arXiv:0910.1703v1 [hep-th] 9 Oct 2009

Quantum gravity and scalar fields

Paul T. Mackay and David J. Toms^∗ School of Mathematics and Statistics, Newcastle University, Newcastle upon Tyne, United Kingdom, NE1 7RU (Dated: October 12, 2009)

In this paper we consider the quantization of a scalar field coupled to gravity at one loop order. We investigate the divergences appearing in the mass (i.e. ϕ^2) term in the effective action. We use the Vilkovisky-DeWitt effective action technique which guarantees that the result is gauge invariant as well as gauge condition independent in contrast to traditional calculations. Our final result is to identify the complete pole part of the effective action.

PACS numbers: 04.60.-m, 11.15.-q, 11.10.Gh, 11.10.Hi Keywords: Quantum Gravity, Scalar Fields, Gauge Invariance, Dimensional Regularization, Renormalization Group, Vilkovisky-DeWitt Effective Action

In a remarkable paper Robinson and Wilczek [1] performed a calculation in quantized Yang-Mills-Einstein gravity showing that the gauge coupling constant for Yang-Mills theory received a purely quantum gravity contribution to the β function in addition to that normally present in the absence of gravity [2, 3]. This new contribution tended to result in asymptotic freedom even for theories that in the absence of gravity were not asymptotically free. The calculation used the traditional background field method that is equivalent to conventional Feynman diagram methods. However, if we are interested in a field theory which includes gravity then we encounter a problem - the seminal work of [4, 5, 6, 7] showed that quantum gravity is nonrenormalizable. Nevertheless, advances in the understanding of effective field theory methods [8, 9, 10] lends credence to obtaining physical predictions for a nonrenormalizable theory like gravity. As long as we are only interested in physics at a scale E ≪ M_P , where M_P is the Planck mass, then the results of the effective theory should coincide with the results predicted by the underlying fundamental theory, whatever its nature. Phenomenological consequences of the Robinson-Wilczek result were studied in [11] and it has been suggested [12] that the results can be used to substantiate the weak gravity conjecture [13, 14].

Further analysis cast doubt on the results of Robinson and Wilczek [1]. Pietrykowski [15] repeated their calculation, showed that the result was gauge condition dependent, and that it was possible to obtain no quantum gravitational contribution to the renormalization group β function. A method which is naturally gauge invariant and gauge condition independent (that we will describe below) was used along with dimensional regularization to show that a vanishing quantum gravitational contribution to the β function was obtained for Einstein-Maxwell theory [16]. Ebert, Plefka and Rodi-

∗URL: http://www.staff.ncl.ac.uk/d.j.toms; Electronic address: d.j.toms@newcastle.ac.uk

gast [17] used a traditional Feynman diagram approach to show that there was no purely quantum gravity contribution to the β function in Einstein-Yang-Mills theory. Their work is especially interesting because they showed that use of a cutoff agreed with dimensional regularization, with gauge invariance retained by requiring that the Slavnov-Taylor-Ward-Takahashi identities be satisfied. Tang and Wu [18] suggested an unconventional regularization scheme, namely loop regularization, which they claimed handled the quadratic divergences correctly. Their paper, in contrast to earlier work, claimed that their regularization method led to non-zero gravitational contributions. Further work [19] has also been done in dimensions higher than 4 which looked at the ADD scenario in extra-dimensional braneworlds, and in studying Lee-Wick terms [20, 21, 22].

All of the calculations related to the Robinson and Wilczek result described so far were for pure Einstein gravity. In [23, 24] Einstein gravity with a cosmological constant was considered and it was shown that the cosmological constant could change the behaviour of the running from that of pure gravity. Although the result was not the same as that found by Robinson and Wilczek [1] at least in Einstein-Maxwell theory the consequences were similar - quantum gravity tends to lead to asymptotic freedom. The purpose of the present paper is to consider the mass and field renormalizations for a quantized scalar field in the presence of gravity with a cosmological constant using the methods of [16, 23, 24] and relate this to previous work. Recently Rodigast and Schuster [25] looked at the gravitational contributions to ϕ^4 and Yukawa couplings and concluded that the gravitational contributions to the running of the masses vanish. [26] also examined Yukawa couplings using a completely different method. It was shown some time ago [27, 28] that mass counterterms in quantum gravity when computed using standard methods depend on the gauge condition. We will look at the gauge condition dependence of the mass renormalization again using the background field method of Vilkovisky [29, 30] and DeWitt [31] that in a natural way leads to a gauge condition independent result. (See [32] for a comprehensive review.) By keeping our calculation sufficiently general we will show explicitly the gauge condition dependence that is found in traditional diagrammatic approaches.

The Vilkovisky-DeWitt effective action to one loop order is (using DeWitt notation [33] where the index i contains the coordinate and all other labels of the field)

Γ[φ̄] = S[φ̄] − ln det Q_{αβ}[φ̄] + 1 2 lim_{α→0} ln det ( ∇^i∇_j S[φ̄] + 1 2α K^i_α[φ̄]K^α_j [φ̄] ) . (1) Here S[φ̄] is the classical action, Q_{αβ} is the ghost term, and K^i_α are the generators of gauge transformations. We will be brief here as the basic results have been repeated already in [16, 23, 24]. The covariant derivative is

∇_i∇_j S[φ̄] = S_{,ij} [φ̄] − Γ̄^k_{ij} S_{,k}[φ̄] (2)

where Γ̄^k_{ij} is the connection term that is crucial for obtaining a gauge condition independent result.

The connection term in (2) will vanish if S_{,i} = 0, i.e. when the background field is a solution to the classical equations of motion. So expanding about a Minkowksi metric, which is not a classical solution in general if matter fields or a cosmological constant are present, requires the connection term for gauge condition independence. This will be demonstrated explicitly below.

We can replace the connection Γ̄^k_{ij} in (2) by the standard Christoffel symbol Γ^k_{ij} formed from the metric on the space of fields if we choose the Landau-DeWitt gauge condition

χ_α = K_{αi}[φ̄]η^i = 0, (3)

where we have split the fields into a background φ̄^i and quantum part η^i as

φ^i = φ̄^i + η^i. (4)

It can be shown [32, 34, 35] that the Landau-DeWitt gauge coincides precisely with the gauge condition independent result with any other gauge choice.

We are interested here in a scalar field coupled to gravity. We choose the action

S = S_M + S_G, (5)

where

S_M = ∫ d^nx|g(x)|^{1/2} { 1 2 ∂^μφ∂_μφ + 1 2 m^2φ^2 + 1 2 ξRφ^2 + λ 4! ϕ^4 } (6) describes a massive scalar field, with a ϕ^4 interaction and some non-minimal coupling to the curvature measured by the parameter ξ, and

S_G = − 2 κ^2 ∫ d^nx|g(x)|^{1/2}(R − 2Λ), (7) is the gravitational Einstein-Hilbert action with the inclusion of a cosmological constant Λ where κ^2 = 32πG in terms of the gravitational constant G.

At this stage we split the field into a background part and a quantum part. Since we are using a gauge invariant method we are free to choose whichever background metric we desire, not necessarily a solution to the classical field equations. We choose a flat metric tensor for the gravitational part, adopt a Euclidean (rather than a Minkowskian) signature for convenience, and keep the background scalar general at this stage. We have

g_{μν} = δ_{μν} + κh_{μν} , (8) φ(x) = φ̄(x) + ψ(x). (9)

We can write the third term in (1) as

Γ_G = 1 2 ln det { ∇^i∇_j S[φ̄] + 1 2α K^i_α[φ̄]K^α_j [φ̄] }

= − ln ∫ [dη]e^{−Sq} (10) where

S_q = η^iη^j ( ∇_i∇_j S + 1 2α K^α_i K_{jα} ) . (11)

The limit α → 0 is understood here. We then proceed to expand in powers of the interaction up to quadratic order (since we are interested in the mass and field renormalization terms). We will write

S_q = S_0 + S_1 + S_2 (12)

with the subscripts counting the order of the background fields. There are also cubic and quartic terms in the background scalar field, but these cannot contribute to the mass or field renormalizations.

It remains to calculate the three terms of (11) where the covariant derivatives are expanded in terms of ordinary ones and the connection using (2). The first term, containing two ordinary derivatives of the action, follows from (5) using (8) and (9) and retaining only those terms quadratic in the quantum fields. For the connection term, the factor containing one derivative can similarly be read off from the linear term in (5). The connection itself results from considering a metric on the space of fields. Its non-zero components are the diagonal terms, the scalar part

g_{φ(x)φ(x}′_) = √ g(x)δ(x, x^′), (13) and the gravitational component g_{gμν (x)gρσ (x}′_) = √ g(x) { g^{μ(ρ}(x)g^{σ)ν} (x) (14) − 1 2 g^{μν} (x)g^{ρσ} (x) } δ(x, x^′) (15)

where the brackets around the indices denote a symmetrization of the form T_{(μν)} =^1_2 (T_{μν} + T_{νμ}). It is now easy to evaluate the Christoffel connection.

Finally, we calculate the gauge fixing term. We wish to deduce the generators K^i_α of the infinitesimal gauge transformations written in condensed notation as δφ^i = K^i_α[φ]δϵ^α (16) for some infinitesimal parameters δϵ^α. Here the infinitesimal parameters represent infinitesimal coordinate changes. For the scalar field part, it is easy to show that an infinitesimal change in the field is given by δφ = −δϵ^μ∂_μφ (17) whilst for gravity a consideration of the metric transformation under an infinitesimal change of coordinates gives δg_{μν} = −δϵ^λg_{μν,λ} − δϵ^λ_{,μ}g_{λν} − δϵ^λ_{,ν} g_{λμ}. (18) Using the condition (3) with (17) and (18) gives

χ_λ(x) = 2 κ (∂^μh_{μλ} − 1 2 ∂_λh) − ω∂_λφ̄ψ (19) with a parameter ω introduced to highlight the gauge condition dependence of the conventional method. It must be set to unity to obtain the gauge condition independent result. The generators of gauge transformations are easily read off from (17) and (18).

Putting these results together and separating the terms by their order in the background fields, as in (12), we find

S_0 = ∫ d^nx { − 1 2 h^{μν} □h_{μν} + 1 4 h□h + ( 1 α − 1 ) ( ∂^μh_{μν} − 1 2 ∂_ν h )_2

−Λ ( h^{μν} h_{μν} − 1 2 h^2 ) [ 1 + v 2 ( n − 4 2 − n )]

+ 1 2 ∂^μψ∂_μψ + 1 2 m^2ψ^2 + vnΛ 4 − 2n ψ^2 } , (20)

S_1 = κ ∫ d^nx { 1 2 (hδ^{μν} − 2h^{μν} )∂_μφ̄∂_ν ψ + 1 2 m^2φ̄hψ +ξφ̄(h^{μν}_{,μν} − □h)ψ − ω α (∂^μh_{μν} − 1 2 ∂_ν h)∂^νφ̄ψ − v 4 (−□φ̄ + m^2φ̄)hψ } , (21)

S_2 = κ^2 ∫ d^nx { 1 2 ( h^{μλ}h_λ^ν − 1 2 hh^{μν} − 1 4 δ^{μν} h^{αβ} h_{αβ} + 1 8 h^2δ^{μν} ) ∂_μφ̄∂_νφ̄ + 1 2 ( 1 8 h^2 − 1 4 h^{μν} h_{μν} ) m^2φ̄^2 + 1 2 ξ(R_2 + 1 2 hR_1)φ̄^2 + λ 4κ^2 φ̄^2ψ^2 (22) + v 4 h_{μν} h_{λσ} [ 1 2 δ^{μν} T^{λσ} − δ^{μλ}T^{νσ} + 1 4(n − 2) T ( δ^{μσ} δ^{νλ} + δ^{μλ}δ^{νσ} − δ^{μν} δ^{λσ} ) ]

− v 8(2 − n)

T ψ^2 + ω^2 4α (∂^μφ̄∂_μφ̄)ψ^2 } , (23) where R_2 +^1_2 hR_1 is the quadratic part of |g|^{1/2}R given by R_2 + 1 2 hR_1 = h^{μν} □h_{μν} − 2h_{μν} ∂^μ∂^λh_λ^ν − ∂^λh_λ^μ∂^ν h_{μν} +∂^λh_λ^μ∂_μh + h^{μν} ∂_μ∂_ν h + 3 4 ∂^λh^{μν} ∂_λh_{μν} − 1 4 ∂^λh∂_λh − 1 2 ∂^λh^{μν} ∂_μh_{λν} + 1 2 h∂_μ∂_ν h^{μν} − 1 2 h□h. (24) We have defined T_{μν} to represent the energy-momentum tensor terms of order φ̄^2 given by T_{μν} = ∂_μφ̄∂_νφ̄ − 1 2 δ_{μν} ∂^αφ̄∂_αφ̄ − 1 2 δ_{μν} m^2φ̄^2

+ξδ_{μν} (□φ̄^2) − ξ∂_μ∂_νφ̄^2, (25) T = ( 1 − n 2 ) ∂^μφ̄∂_μφ̄ − n 2 m^2φ̄^2 + (n − 1)ξ□φ̄^2.(26)

The parameter v has been introduced to indicate the terms that arise from the connection terms in the covariant derivative. For the gauge condition independent result we must take v = 1. However by taking v = 0 we can obtain the result of using standard methods, and this will allow us to illustrate the gauge condition dependence of the traditional result explicitly.

We can now evaluate the effective action to quadratic order in the background scalar field. Expanding (10) gives us

Γ_G = ⟨S_2⟩ − 1 2 ⟨S^2_1 ⟩ (27)

where Wick’s theorem is used to compute the expressions in angular brackets. We use the basic pairings ⟨ψ(x)ψ(x^′)⟩ = G(x, x^′), (28) ⟨h_{ρσ} (x)h_{λτ} (x^′)⟩ = G_{ρσλτ} (x, x^′), (29) where the massive scalar propagator is G(x, x^′) = ∫ d^np (2π)^n e^{ip·(x−x′)}G(p) (30) and the graviton propagator is G_{αβμν} (x, x^′) = ∫ d^np (2π)^n e^{ip·(x−x′)}G_{αβμν} (p). (31) From S_0, we find G(p) = 1 p^2 + M^2

(32)

with

M^2 = m^2 + nvΛ 2 − n (33) and G_{αβμν} (p) = δ_{αμ}δ_{βν} + δ_{αν} δ_{βμ} −^2_{n−2} δ_{αβ}δ_{μν} 2 (p^2 − 2λ) + 1 2 (α − 1) δ_{αμ}p_β p_ν + δ_{αν} p_βp_μ + δ_{βμ}p_αp_ν + δ_{βν} p_αp_μ (p^2 − 2λ) (p^2 − 2αλ) (34) where

λ = Λ + vΛ ( n − 4 4 − 2n ) (35)

can be set equal to Λ in the limit n → 4. Using the propagator pairings leads to lengthy expressions involving products of propagators. We utilize dimensional regularization [36] and let the dimension n → 4.

After considerable calculation, we find the gauge part of the effective action in (27) to be of the form (keeping only terms quadratic in the background scalar field)

Γ_G = κ^2L ∫ d^4x { A(□φ̄)^2 + Bφ̄□φ̄ + Cφ̄^2 } (36)

where L = −^1_{8π2 (n−4)} contains the divergent pole part as n → 4 and A = 3 16 v^2 − 1 8 ωv − 1 16 αv^2 − 1 4 ξ − 3 8 v − 1 4 ω + 1 4 αv, B = 1 8 v^2Λ + 17 16 vm^2 − 3 4 αξ^2m^2 + 3 4 ξm^2 − 3 4 ξm^2v − 3 8 v^2m^2 + 1 4 ωm^2 + 1 8 ωm^2v − 1 2 αm^2v + 1 8 αm^2v^2 − 3 4 m^2 + 1 2 Λω^2 + 3 2 Λξv^2 + αm^2 − Λαω + 1 2 Λα^2 − Λωv + 1 2 Λαv − 3 2 Λξ, (37) C = − 3 2 Λm^2 − Λα^2m^2 − 3ξΛ^2 + λvΛ 2κ^2 − λm^2 4κ^2 − 1 4 Λm^2v^2 − 5 8 m^4v + 3 4 m^4 + 3 16 m^4v^2 − 1 4 αm^4 + 1 4 αm^4v − 1 16 αm^4v^2 + 3Λξm^2 + 3 2 Λξm^2v − 3 2 Λξm^2v^2 − 3 2 ξm^4 + 3 4 ξm^4v + 3Λ^2ξ^2 − 3 2 Λξ^2m^2

+3Λ^2ξ^2v + 3 4 ξ^2m^4 − 3Λξ^2m^2v + 3Λ^2ξ^2v^2. (38)

Notice that there are no terms singular as α → 0 as required from (1). Although not shown here, such singular terms do appear separately in the expressions for ⟨S_2⟩ and ⟨S^2_1 ⟩ at the intermediate steps of the calculation. There is still the ghost term to contend with; however, it is easy to show that it only makes a pole contribution of quartic order and therefore (36) is the total divergent part of the effective action at quadratic order.

The traditional, gauge condition dependent result comes from setting v = 0. It can be seen that the results of the traditional method depend on the gauge parameters ω and α even when we set v = 0. The correct gauge condition independent result is found by setting v = ω = 1, and also taking the limit α → 0. We find the form of (36) with A = − 9 16 − 1 4 ξ, (39) B = − 3 8 Λ + 5 16 m^2, (40) C = − 7 4 Λm^2 − 3ξΛ^2 + λΛ 2κ^2 − λm^2 4κ^2 + 5 16 m^4 + 3Λξm^2 − 3 4 ξm^4 + 9Λ^2ξ^2 − 9 2 Λξ^2m^2 + 3 4 ξ^2m^4. (41)

For the case of pure gravity (no cosmological constant) with a minimally coupled scalar field (ξ = 0) we find

A = − 9 16 , (42) B = 5 16 m^2, (43) C = − λm^2 4κ^2 + 5 16 m^4. (44)

To renormalize the scalar field theory we write the bare field and mass as [37]

φ̄_{Bare} = μ^{n/2−2}Z^{1/2}_φ φ̄, (45) m^2_{Bare} = m^2 + δm^2, (46)

with μ the unit of mass. The counterterm part of the classical action (6), for g_{μν} = δ_{μν} , becomes

δS_M = ∫ d^4x { − 1 2 Z_φφ̄□φ̄ + 1 2 (δm^2 + m^2δZ_φ)φ̄^2 }

(47) to quadratic order in φ̄ with Z_φ = 1 + δZ_φ. These counterterms must absorb the relevant poles of the effective action (36), so we find

δZ_φ = − κ^2B 4π^2(n − 4)

, (48)

δm^2 = κ^2(C + m^2B) 4π^2(n − 4)

. (49)

As a check on our results, in the absence of gravity (taking κ^2 → 0 and Λ → 0) we find δZ_φ = 0 and

δm^2 = − λm^2 16π^2(n − 4)

(50)

in agreement with standard flat spacetime results. (See Collins [38] for example.) Even for Λ = ξ = 0 (but κ ≠ 0) we find δm^2 ≠ 0 in contradiction to the result of [25] where it was claimed that δm^2 = 0.

A subsequent paper [39] will contain more details of the above calculation, a complete analysis of the pole part of all of the derivative terms, and of the ϕ^4 terms and the running of its coupling parameter. All of these results will be independent of gauge condition.

We made use of the programs FORM [40] and Cadabra [41] for some of the lengthy manipulations.

One of us (PTM) would like to acknowledge EPSRC for funding this research.

[1] S. P. Robinson and F. Wilczek, Phys. Rev. Lett. 96, 231601 (2006).

[2] D. Gross and F. Wilczek, Phys. Rev. Lett. 30, 1343 (1973).

[3] D. Politzer, Phys. Rev. Lett. 30, 1346 (1973). [4] G. ‘t Hooft and M. Veltman, Annales de L’Institute Henri Poincaré 20, 69 (1974).

[5] S. Deser and P. van Nieuwenhuizen, Phys. Rev. Lett. 32, 245 (1974).

[6] S. Deser and P. van Nieuwenhuizen, Phys. Rev. D 10, 401 (1974).

[7] S Deser, H. Tsao, and P. van Nieuwenhuizen, Phys. Rev.

D 10, 3337 (1974).

[8] J. F. Donoghue, Phys. Rev. Lett. 72, 2996 (1994). [9] J. F. Donoghue, Phys. Rev. D 50, 3874 (1994). [10] C. P. Burgess. Quantum gravity in everyday life: General relativity as an effective field theory. Living Rev. Relativity, 7, 2004.

[11] I. Gogoladze and C. N. Leung, Phys. Letts. B 645, 451 (2007).

[12] Q. Huang, J. High Energy Phys. 03, 053 (2007). [13] A. Nicolis, N. Arkani-Hamed, L. Motl and C. Vafa, J.

High Energy Phys. 06, 060 (2007).

[14] M. Johnson, T. Banks and A. Shomer, J. High Energy Phys. 09, 049 (2006).

[15] A. R. Pietrykowski, Phys. Rev. Lett. 98, 061801 (2007). [16] D. J. Toms, Phys. Rev. D 76, 045015 (2007). [17] D. Ebert, J. Plefka, and A. Rodigast, Phys. Lett. B 660, 579 (2008).

[18] Y. Tang and Y. Wu, Gravitational contributions to the running of gauge couplings, 2008. arXiv:0807.0331v2 [hep-ph].

[19] D. Ebert, J. Plefka, and A. Rodigast, J. High Energy Phys. 02, 028 (2008).

[20] F. Wu and M. Zhong. Correction to the running of the gauge couplings out of extra dimensional gravity. 2008. arXiv:0809.1913v1 [hep-ph].

[21] F. Wu and M. Zhong, Phys. Lett. B 659, 694 (2008).

[22] A. Rodigast and T. Schuster, Phys. Rev. D 79, 125017 (2009).

[23] D. J. Toms, Phys. Rev. Lett. 101, 131301 (2008). [24] D. J. Toms, Phys. Rev. D 80, 064040 (2009). [25] A. Rodigast and T. Schuster. Gravitational corrections to Yukawa and ϕ^4 interactions. 2009. arXiv:0908.2422v1 [hep-th].

[26] O. Zanusso, L. Zambelli, G. P. Vacca, and R. Percacci. Gravitational corrections to Yukawa systems. 2009. arXiv:0904.0938v1 [hep-th].

[27] I. Antoniadis, J. Iliopoulos, and T. N. Tomaras, Nucl.

Phys. B 267, 497 (1986).

[28] B. de Wit and N. D. Hari Dass, Nucl. Phys. B 374, 99 (1992).

[29] G. A. Vilkovisky, Nucl. Phys. B 234, 125 (1984). [30] G. A. Vilkovisky, in S. M. Christensen, editor, The Quantum Theory of Gravity (Adam Hilger, Bristol, 1984).

[31] B. S. DeWitt, in C. J. Isham I. A. Batalin and G. A.

Vilkovisky, editors, Quantum Field Theory and Quantum Statistics, volume 1, (Adam Hilger, Bristol, 1987).

[32] L. Parker and D. J. Toms, Quantum Field Theory in Curved Spacetime: Quantized fields and Gravity (Cambridge University Press, Cambridge, 2009).

[33] B. S. DeWitt, The Dynamical Theory of Groups and Fields (Gordon and Breach, New York, 1965).

[34] E. S. Fradkin and A. A. Tseytlin, Nucl. Phys. B 234, 509 (1984).

[35] A. Rebhan, Nucl. Phys. B 288, 832 (1987). [36] G. ‘t Hooft and M. Veltman, Nucl. Phys. B 44, 189 (1972).

[37] G. ‘t Hooft, Nucl. Phys. B 61, 455 (1973). [38] J. C. Collins, Phys. Rev. D 10, 1213 (1974). [39] P. T. Mackay and D. J. Toms, paper in preparation. [40] J. A. M. Vermaseren. New features of FORM.

arXiv:math-ph/0010025 [41] K. Peeters, Comp. Phys. Commun. 41, 16 (2007).