zero need not be invariant under a variation. We may consider a vacuum in which ψ = 0. This does not mean that the supersymmetry variation of ψ must also be = 0. In fact the condition for δψ = 0 defines in this case the unbroken supersymmetries. Since the higher order terms must cancel the supersymmetry variation of the zeroth order term (because the sum is equal to L(X) which is the maximally supersymmetric lagrangian), we see that the higher order terms can not be invariant under the broken supersymmetries either. On the other hand, the higher order terms must be invariant under the unbroken supersymmetries since the total lagrangian is invariant, as well as the zeroth order term [8].

Previous work on relating M5 brane with BLG theory with a Nambu threebracket can be found in [6]. In these papers the Nambu bracket is defined on some auxiliary three-manifold whose physical interpretation is left unspecified. The theory is expanded about a background T which appears to be non-supersymmetric and consequently a background flux is induced in the sixdimensional theory. This background flux scales as the volume of the threemanifold and so the corresponding theory can not exist in the infinite volume Minkowski space limit. However it seems possible to modify the BLG supersymmetry variations by adding a constant shift to the fermion (so called kinematic supersymmetry) [8]. Then it could be one does have an expansion about a supersymmetric background and consequently no background gauge field is induced in the induced M5 brane theory. Perhaps then this approach can give an induced M5 brane theory, at least if one also assumes the internal three-manifold is flat. We will not pursue these ideas any further in this paper though.

In [9] the Carrollian limit of BLG theory (where the speed of light goes to zero) with a Nambu bracket was derived from a single M5 in an infinite tension limit.

In this paper we will follow the approach of [2, 3]. By expanding about a maximally supersymmetric vacuum in mass deformed BLG theory we are guarenteed to get no contribution from the background field configuration, hence we get no background flux in the M5 brane theory. Moreover we find a maximally supersymmetric M5 brane theory on a maximally symmetric three-sphere.

The theory of a single M5 brane is subtle due to the selfdual three-form. On a topologically non-trivial space-time one can find several different quantum theories of the selfdual three-form [4]. Consequently the lagrangian of the selfdual three-form can not be unique, but there must be one lagrangian for each such theory. It seems plausible that this is related to the fact that one can not write down a manifestly covariant lagrangian [20]. Then it could be that by making a large diffeormorphism (a diffeomorphism not continuously connected to the identity) one transforms one lagrangian into another.

2 Infinite-dimensional mass-deformed BLG the- ory Our starting point will be BLG theory, realized by a Nambu bracket on some internal three-manifold M_3. We assume that M_3 is a submanifold embedded in euclidean tranverse space R^8 and parametrize M_3 by three coordinates θ^α. We denote Minkowski coordinates on R^{1,2} as x^μ. We introduce normal coordinates x^A (A = 1, ..., 5) to M_3 in R^8 . We consider the change of coordinates in R^8 (θ^α, x^A) → x^I = x^I (θ, x^A). (8) The submanifold M_3 is located at constant values of x^A, that we can set to x^A = 0 so that X^I (θ) = x^I (θ, x^A = 0) (9) defines a parametrization of M_3. The induced metric on M_3 is given by g_{αβ} = ∂_αX^I ∂_β X^I . (10) We will also need g_{AB} = ∂_AX^I ∂_B X^I , g_{Aα} = 0 (11) on M_3. We define the Nambu bracket of three scalar functions f, g and h on M_3 as {f, g, h} = √ gϵ^{αβγ} ∂_αf∂_β g∂_γ h = ∗(df ∧ dg ∧ dh). (12) We use the convention that ϵ_{123} = 1 (13) and all indices are rised by the inverse metric g^{αβ} . Here the star ∗ denotes the Hodge dual on M_3.

It is very important to stress that the Nambu bracket is calculated with respect to a background metric. Hence the supersymmetry variation of the metric is zero. In that sense, BLG theory with a Nambu bracket, makes no sense unless one specifies a background field configuration X^I = T^I . Then the metric to be used in the Nambu bracket is g_{αβ} = ∂_αT^I ∂_β T^I . (14) We introduce a complete set of functions T^a(θ) on M_3 that will be our generators for the infinite-dimensional three-algebra. We expand the matter fields as X^I (x, θ) = X^I_a (x)T^a(θ), ψ(x, θ) = ψ_a(x)T^a(θ) (15) We define the gauge covariant derivative as D_μX^I = ∂_μX^I − A_{μ,ab}{T^a, T^b, X^I }. (16) We use eleven-dimensional spinor notation since we wish to treat R^{1,2} and M_3 on the same footing, and eventually identify R^{1,2} × M_3 as the world-volume of

M5 brane. The supersymmetry parameter ϵ and spinor field ψ are subject to the chirality conditions Γ̃ϵ = ϵ, Γ̃ψ = −ψ (17)

where

Γ̃ = Γ_{012}. (18)

We have the following N = 8 supersymmetry variations

δX^I = iϵ̄Γ^I ψ δψ = Γ^μΓ_I ϵD_μX^I − 1 6 Γ_{IJK} ϵ{X^I , X^J , X^K }, δA_{μ,ab} = iϵ̄Γ_μΓ_I X^I_{[a}ψ_{b]}. (19)

closing on-shell,

Γ^μD_μψ + 1 2 Γ_{IJ} {X^I , X^J , ψ} = 0, (20)

D^2X_I − i 2 {ψ̄, Γ_{IJ} X^J , ψ} − ∂V ∂X^I = 0, (21) F_{μν,ab} + ϵ_{μνλ} ( X_{I[a}D^λX^I_{b]} + i 2 ψ̄_{[a}Γ^λψ_{b]} ) = 0. (22)

Here V = 1 12 ⟨ {X^I , X^J , X^K }, {X^I , X^J , X^K } ⟩ (23)

and the trace form is defined as ⟨F, G⟩ = ∫ d^3θ √ gF G. (24) The matter part of the lagrangian density is L_{matter} = − 1 2 ⟨ D_μX^I , D^μX^I ⟩ − V + i 2 ⟨¯ ψ, Γ^μD_μψ ⟩ + i 4 ⟨¯ ψ, {Γ^{IJ} ψ, X^I , X^J } ⟩ . (25)

The gauge field part is given by the Chern-Simons term, L_{CS} = 1 2 ϵ^{μνλ}A_{μ,ab}∂_ν A_{λ,cd} ⟨ T^a, {T^b, T^c, T^d} ⟩ + ... (26)

The cubic interaction term (denoted by the ellipses) in the Chern-Simons action will not be of any interest to us in this paper.

Mass deformation

There is a mass deformation of BLG theory [19] which does not break any of the supersymmetries, though it breaks conformal invariance by the introduction of a mass parameter m. It also breaks SO(8) R-symmetry to SO(4) × SO(4). The embedding of SO(4) × SO(4) in SO(8) is such that 8_v → 4_v + 4_v. Accordingly we split the vector index I as (i,î). The mass deformed BLG supersymmetry variations are obtained by modifying the variation of the fermion by adding the term

δ^′ψ = mΓΓ_I ϵX^I (27)

Here Γ = 1 24 ϵ^{ijkl}Γ_{ijkl} . (28) To maintain a maximally supersymmetric lagrangian, we add the following terms to the lagrangian [19] L = − m^2 2 ⟨ X^I , X^I ⟩ − im 2 ⟨¯ ψ, Γψ ⟩ − m 6 ( ϵ_{ijkl} ⟨ X^i, {X^j , X^k, X^l} ⟩ + ϵ_{îĵk̂l̂} ⟨ X^î{X^ĵ, X^{k̂}, X^{l̂}} ⟩) . (29)

In a background with ψ = 0, the non-trivial condition for unbroken supersymmetry is that

δψ = 0. (30)

Assuming that only the four scalar fields X^i are excited and X^î = 0, the condition for unbroken supersymmetry, in a static field configuration, reads 0 = ( mX^i + 1 6 ϵ_{ijkl}{X^j , X^k, X^l} ) Γ_iϵ (31)

This condition does not restrict the supersymmetry parameter. We can write the condition for the maximally supersymmetric vacuum field configuration as {X^i, X^j , X^k} = mϵ^{ijkl}X^l. (32) We can solve this equation by taking

X^iX^i = 1 m^2

. (33)

that is we find a three-sphere of radius R = 1 m . (34)

3 Constant spinor and the Nambu bracket

In order to have closure of the BLG supersymmetry variations we must require that the supersymmetry parameter ϵ is such that

{ϵ, X^I , X^J } = 0 (35)

This condition comes from taking a second supersymmetry variation on the fermion and demanding on-shell closure. Clearly we must extend our definition of the Nambu bracket to the case where the entries are not scalar entities.

In ABJM theory with gauge group U(N) × U(N) say, for any finite N, apparently the supersymmetry parameter ϵ is just a constant,

∂_M ϵ = 0. (36)

However this equation is not covariant, and is written in flat eleven-dimensional Minkowski coordinates x^M . We can write the condition in a covariant way as

D_M ϵ = (∂_M + Ω_M )ϵ = 0 (37)

where Ω_M is the spin connection. In the infinite N limit we have a classical three-sphere and it is then more useful to express the constancy condition in terms of the polar coordinates

x^M = x^M (x^μ, θ^α, R, x^î) (38)

for which the metric is given by

ds^2 = η_{μν} dx^μdx^ν + g_{αβ}dθ^αdθ^β + dR^2 + dx^îdx^î (39)

and we find the following non-vanishing Christoffel symbols, ( A^T_α )_{γ β} = Γ^γ_{αβ} ( A^N_α )_{R β} = − g_{αβ} R (40)

which we interpret as two gauge fields associated with the tangent bundle and the normal bundle of the three-sphere respectively. In terms of these coordinates the Killing spinor equation pulled back to the three-sphere reads^2 D_αϵ = ( D^T_α − 1 2R Γ_RΓ_α ) ϵ = 0 (44)

where D^T_α ≡ ∂_α + A^T_α is the intrinsic covariant derivative on the three-sphere. Note that, since R^{1,10} is flat, we have

[D_α, D_β ] = 0. (45)

The Killing spinor equation D_αϵ = 0 means that we should define the Nambu bracket as {ϵ, X^I , X^J } = √ gϵ^{αβγ} D_αϵ∂_βX^I ∂_γ X^J . (46)

2In our conventions

D_α = ∂_α + 1 2 Γ_{aαb}M^{ab} (41)

where a is a local flat index and the SO(1, 10) algebra generators M^{ab} are normalized so that

[M_{ab}, M^{cd}] = −4δ^{[c}_{[a}M^{b]}_{d]} (42)

In vector and spinor representations we then find (M^{ab})_{cd} = 2δ^{ab}_{cd} , M^{ab} = 1 2 Γ_{ab}. (43)

Here Γ_{aαb} = η_{ac}Γ^c_{αb} = −Γ_{bαa} is the Ricci rotation coefficient, or the Christoffel symbol with two indices converted into flat indices by means of two vielbeins.

This definition is crucial for getting closure of the N = 8 supersymmetry. We note that

D_αX^I = ∂X^I ∂θ^α D_J X^I = ∂_αX^I (47)

upon taking the pull back to the three-sphere. The general definition of the Nambu bracket must then be {f, g, h} = ∗ (Df ∧ Dg ∧ Dh) (48) where D denotes the covariant exterior derivative (including the normal bundle gauge field^3.).

The real three-algebra is defined by a real three-bracket [·, ·, ·] satisfying the fundamental identity. The three-bracket is totally antisymmetric. We also require the existence of a positive definite trace form ⟨·, ·⟩ subject to the invariance condition ⟨ [T^c, T^d, T^a], T^b ⟩ + ⟨ T^a, [T^c, T^d, T^b] ⟩ = 0. (49)

The only finite-dimensional example is SO(4). We also have infinite-dimensional algebras realized by the Nambu three-bracket.

We define the associated trace form as ⟨f, g⟩ = ∫ d^3θ √ gfg. (50) We can expand any function in a complete basis of functions. We denote the basis elements by

T^a = T^a(θ). (51)

However, tensoring this basis element by an θ^α-independent spinor or tensor, it is essential to use the total covariant derivative D_α acting on the quantity. For instance we expand the BLG spinor in this three-algebra basis as

ψ(x, θ) = ψ_a(x)T^a(θ) (52)

and compute its derivative as D_αψ(x, θ) (53) even though, of course T^a is just a scalar entity, the ψ_a(x) part carries Rsymmetry indices associated both with space-time, internal three-manifold, and its normal bundle as embedded in eleven-dimensions. It is therefore essential that we use the total covariant derivative acting on ψ(x, θ). However, on the basis elements T^a we act with the ordinary derivative ∂_αT^a since the basis functions are scalar quantities that carry no R symmetry indices nor spacetime indices.

We note that the fundamental identity

{T^a, T^{[b}, {T^c, T^d, T^{e]}}} = 0 (54)

3I would like to thank Soo-Jong Rey for pointing out to me that one has to take into account the normal bundle gauge field

is satisfied only if we can use ordinary commuting derivatives. We expand the left-hand side (defining gϵ^{αβγ} ϵ^{α′β′γ′} = 6g^{αβγ,α′β′γ} = g^{αα′} g^{ββ′} g^{γγ′} ±anti- symmetric.) gϵ^{αβγ} ϵ^{α′β′γ′} D_αT^aD_β T^{[b}D_γ ( D_α′ T^cD_β′ T^dD_γ′ T^{e]} ) = 6D_γ ( g^{αβγ,α′β′γ′} D_αT^aD_βT^{[b}D_α′ T^cD_β′ T^dD_γ′ T^{e]} ) −6g^{αβγ,α′β′γ′} (D_γ D_αT^a)D_β T^{[b}D_α′ T^cD_β′ T^dD_γ′ T^{e]} −6g^{αβγ,α′β′γ′} D_αT^a(D_γ D_β T^{[b})D_α′ T^cD_β′ T^dD_γ′ T^{e]}. (55) We see that the last line vanishes only if the derivatives commute.

We next check the trace invariance condition, ⟨ {T^c, T^d, T^a}, T^b ⟩ + ⟨ T^a, {T^c, T^d, T^b} ⟩ = ∫ d^3θgϵ^{αβγ} ( D_αT^cD_β T^dD_γ T^aT^b + T^aD_αT^bD_β T^cD_γ T^d ) = ∫ d^3θgϵ^{αβγ} D_αT^cD_β T^dD_γ ( T^aT^b ) (56)

This vanishes only if we can write this as a total derivative. This will be the case in all cases we will be interested in. This is so because we use the trace form only to get the lagrangian. Since the lagrangian does not carry any indices we find that the total derivative is an ordinary derivative. Though if we act by an ordinary derivative on a contraction of two spinors for example, we find two covariant derivatives as ∂_α (¯ ψψ ) = D_αψ̄ψ + ψ̄D_αψ. (57)

Since

D_αX^I = ∂_αX^I (58)

we find that

{X^I , X^J , X^K } = √ gϵ^{αβγ} ∂_αX^I ∂_β X^J ∂_γ X^K (59)

and we then find that the fundamental identity holds for these scalar fields,

{{X^{[I} , X^J , X^K }, X^{L]}, X^M } = 0 (60)

This is enough to ensure supersymmetry.

4 Computing the induced Lagrangian

On the M5 brane we have a selfdual three-form which implies that there is no diffeomorphism invariant classical lagrangian formulation of the theory. However by giving up diffeomorphism invariance, we can find a lagrangian description. One example is given in [20] associated to the split of six dimensions into five plus one. Here we find a different version of such a diffeomorphism non-invariant lagrangian, associated to the split of six as three plus three. This lagrangian was also studied in [7].

We aim at finding a six dimensional lagrangian by expanding mass deformed BLG theory about the three-sphere vacuum. We want this six dimensional theory to possess as much diffeomorphism symmetry as possible.

Six-dimensional fluctuation fields

The eight scalar fields correspond to fluctuations in eight dimensional transverse space. As we have already mentioned, we find it convenient to change coordinates as x^I → x^I (θ^α, x^A) (61) Then the three-sphere is a level curve, which we may choose to be located at x^A = 0, T^I (θ) = x^I (θ, 0) (62) We then consider small fluctuations of this three-sphere δx^I (θ, 0) = δθ^α∂_αx^I (θ, 0) + δx^A∂_Ax^I (θ, 0) (63) For notational convenience, we define Y^I (x, θ) ≡ δx^I (x, θ, 0) ≡ X^I (x, θ) − T^I (x, θ) (64) where we re-instated the x^μ dependence as well, to illustrate that these are really six-dimensional fields. We associate six-dimensional fields to these fluctuations as δθ^α = ϕ^α δx^A = ϕ^A (65) As it turns out, the dual field B_{αβ} defined as ϕ^α = 1 2 √ gϵ^{αβγ} B_{βγ} (66) will be identified as components of a gauge potential in the M5 brane.

We define the remaining gauge field components B_{μα} as A_{μ,ab}T^a∂_αT^b = B_{μα} (67) and this relation is invertible, A_{μ,ab} = 1 R^2 g^{αβ} B_{μα}T^a∂_β T^b. (68) We first show that B_{αβ} and B_{μα} defined as above can really be identified as components of a two-form gauge potential in a six-dimensional theory, by showing that a gauge variation in BLG theory induces a gauge variation of these two-form components. A gauge transformation in BLG theory is given by δX^I = λ_{ab}(x){T^a, T^b, X^I }, δA_{μ,ab} = D_μλ_{ab}(x). (69) To linear order we find the induced gauge variations δB_{αβ} = ∂_αλ_β − ∂_β λ_α, δB_{μα} = ∂_μλ_α − ∂_αλ_μ, δϕ^A = 0, (70) with gauge parameter λ_α = λ_{ab}T^a∂_αT^b, λ_μ = 0. (71) We note that D_αB_{μβ} = D^T_α B_{μβ} (72) since there is no component B_{μR}. Also, then we have as usual that D_αB_{μβ} − D_βB_{μα} = ∂_αB_{μβ} − ∂_βB_{μα}. (73) If we define B_{αμ} = −B_{μα} (74) then we define the field strength components as H_{μαβ} = ∂_μB_{αβ} + ∂_αB_{βμ} − ∂_β B_{αμ}, H_{αβγ} = ∂_αB_{βγ} + ∂_γ B_{αβ} + ∂_γ B_{αβ} . (75) To show that the action is supersymmetric we need Bianchi identities D_{[α}H_{βγδ]} = 0 D_{[α}H_{μβγ]} = 0 D_{[α}H_{μνβ]} = 0 (76) where we define H_{μνα} = ∂_μB_{να} − ∂_ν B_{μα}. (77) The supersymmetry parameter ϵ and spinor field ψ in BLG theory are subject to chirality conditions Γ̃ϵ = ϵ Γ̃ψ = −ψ. (78) These Weyl conditions are not six-dimensional. The ‘chirality matrix’ associated with the three-manifold is given by Σ = 1 6 Γ_{IJK} {T^I , T^J , T^K } = 1 6 √ gϵ^{αβγ} Γ_{αβγ} . (79) This matrix has the anti-properties Σ^† = −Σ, Σ^2 = −1 (80) but when combined with the SO(8) chirality matrix Γ̃, we find a true (sixdimensional) chirality matrix Γ̃Σ. (81)

We would like to find new spinors ω and χ respectively, such that these are subject to the Weyl conditions Γ̃Σω = −ω Γ̃Σχ = χ (82)

which are of a six-dimensional covariant form. We find these conditions by making the unitary rotation ϵ = Uω ψ = Uχ (83)

with U = i √ 2 Γ̃(1 − Σ). (84)

Scalar matter part

The scalar matter field part is

L = L_{kin} + L_{pot} (85)

where L_{kin} = − 1 2 ⟨ D^μX^I , D_μX^I ⟩ L_{pot} = − 1 12 ⟨ {X^I , X^J , X^K }, {X^I , X^J , X^K } ⟩ − m^2 2 ⟨ X^I , X^I ⟩ − m 6 ϵ^{ijkl} ⟨ X^i{X^j , X^k, X^l} ⟩ − m 6 ϵ^{îĵk̂l̂} ⟨ X^î{X^ĵ , X^{k̂}, X^{l̂}} ⟩ . (86)

To zeroth order in fluctuation fields, we find that L = − 1 12 ⟨ {T^i, T^j , T^k}, {T^i, T^j , T^k} ⟩ − m^2 2 ⟨ T^i, T^i ⟩ − m 6 ϵ^{ijkl} ⟨ T^i, {T^j, T^k, T^l} ⟩ = − 1 2 − 1 2 + 1 = 0. (87)

This being zero reflects the fact that the three-sphere solution is a supersymmetric ground state.

To first order we find L = − 1 2 ⟨ {T^i, T^j , T^k}, {T^i, T^j , Y^k} ⟩ − m^2 ⟨ T^i, Y^i ⟩ − 2m 3 ϵ^{ijkl} ⟨ Y^i, {T^j, T^k, T^l} ⟩ = (−3 + 4 − 1)m^2 ⟨ T^i, Y^i ⟩ = 0. (88)

This being zero means that the three-sphere is a solution to the classical equation of motion.

The first non-vanishing contributions starts at quadratic order. There will be higher order corrections but these are suppressed by an order of 1/R and can be ignored by taking R sufficiently large. In this paper we will compute only up to quadratic order.

We start by computing the kinetic term. First we compute

D_μX^i = 1 2 √ gϵ^{αβγ} H_{μαβ} ∂_γ T^i + ∂_μϕ^R∂_RT^i,

D_μX^î = ∂_μϕ^î. (89)

and consequently we get L_{kin} = − 1 4 H_{μαβ} H^{μαβ} − 1 2 ∂_μϕ^A∂^μϕ^A. (90)

We next expand the potential term, L_{pot} = − 1 2 ⟨ {Y^i, Y^j , T^k}, {T^i, T^j , T^k} ⟩ − 1 2 ⟨ {T^i, T^j , Y^k}, {Y^i, T^j , T^k} ⟩ − 1 4 ⟨ {T^i, T^j , Y^K }, {T^i, T^j , Y^K } ⟩ − m^2 2 ⟨ Y^I , Y^I ⟩ − mϵ^{ijkl} ⟨ Y^i, {Y^j , T^k, T^l} ⟩ . (91)

We may use the trace invariance condition and the fundamental identity and get the identity ⟨{a, b, c}, {e, f, g}⟩ = 3 ⟨{f, g, c}, {e, a, b}⟩ (92) where the right-hand side is to be antisymmetrized in e, f, g. Using this we can bring the lagrangian into the form of a sum of two terms,

L_{pot} = L_I + L_m (93)

where

L_I = 1 2 ⟨ {T^j, T^k, Y^k}, {T^j, T^i, Y^i} ⟩ − 1 4 ⟨ {T^i, T^j , Y^K }, {T^i, T^j , Y^K } ⟩ L_m = − m^2 2 ⟨ Y^I , Y^I ⟩ . (94)

We then note that^4

g^{αβ}∂_αT^i∂_β T^j = δ^{ij} − T^iT^j R^2

(96)

and we get

L_I = − 1 2 ∫ d^3θ √ g ( g^{γγ′} T^kT^{k′} R^2 + g^{γβ′} g^{γ′β} ∂_β T^k∂_β′ T^{k′} ) ∂_γ Y^k∂_γ′ Y^{k′} − 1 2 ∫ d^3θ √ gg^{γγ′} ∂_γ Y^{k̂}∂_γ′ Y^{k̂}, L_m = − m^2 2 ∫ d^3θ √ g ( Y^iY^i + Y^îY^î ) (97)

4To see this we note that any vector in R^4 can be written as

v^i = aT^i + b^α∂_αT^i. (95)

Then the identity can be proved by acting by both sides on this vector. We may also note the operator is a projector.

We now proceed by inserting the expansions in terms of fluctuation fields defined as in Eq (63), which we repeat here,

Y^i = T^i R ϕ^R + ϕ^α∂_αT^i,

Y^î = ϕ^î (98)

From this it follows that

∂_αY^i = 1 R (∂_αT^i)ϕ^R + T^i R ∂_αϕ^R + (D^T_α ϕ^β )∂_β T^i + ϕ^β D^T_α ∂_β T^i. (99)

We have noted that ∂_αT^i transform as four vectors (one for each fixed value of i) on the three-sphere, or equivalently, that ϕ^α∂_αT^i are four scalars on S^3. Consequently ∂_α(ϕ^β ∂_β T^i) = (D^T_α ϕ^β )∂_β T^i + ϕ^β D^T_α ∂_β T^i. We then note that^5

D^T_α ∂_β T^i = − 1 R^2 g_{αβ} T^i (100)

on S^3.

The main point in this paper is to express everything in terms of total derivatives. We motivate this by the fact that the supersymmetry parameter is constant only with respect to the total derivative. By noting that the only non-vanishing Christoffel symbols in our polar coordinate system are Γ^γ_{αβ} , Γ^R_{αβ} = − g_{αβ} R Γ^α_{βR} = 1 R δ^α_β (101)

We find that

D_αϕ^β = D^T_α ϕ^β + 1 R δ^β_αϕ^R, D_αϕ^R = ∂_αϕ^R − 1 R ϕ_α, D_αϕ^î = ∂_αϕ^î. (102)

Using all this, we find that

∂_αY^i = (D_αϕ^β )∂_β T^i + T^i R D_αϕ^R. (103)

Inserting this into L_{pot} we find the result L_{pot} = − 1 2 D_αϕ^β D_β ϕ^α − 1 2 g^{αβ} D_αϕ^AD_β ϕ^A − 1 2R^2 ϕ^Aϕ^A − 1 2R^2 g_{αβ}ϕ^αϕ^β . (104)

5The left-hand side is symmetric. Hence one can suspect the result be proportional to g_{αβ} (or to the Ricci tensor, but these are proportional on S^3). The normalization is then fixed by computing T^iD^T_α ∂_β T^i = −∂_αT^i∂_β T^i = −g_{αβ} where we used the three-sphere constraint T^iT^i = R^2 to move one derivative.

The placements of the derivatives in the first term looks funny and a naive guess could be that this is something ugly and unwanted. But in fact this precise juxtaposition of the two derivatives turns out to be crucial for getting a gauge invariant action. We can not make integration by parts using D_α since it does not lead to a total derivative. We rather have that a total derivative (which vanishes upon integration over closed three-sphere) is given by ∫ d^3θ √ gD^T_α V^α = ∫ d^3θ∂_α( √ gV^α). (105)

So we must express everything in terms of the intrinsic covariant derivative D^T_α before we can make integrations by parts. We then find

D_αϕ^β D_βϕ^α = D^T_α ϕ^αD^T_β ϕ^β + ϕ^β [D^T_α , D^T_β ]ϕ^α + 2 R ϕ^RD^T_α ϕ^α + 3 R^2

(ϕ^R)^2 (106)

On a three-sphere of radius R we have

[D^T_α , D^T_β ]ϕ^α = 2 R^2 ϕ_β . (107)

If then, we also expand out the other non-trivial term in L_{pot}, which is − 1 2 D_αϕ^RD^αϕ^R = − 1 2 D^T_α ϕ^RD^{T α}ϕ^R − 1 R ϕ^RD^T_α ϕ^α − 1 2R^2 ϕ^αϕ_α (108)

then we find that the mass term ϕ^αϕ_α exactly cancels out in L_H , and we end up with

L_H = − 1 2 D^T_α ϕ^αD^T_β ϕ^β − 1 2 D^T_α ϕ^AD^{T α}ϕ^A − 3 2R ϕ^RD^T_α ϕ^α − 3 2R^2

(ϕ^R)^2 − 1 2R^2 ϕ^Aϕ^A (109)

Chern-Simons term

From the Chern-Simons term L_{CS} = 1 2 ϵ^{μνλ}A_{μ,ab}∂_ν A_{λ,cd} ⟨ T^c, {T^b, T^c, T^d} ⟩ (110)

we get L_{CS} = 1 2 ϵ^{μνλ}gϵ^{αβγ}∂_αB_{μβ} ∂_ν B_{λγ} (111) Fermionic part

The fermionic part is i 2 ⟨¯ ψ, Γ^μD_μψ ⟩ + i 4 ⟨¯ ψ, Γ_{ij} {T^i, T^k, ψ} ⟩ − im 2 ⟨¯ ψ, ΣΓ_Rψ ⟩ . (112)

We expand the second term i 4 ⟨¯ ψ, Γ_{ij} {T^i, T^k, ψ} ⟩ = i 2 ⟨¯ ψ, ΣΓ^αD_αψ ⟩ . (113)

We then make the field redefinition ψ = Uχ, ψ̄ = χ̄V (114)

and we get i 2 ⟨χ̄, Γ^μ∂_μχ⟩ + i 2 ⟨χ̄, Γ^αD_αχ⟩ − i 2R ⟨χ̄, ΣΓ_Rχ⟩ . (115)

To get here we have used that

D_αΣ = 0. (116)

The induced Lagrangian

Summing up all the various contributions, the resulting induced six dimensional action that we obtain up to quadratic order, is given by S = ∫ d^3xd^3θ √ g (L_H + L_ϕ + L_ψ) (117)

where

L_H = − 1 12 g^{αβγ,α′β′γ′} H_{αβγ} H_α′_β′_γ′ − 1 4 η^{μμ′} g^{αβ,α′β′} H_{μαβ} H_μ′_α′_β′ − 1 2 ϵ^{μνλ}ϵ^{αβγ} ∂_β B_{μα}∂_ν B_{λγ} − 1 4R ϵ^{αβγ} ϕ^RH_{αβγ} , (118)

L_ϕ = − 1 2 ( ∂_μϕ^A∂^μϕ^A + g^{αβ} D^T_α ϕ^AD^T_β ϕ^A ) − 1 2R^2 ϕ^Aϕ^A − 3 2R^2 ϕ^Rϕ^R (119)

L_ψ = i 2 χ̄Γ^μ∂_μχ + i 2 χ̄Γ^αD^T_α χ + i 4R χ̄ΣΓ_Rχ. (120)

For L_ψ we have used

D_αχ = D^T_α χ + 1 2R Γ_RΓ_αΣχ. (121)

This follows from Eq (44) if one notes that D_αΓ_β = 0 and D^T_α Γ_β = 0. The first condition follows by requiring that V_β = ψ̄_1Γ_β ψ_2 transforms like a vector for any two BLG spinors ψ_{1,2}. The second condition can be seen by requiring

D_αV_β = D^T_α V_β + 1 R g_{αβ}V_R (122)

If we assume that D_αΓ_β = 0 then we get

D_αV_β = (D_αψ̄_1)Γ_β ψ_2 + ψ̄_1Γ_β D_αψ_2 (123)

We expand D_αψ_{1,2} = D^T_{1,2}ψ_{1,2} −^1_{2R} Γ_RΓ_αψ_{1,2}, and we get

D_αV_β = (D^T_α ψ̄_1)Γ_β ψ_2 + ψ̄_1Γ_βD^T_α ψ_2 + 1 R g_{αβ} V_R (124) and this equals D^T_α V_β +^1_R g_{αβ} V_R only if

D^T_α Γ_β = 0. (125)

Using this, and also D_αg_{βγ} = 0, D^T_α g_{βγ} = 0 (126)

which can be seen as a consequence of D_αΓ_β = 0 = D^T_α Γ_β, or it can be derived direcctly as D_αg_{βγ} = D^T_α g_{βγ} + Γ^R_{αβ} g_{Rγ} + .. = D^T_α g_{βγ} since g_{Rα} = 0 by our choice of coordinates. Of course D^T_α g_{βγ} = 0 is the familiar metric compatibility condition. Taken this together we conclude that D_αU = 0, D^T_α U = 0 (127)

where U is defined as in Eq (84). we then get for any BLG spinor ψ related to χ as χ = Uψ, ψ = −Uχ, D_αχ = UD_αψ = D^T_α χ + 1 2R UΓ_RΓ_αUχ = D^T_α χ + 1 2R Γ_RΓ_αΣχ (128)

as asserted.

We note that the equation of motion for the two-form B_{μα} becomes a total derivative [7]. If then we vary ∂_β B_{μα}, rather than B_{μα}, then we find the equation of motion ∂_μB_{να} − ∂_ν B_{μα} = − √ g 2 ϵ_{μνλ}ϵ_{αβγ} H^{λβγ} (129) This is the same equation of motion as we get directly from the BLG equation of motion Eq (22) by inserting our fluctuation expansion. To see this we first we contract Eq (22) by T^a∂_αT^b and then insert the fluctuation field expansions into the resulting equation of motion. We also note the three-sphere constraint T^iT^i = R^2 which implies that T^iD^λ∂_αT^i = −∂_αT^iD^λT^i.

The gauge field part of the lagrangian, L_H , was also obtained in [6] and further studied in [7].

5 Induced supersymmetry

To get the supersymmetry variations we can expand the mass deformed BLG supersymmetry variations to linear order in the fluctuations. At zeroth order we have δT^I = 0. There are no ‘higher order’ contributions to the variation T^I since the higher order variations sit in the fluctuation fields Y^I ≡ X^I − T^I . At linear order we find the supersymmetry variations for the fluctuations as δY^I = iϵ̄Γ^I ψ, δψ = Γ^μΓ_I ϵ∂_μT^I + mΣΓ_RΓ_I ϵT^I − Σϵ

−Γ^μΓ_I ϵA_{μ,ab}{T^a, T^b, T^I } + Γ^μΓ_I ϵ∂_μY^I − 1 2 Γ_{IJK} ϵ{Y^I , T^J , T^K } +mΣΓ_RΓ_I ϵY^I , δA_{μ,ab} = iϵ̄Γ_μΓ_I T^I_{[a}ψ_{b]} (130) We can cancel the zeroth order contribution in δψ by taking T^I to lie on a three-sphere of constant radius R = 1/m. With this choice of radius we preserve maximal supersymmetry and the first line above in δψ vanishes.

Supersymmetry variations of the Bosons From δY^I = ıϵ̄Γ^iψ we get δϕ^A = iω̄Γ^Aχ (131) and δB_{αβ} = iω̄Γ_{αβ} χ (132) and from δA_{μ,ab} we get δB_{μα} = iω̄Γ_μΓ_αχ + ∂_αλ_μ (133) where λ_μ = i 2 ϵ̄Γ_μΓ_Rψ (134) is a gauge parameter. We also note that λ_α = i 2 ϵ̄Γ_αΓ_Rψ ≡ 0 (135) so this is really a six-dimensional gauge parameter.

Supersymmetry variation of the Fermions We insert the expansion Eq (63) and Eq (67) and get δψ = Γ^μΣΓ^{αβ}ϵ∂_αB_{μβ} + Γ^μΓ_αϵ∂_μϕ^α − ΣϵD_αϕ^α

+Γ^μΓ_Aϵ∂_μϕ^A − Γ_AΣΓ^αϵD_αϕ^A + 1 R ΣΓ_RΓ_Aϵϕ^A − 2 R ΣΓ_RΓ_αϵϕ^α (136) We then dualize ϕ^α into B_{αβ} and make a unitary rotation by means of the matrix U to gain six-dimensional covariance. We then get δχ = 1 2 Γ^μΓ^{αβ} H_{μαβ} + 1 6 Γ^{αβγ} ωH^D_{αβγ} −Γ^μΓ_Aω∂_μϕ^A − Γ^αΓ_AωD_αϕ^A − 1 R ΣΓ_RΓ_Aωϕ^A + 1 2R ΣΓ_RΓ^{αβ} ωB_{αβ}. (137) where we introduced H^D_{αβγ} = D_αB_{βγ} + D_γ B_{αβ} + D_βB_{γα}

= H_{αβγ} + 1 R √ gϵ_{αβγ} ϕ^R (138)

In terms of D^T_α derivatives we then find the result δχ = 1 2 Γ^μΓ^{αβ} H_{μαβ} + 1 6 Γ^{αβγ} ωH_{αβγ} −Γ^μΓ_Aω∂_μϕ^A − Γ^αΓ_AωD^T_α ϕ^A − 1 R ΣΓ_RΓ_Aωϕ^A + 1 R Σωϕ^R. (139)

6 Open problems

By taking k large we reduce S^3 to S^2 by shrinking the Hopf circle k times due to the Z_k orbifold identification, and the M5 brane wrapped on S^3 reduces to D4 wrapped on S^2. In would be interesting to demonstrate this explicitly in our abelian theory and make connection to [3]. Also since we know the nonabelian D4 brane theory this can give a hint of the nonabelian M5 brane theory.

One may consider more general mass deformations that still preserve maximal supersymmetry [23]. It would be interesting to see what M5 brane theories these correspond to. We may also get less supersymmetric six-dimensional theories by expanding BLG theory about less supersymmetric backgrounds, such as has been classified in [22]. In particular one can consider the half BPS funnel solution [21] of M2’s ending on M5 and find a six dimensional theory with eight supercharges on curved manifold of the geometry of a funnel.

The right way to discretize the BLG theory with a Nambu bracket should be to consider ABJM theory. Needless to say it will be very interesting to derive BLG theory on S^3/Z_k by taking the large N limit of mass deformed ABJM theory at level k. For k = 1, 2 we can indeed see the fuzzy three-sphere (mod Z_2) in ABJM theory. Only for levels k = 1, 2 do we have enhanced SO(8) R symmetry in ABJM theory for generic gauge groups. In this case we can find a fuzzy funnel solution that is locally a fuzzy three-sphere. We have not yet verified that a similar type of enhancement works also for the mass deformed ABJM theory eventhough this seems very plausible, so let us demonstrate how the fuzzy funnel solution arises. For levels k = 1, 2 we have showed in [15] that the supersymmetry variation of the fermion in ABJM theory can be written as (using the same notations as in that paper)

δψ = Γ^μΓ_I ϵD_μX^I − 1 6 Γ_I Γ_J Γ_K ϵ[X^I , X^J ; X^K ]. (140)

Moreover we can antisymmetrize IJK despite the three-bracket is only manifestly antisymmetric in its first two entries. This follows from the identity

X^I_b X^J_b X^{Kd}f^{bc}_{da} = X^K_b X^{[I}_c X^{J]d}f^{bc}_{da} (141)

We then find that

Γ_{IJ} [X^I , X^J ; X^K ]_a ≡ Γ_{IJ} X^I_b X^J_c X^{Kd}f^{bc}_{da} = Γ_{IJ} X^K_b X^I_c X^{Jd}f^{bc}_{da} = Γ_{IJ} X^I_b X^K_c X^{Jd}f^{bc}_{da} (142)

Hence the bracket can be antisymmetrized in I, J, K when contracted by Γ_{IJ} . From here we can then derive the Basu-Harvey fuzzy three-sphere funnel solution [21] by requiring δψ = 0. For level k = 2 the Z_2 orbifolding is just X^I ∼ −X^I that comes from Z^A_a ∼ −Z^A_a = e^{iπ}Z^A_a . The relation between X^I_a and Z^A_a involves a Wilson line W_{ab} and the higher k orbifolding Z^A_a ∼ e^{2πi/k}Z^A_a has no such simple counterpart for the X^I_a . Also the Wilson line becomes nonlocal and it is unclear to us whether one can find a fuzzy three-sphere mod Z_k also for higher levels k.

In principle the theory of multiple M5 branes should also be encoded in some ABJM theory. It would be very interesting to see if one can compute any quantity in the multiple M5 brane theory from ABJM theory. For finite rank gauge groups we would expect to find a non-commutative, and perhaps also non-abelian, M5 brane.

Acknowledgements: I would like to thank Soo-Jong Rey for initiating this project and for discussions. I would like to thank Bum-Hoon Lee, Jeong-Hyuck Park and Takao Suyama for discussions and Neil Lambert for correspondence. This work was supported by Center for Quantum Spacetime of Sogang University with grant number R11-2005-021.

A Gamma matrix relations

For the matrices U = i √ 2 Γ̃(1 − Σ), V = − i √ 2 (1 − Σ)Γ̃. (143)

we have used the following identities,

UΣΓ_RΓ_αU = Γ_RΓ_α UΓ^μΣΓ^{αβ} U = Γ^μΓ^{αβ} UΓ^{αβγ} U = Γ^{αβγ} UΓ^μΓ_AU = Γ^μΓ_A UΓ^αΓ_AΣU = Γ^αΓ_A

UΣU = Σ. (144) and V Γ^μU = Γ^μ, V ΣΓ^αU = Γ^α, V Γ_μΓ_αU = −Γ_μΓ_α,

V Γ_AU = −Γ_A, V Γ_αU = Γ_αΣ V ΣΓ_{αβ} U = −Γ_{αβ}. (145)

Our gamma matrices are subject to the algebra {Σ, Γ̃} = 0, {Γ_μ, Σ} = 0, [Γ_α, Σ] = 0, {Γ_A, Σ} = 0, [Γ_μ, Γ̃] = 0, {Γ_α, Γ̃} = 0, {Γ_A, Γ̃} = 0, {Γ_μ, Γ_α} = 0, {Γ_μ, Γ_A} = 0, {Γ_α, Γ_A} = 0. (146)

and duality relations

ΣΓ^γ = 1 2 √ gϵ^{αβγ} Γ_{αβ} , Γ^γ = − 1 2 √ gϵ^{αβγ} ΣΓ_{αβ} , Γ_γ = − 1 2 √ gϵ_{αβγ} ΣΓ^{αβ} , Γ_γ ϵ^{αβγ} = − 1 √ g ΣΓ^{αβ}. (147)

References

[1] J. Madore, “The fuzzy sphere,” Class. Quant. Grav. 9, 69 (1992).

[2] S. Iso, Y. Kimura, K. Tanaka and K. Wakatsuki, “Noncommutative gauge theory on fuzzy sphere from matrix model,” Nucl. Phys. B 604, 121 (2001) [arXiv:hep-th/0101102].

[3] H. Nastase, C. Papageorgakis and S. Ramgoolam, “The fuzzy S^2 structure of M2-M5 systems in ABJM membrane theories,” JHEP 0905, 123 (2009) [arXiv:0903.3966 [hep-th]]. H. Nastase and C. Papageorgakis, “Fuzzy Killing Spinors and Supersymmetric D4 action on the Fuzzy 2- sphere from the ABJM Model,” arXiv:0908.3263 [hep-th].

[4] E. Witten, “Five-brane effective action in M-theory,” J. Geom. Phys.

22, 103 (1997) [arXiv:hep-th/9610234]. M. Henningson, B. E. W. Nilsson and P. Salomonson, “Holomorphic factorization of correlation functions in (4k+2)-dimensional (2k)-form gauge theory,” JHEP 9909, 008 (1999) [arXiv:hep-th/9908107].

[5] Z. Guralnik and S. Ramgoolam, “On the polarization of unstable D0- branes into non-commutative odd spheres,” JHEP 0102, 032 (2001) [arXiv:hep-th/0101001]. S. Ramgoolam, “On spherical harmonics for fuzzy spheres in diverse dimensions,” Nucl. Phys. B 610, 461 (2001) [arXiv:hep-th/0105006].

[6] P. M. Ho and Y. Matsuo, “M5 from M2,” JHEP 0806, 105 (2008) [arXiv:0804.3629 [hep-th]]. P. M. Ho, Y. Imamura, Y. Matsuo and S. Shiba, “M5-brane in three-form flux and multiple M2-branes,” JHEP 0808, 014 (2008) [arXiv:0805.2898 [hep-th]]. K. Furuuchi and T. Takimi, “String solitons in the M5-brane worldvolume action with Nambu- Poisson structure and Seiberg-Witten map,” JHEP 0908, 050 (2009) [arXiv:0906.3172 [hep-th]].

[7] P. Pasti, I. Samsonov, D. Sorokin and M. Tonin, “BLG-motivated Lagrangian formulation for the chiral two-form gauge field in D=6 and M5- branes,” arXiv:0907.4596 [hep-th].

[8] J. H. Park, Private communication.

[9] I. A. Bandos and P. K. Townsend, “Light-cone M5 and multiple M2- branes,” Class. Quant. Grav. 25, 245003 (2008) [arXiv:0806.4777 [hepth]]. I. A. Bandos and P. K. Townsend, “SDiff Gauge Theory and the M2 Condensate,” JHEP 0902, 013 (2009) [arXiv:0808.1583 [hep-th]].

[10] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, “N=6 superconformal Chern-Simons-matter theories, M2-branes and their gravity duals,” arXiv:0806.1218 [hep-th].

[11] K. Hosomichi, K. M. Lee, S. Lee, S. Lee and J. Park, “N=5,6 Superconformal Chern-Simons Theories and M2-branes on Orbifolds,” JHEP 0809, 002 (2008) [arXiv:0806.4977 [hep-th]].

[12] J. Bagger and N. Lambert, “Gauge Symmetry and Supersymmetry of Multiple M2-Branes,” Phys. Rev. D 77, 065008 (2008) [arXiv:0711.0955 [hep-th]], A. Gustavsson, “Algebraic structures on parallel M2-branes,” arXiv:0709.1260 [hep-th].

[13] J. Bagger and N. Lambert, “Three-Algebras and N=6 Chern-Simons Gauge Theories,” arXiv:0807.0163 [hep-th].

[14] F. M. Chen, “Symplectic Three-Algebra Unifying N=5,6 Superconformal Chern-Simons-Matter Theories,” arXiv:0908.2618 [hep-th].

[15] A. Gustavsson and S. J. Rey, “Enhanced N=8 Supersymmetry of ABJM Theory on R(8) and R(8)/Z(2),” arXiv:0906.3568 [hep-th].

[16] O. K. Kwon, P. Oh and J. Sohn, “Notes on Supersymmetry Enhancement of ABJM Theory,” arXiv:0906.4333 [hep-th].

[17] M. K. Benna, I. R. Klebanov and T. Klose, “Charges of Monopole Operators in Chern-Simons Yang-Mills Theory,” arXiv:0906.3008 [hep-th].

[18] I. Klebanov, T. Klose and A. Murugan, “AdS_4/CF T_3 – Squashed, Stretched and Warped,” JHEP 0903, 140 (2009) [arXiv:0809.3773 [hepth]].

[19] K. Hosomichi, K. M. Lee and S. Lee, “Mass-Deformed Bagger-Lambert Theory and its BPS Objects,” Phys. Rev. D 78, 066015 (2008) [arXiv:0804.2519 [hep-th]]. J. Gomis, A. J. Salim and F. Passerini, “Matrix Theory of Type IIB Plane Wave from Membranes,” JHEP 0808, 002 (2008) [arXiv:0804.2186 [hep-th]]. N. Lambert and P. Richmond, “M2- Branes and Background Fields,” arXiv:0908.2896 [hep-th].

[20] M. Perry and J. H. Schwarz, “Interacting chiral gauge fields in six dimensions and Born-Infeld theory,” Nucl. Phys. B 489, 47 (1997) [arXiv:hep-th/9611065].

[21] A. Basu and J. A. Harvey, “The M2-M5 brane system and a generalized Nahm’s equation,” Nucl. Phys. B 713, 136 (2005) [arXiv:hep-th/0412310].

[22] I. Jeon, J. Kim, B. H. Lee, J. H. Park and N. Kim, “M-brane bound states and the supersymmetry of BPS solutions in the Bagger-Lambert theory,” arXiv:0809.0856 [hep-th]. I. Jeon, J. Kim, N. Kim, S. W. Kim and J. H. Park, “Classification of the BPS states in Bagger-Lambert Theory,” JHEP 0807, 056 (2008) [arXiv:0805.3236 [hep-th]].

[23] N. Lambert and P. Richmond, “M2-Branes and Background Fields,” arXiv:0908.2896 [hep-th].