arXiv:0910.2571v1 [hep-th] 14 Oct 2009

KUNS-2234

Extended Gauge Symmetries in F-theory

Kang-Sin Choi^∗

Department of Physics, Kyoto University, Kyoto 606-8502, Japan

Abstract

We study gauge symmetry in F-theory in light of global aspects. Once we specify the complete gauge group by decomposing the discriminant, we can derive the matter contents and their localization using intersection theory. Global constraints come from Calabi–Yau conditions and anomaly cancelations, limiting a large gauge group. We have not only a simple (local) group, but also a semi-simple group with Abelian factors. Duality to heterotic string provides a guide on the unification group. We also consider deformation of brane positions, yielding various different matter contents.

∗email: kschoi@gauge.scphys.kyoto-u.ac.jp

1 Introduction

We study gauge symmetry in F-theory focusing on the global nature of 7-branes. Ftheory [1–3] is a good unified framework where gauge symmetry is readily described by branes generalized from open strings, as well as heterotic dual is directly established. Also exceptional group is naturally obtainable in both pictures. On the F-theory side, we have accessible tool for describing gauge group in terms of singularity of compact space of the same name sharing the same connectiveness. In the perturbative limit, the singularity is interpreted as D-branes and orientifold planes [4, 5]. The matter contents are obtained by purely geometric way, e.g. from the intersections of 7-branes. On the heterotic side, a similar brany description is translated to the information on instantons [6, 7]. On both sides, the moduli space and the spectrum are independently well-understood [8–10].

So far, much attention is paid on a unified model based on a simple group in the local picture. The decoupling limit M_{Pl}/M_{GUT} → ∞ allows us to concentrate on one local group and to make easy bottom-up construction [11–14]. On the other hand, it is also noted that the matter contents and interactions are accounted by gauge symmetry enhancement. This is naturally explained by further unification to a larger group. The question, to what extent and what kind of enhancement is possible, leads us to seek the global structure.

On the heterotic side, a simple gauge group occurs under the instanton background as a nonabelian gauge bundle. At the generic point of moduli space, this group can be the only surviving one, hence in this sense, the local picture with a single simple group is also globally consistent. However, this is not the only possibility. In the low energy limit of F-theory, we have an adjoint scalar ϕ_{mn}, spatially transforming as the canonical divisor on the compact space, parameterizing the normal direction to the 7-branes [11], which is similar to the scalar for the D7-brane in the perturbative picture. A nonzero vacuum expectation value (VEV) of this field gives rise to brane separation and, a non-constant expectation value makes the branes intersecting. As a result, we can have more than one simple or Abelian subgroups. Again, on the heterotic side, it is a line bundle background that gives rise to semisimple and Abelian gauge group is crucial to understand. Because the line bundle commutes with every other group, the rank is not reduced, giving rise to more fruitful spectrum [15, 16]. For this, in Section 2, we extend the work of Ref. [8] to access the full decomposition of discriminant, using intersection theory. It is powerful for describing two groups on the equal footing, contrary to the Weierstrass form that can see only one group at once in general.

We will see that there are constraints from the Calabi–Yau condition and anomaly cancelations, so that we cannot have arbitrary large group. Usually this fact indicates that we can understand at least a certain class of vacua as broken symmetry of some unified group [17]. In Section 2, we also analyze the spectrum and moduli space and seek relations to some unification group. Also we can think about the opposite direction of obtaining a realistic model from a given unified group.

Furthermore, there are some objects and observables that need top-down information [18–21]. If we specify a Calabi–Yau manifold, the background on this manifold should give us information on low-energy spectrum and coupling. It is done by relating geometric data to Calabi–Yau information and specifying which gauge bundle is supported by specific cycles. This gives global consistency condition as well as spectrum by index theorem [11, 12]. In this paper, we focus on the gauge sector in six dimension, where the only necessary global consistency condition is 7-brane charge conservation [2, 3, 22]. From this we deduce the information on gauge group and matter curves. In the local picture, the matter curve, where a matter of a certain representation is localized, is assumed to wrap on a certain subcycle on the brane. If we know how the gauge symmetry is broken, in principle we should be able to calculate the real location of the matter curves. This is the case in the perturbative picture, we have the clear answer that a chiral matter under the bifundamental representation is localized at the intersections of two stacks of Dbranes. Generalization to such mechanism to exceptional groups is known in mathematics literatures [9, 23], however its application to physics have been limited [24–26]. We look for such top-down picture in the F-theory description, where a nontriviality comes from the exceptional gauge group. And Yukawa coupling requires the normalization of matter wavefunctions along the entire volume of the cycle they live on [21, 27, 28]. In Section 3, we study such derived objects from the 7-branes. Some examples are dealt with in Section 4. Section 5 is conclusion.

2 Gauge fields on 7-branes

2.1 Description

At present, the only possible definition of F-theory is via type IIB string theory. Namely, we identify the SL(2, Z) symmetric axion-dilaton field τ of IIB with the complex structure of an extra torus, lifting the theory twelve-dimensional [1].^1 This requires X_4 to be an elliptic fibration over a three-dimensional base B^′_3, π^′ : X_4 → B^′_3. With a section, the elliptic fiber admits description in terms of Weierstrass equation

y^2 = x^3 + fx + g, (1)

where f and g are polynomials on B^′_3. For the total space X_4 to be Calabi–Yau, f and g transform as sections of −4K_B′_3 and −6K_B′_3 respectively, where K_B′_3 is the canonical class

1See Refs. [30, 31] for general introduction.

ord f ord g ord Δ fiber ADE ≥ 0 ≥ 0 0 I_0 · 0 0 n I_n A_{n−1} ≥ 1 1 2 II · 1 ≥ 2 3 III A_1 ≥ 2 2 4 IV A_2 2 ≥ 3 n + 6 I^∗_n D_{n+4} ≥ 2 3 n + 6 I^∗_n D_{n+4} ≥ 3 4 8 IV^∗ E_6 3 ≥ 5 9 III^∗ E_7 ≥ 4 5 10 II^∗ E_8

Table 1: Kodaira classification of singularities.

of the base manifold B^′_3 [29].^2 Roughly it means f and g can be locally viewed as function of coordinates in B^′_3, globalizing with topological numbers 4 and 6, respectively. Due to the SU(4) special holonomy of X_4, the compacfication leaves 1/8 of the supersymmetry, which is N = 1 in terms of four dimensional supersymmetry. The complex structure τ of the elliptic (torus) fiber is related to f, g through a modular function called the j-function [1], j(τ) = 4(24f)^3 Δ , Δ ≡ 4f^3 + 27g^2. (2)

The discriminant locus D is a divisor, or collection of codimension one subspaces, of B^′_3 specified by the equation Δ = 0. Δ transforms as section of −12K_B′_3 = 12c_1(B^′_3) and is expressed as a formal sum of irreducible divisors of B^′_3

D = −12K_B′_3 = ∑ i n_iS_i, n_i ≥ 0. (3)

Later, we will check to what extent this form is meaningful.

Going close to one S_i, the elliptic fiber degenerates and gives rise to a singularity in the torus, in the sense of (2) with Δ → 0. The corresponding curve at S_i locally looks like y^2 = x^3 + f_ix + g_i and carries the orders ord (f_i, g_i, Δ_i), displayed in Table 1. In the relation (3), n_i = ord Δ_i at the corresponding S_i [2]. It gives rise to the world-volume gauge group of the same name. In string theory language, each S_i provides four-cycle which a number of 7-branes wrap, which carries some units of RR and NSNS charges. In case of D-branes, only the fundamental open string with two ends can end on D-branes, so that the possible gauge groups are of U, SO, Sp types. However if a 7-brane carries NSNS

2We use the same name for a divisor, its associated line bundle and the first Chern class of this line bundle.

charge as well, there can be zero modes of a tensionaless string junction with more than two endpoints [32, 33], so the gauge symmetry can be enhanced to exceptional group.

The essential problem is to decompose the discriminant into components. It is useful to understand this in terms of intersection theory. From the Calabi–Yau condition, we can expand the divisors F, G, D, respectively for f, g, Δ, in terms of the divisors of the base B^′. Focusing on one gauge group supported by a divisor S_i, we expand

F = −4K_B′ = (ord f_i)S_i + F^′, G = −6K_B′ = (ord g_i)S_i + G^′, D = −12K_B′ = (ord Δ_i)S_i + ∑ R s_{Ri} D^′_{Ri} , (4)

where R_i are the representation of the gauge group. The last line shows the component of discriminant locus from the viewpoint of S_i. The last term in D is the consequence of Tate’s algorithm [8,41]. Each matter R_i has multiplicity S_i · D^′_{Ri} because it is localized on S_i · D^′_{Ri} . In geometric engineering, a gauge group is not only determined by a singularity type but also a monodromy condition [21, 34] which is not arbitrary any more. The redundancy factors s_{Ri} , which we call splitness, contain the information, some of which are also displayed in Table 2. Later we will reconstruct s_{Ri} later, See (37) and below. Likewise, in the first two lines, the remaining part F^′ and G^′ contain the information on the leading order terms in f and g; S_i · F^′ or S_i · G^′ respectively give the order of the polynomials of the dominant terms in f and g. Besides the gauge part, the entire rest part of the canonical class takes part in the formation of the matter curves. This means, also seen from the last line in (4), the divisor from the other E^′_8 plays a role. We will see the implication in examples below.

This decomposition shows only the information on dominant terms in f, g, Δ. Knowing the next leading order amounts to knowing an ‘enhanced group’ which embraces the current one. For example, for SO(10) the enhanced group can be SO(11) or E_6. These correspond to the gauge symmetry enhancement directions, when we send a certain parameter to be zero in the Weierstrass form [11, 12, 21, 27]. In some cases like SO(10), the dominant term in Δ is canceled by a combination of F^′ and G^′. Then the next dominant term can be obtained by the enhanced group, for example E_6. This way of extensions are discussed in the next subsection.

There are also cases where the discriminant can be factorized into two or more factors, each representing a simple group or an Abelian group. So far, we have been interested in one factor, or one simple group, which is enough for the local unification group. However there are large portions of the moduli space where there are more factors in the discrimiant. We might read off the entire factors using the Tate’s algorithm if we go back to some step and re-parameterize with respect to the position of another factor, taking care of higher order terms in the discriminant, but it is less efficient. We will see that the global factorization is easily catched by intersection theory and we can symmetrically describes all the factor group, including the subgroups of the other E_8.

2.2 Weierstrass embedding and E_8 × E_8

For elliptic Calabi–Yau manifold X_n, usually we make further assumption in the context of the duality to heterotic string: X_n allows a K3 fibration over a base B_{n−2} which is compatible with the elliptic fibration. Then, from the adiabatic argument, it is fiberwise dual to the heterotic string on a Calabi–Yau threefold, which is another elliptic fibration over the same base B_{n−2} [1, 35]. Since this K3 fiber is elliptically fibered over P^1, this requirement narrows the possible base B^′_{n−1} of elliptic fibration:

B^′_{n−1} is a P^1 fibration over B_{n−2}. (5)

We will see that this requirement is quite strong, so that some features, like the gauge symmetry breaking pattern, is less sensitive to the choice of B_{n−2}. In fact such duality essentially points that the unification group is that of the dual heterotic string, namely E_8 × E_8 or SO(32), up to possible enhancement from zero-size instantons. Relaxing this assumption to obtain a native F-theory compactification is another important question, which we shall not pursue here. We have a limited number of directly accessible Calabi– Yau fourfolds [37]. Recently uplifting of a given type II orientifold models to F-theory has been developed [38–40]. D-branes and orientifolds are identified by divisors carrying an appropriate symmetry, so that global consistency condition is derived. To embed such model, we need manifold possessing that symmetry.

Mostly we will deal with compactification on Calabi–Yau threefold X_3, π^′ : X_3 → B^′_2 [2,3,6,31]. Because of the above requirement of the heterotic dual (5), the base manifold can be completely specified to be the Hirzebruch surface F_n , or P^1 bundle over P^1. It is generated by two effective divisors r and t, satisfying the relations r · t = 1, r^2 = n and t^2 = 0. Another irreducible divisor with negative self-intersection r_0 = r − nt is disjoint from r r · r_0 = 0. (6)

The canonical class is −K_B′_2 = r + r_0 + 2t. (7)

We take z^′ and z as affine coordinates of the base P^1 and the fiber P^1, respectively, such that t = {z^′ = 0} and r = {z = 0}. Near the base P^1 = r, we have −K_B′_2 |_r = −K_B′_2 · r = 2 + n. Since (6) implies r|_r = n and (r + nt)|_r = 0, from the transformation of f and g, we have

y^2 = x^3 + x 4∑ j=−4 f_{4c1−nj}(z^′)z^{4−j} + 6∑ k=−6 g_{6c1−nk}(z^′)z^{6−k}, (8) where c_1 ≡ c_1(B_1 = P^1) = 2. The coefficients f_{8−nj}(z^′) and g_{12−nk}(z^′) are polynomials in z^′ of degree denoted by the subscripts, which we require to be positive, otherwise we understand such terms do not exist. Immediately we see, it is nothing but the deformation of E_8 × E_8 singularity

y^2 = x^3 + f_8(z^′)z^4x + g_{12+n}(z^′)z^5 + g_{12}(z^′)z^6 + g_{12−n}(z^′)z^7. (9)

In (8), two pairs z^{4±k}x and z^{6±k} are respectively exchanged to each other with opposite sign, by z → 1/z up to rescaling x → z^4x and y → z^6y. This indicates this affine form comes from that in the projective space, where we can see the global structure [3]. Thus E_8 × E_8 is the maximal symmetry we can see from the Weierstrass equation in z.

Worsening singularities at the zeroes of g_{12±n} disturb E_8 × E_8 symmetry. This effect is responsible by small instantons [3, 42]. The symmetry is broken by such effect, so to describe it we need additional terms of deformation. Adding lower order terms do not change the instanton terms, unless we relate some coefficient polynomials of different orders, thus is automatically consistent. (See below)

In terms of divisors, two independent E_8 symmetries, or II^∗ fibers, are supported by two disjoint curves r and r_0, thanks to the relation (6). From Table 1, each II^∗ singularity carries ord (f_i, g_i, Δ_i) = (4, 5, 10), so as many S_i are contained in F, G, D. Then we have the following partitions

F = −4K_B′_2 = 4r + 4r_0 + 8t F^′ , G = −6K_B′_2 = 5r + 5r_0 + r + r_0 + 12t G^′ , D = −12K_B′_2 = 10 r E_8 + 10 r_0 E^′_8

+ 2r + 2r_0 + 24t

2D^′_{inst} . (10)

The last line shows the component of discriminant locus (3). In view of E_8 supported by r, as in (4), the relations r · (4r_0 + F^′) = 8 and r · (5r_0 + G^′) = 12 + n shows the dominant terms in f and g respectively are f_8z^4x and g_{12+n}z^5. We have similar relations for the other E^′_8, agreeing to (9). From the discriminant locus, we see

r · (2r + 2r_0 + 24t) = 2(12 + n), r_0 · (2r + 2r_0 + 24t) = 2(12 − n), (11)

showing g^2_{12±n}z^{10} makes up the discriminant. Thus we identify the ‘instanton curve’ as

r + r_0 + 12t. (12)

This is a unique divisor interacting with two different E_8s, which is not easy to describe in the equation form. This connection leads to the well-known consistency condition

n_1 + n_2 + n^′ = 24 ⇐⇒ ch_2(V_1) + ch_2(V_2) + n^′ = c_2(K3), (13) where n^′ is the number of possible blowups. We can blow-up in the base to have zero size instantons. Blowing-up changes the intersection number n_1 = 12 + n and n_2 = 12 − n to different values, preserving the relation [24]. In the low-energy limit, the latter comprise the number of the tensor multiplets, not counting the one containing the dilaton [43]. The relation (13) corresponds to Bianchi identity in the heterotic side, where the instanton number is accounted by the second Chern class of a vector bundle V_i. It guarantees the absence of anomalies. Each number of instantons n_i and tensor multiplets n^′ from the blowup to be positive, so that each cannot exceed 24. It is because the meaningful blowup is done at the intersections between E_8 and the instanton curves. For n^′, the original F_n has no exceptional divisor of self-intersection (−1), by Castelnuovo–Enriques Criterion [44], we cannot blow-down the primitive F_n . The negative instanton number can be realized if we use analogous system as D7 and anti-D3 branes, but we have to face stability issue. The only possible source of larger symmetry than E_8 is using an exceptional divisors, from the blow-up in the base, as components of the discriminant locus, e.g. in Ref. [20, 24].

If we have two global sections instead one, we have Spin(32)/Z_2 ≃ SO(32) gauge symmetry. In this case, zero size instantons give rise to gauge symmetry enhancement over the original group [20, 42]. To obtain its subgroup is an interesting topic.

2.3 Four dimensions

From the constraint of heterotic dual (5), the Calabi–Yau fourfold has a similar structure as the above threefold [7]: This generalizes the construction of the Hirzebruch surface. To describe the geometry globally, we use the language of projective bundles. The base B^′_3 of the elliptic fibration is the total space of the projective bundle P(O_{B2} ⊕ t), where t is a line bundle over B_2.^3 Thus B^′_3 is a P^1 fibration over B_2. Take r = O(1) as the line bundle coming from the fiber P^1. The sections describing r + t and t have no common zeros, so that r · (r + t) = 0. (14)

This is analogous condition as (6). This shows that, if we take the fiber coordinate as z, essentially the form of Weierstrass equation, as a projective form, is the same as in six dimensional case, with small replacement f_{4c1−nj} → f_{4c1−nh} and g_{6c1−nj} → g_{6c1−nh}. In four dimensions, the maximal gauge symmetry is E_8 × E_8.

Of course, we can express the discriminant locus in the same way. The total Chern class is, omitting pullback,

c(B^′_3) = c(B_2)(1 + r)(1 + r + t) (15)

3Again we use the same name for the line bundle, its first Chern class and the associated divisor.

meaning that

c_1(B^′_3) = c_1(B_2) + 2r + t, (16) c_2(B^′_3) = c_2(B_2) + c_1(B_2)(2r + t). (17)

Thus D = 12c_1(B^′_3) = 12c_1(B_2)+24r+12t. Let us call the set of generators of the divisors of B^′_3, except r and t, as {s_i}. We can replace t with the linear combinations of s_i’s t = ∑ s_i·r≠0 a_is_i, a_i > 0. (18)

The coefficients a_i are inherited from the divisor relations among π^{′′}(r), π^{′′}(s_i) in B_2 [51]. For example if we do a P^1 fibration over F_n , we have two more parameters k, m and t = kσ + mf for the generators of the divisors of F_n . So a general divisor has a form S_i = r + a_σσ + a_f f. Thus S_i have form S_i = r + ∑ k_is_i with |k_i| < a_i. We allow k_i for negative integer, interpreting as the intersection in the opposite orientation as in six dimensional case.

In four dimensional compactification, the intersection of 7-branes are surface in the base of elliptic fibration. We need more input from the magnetic flux background [11,12]. Also we have an extra condition on anomaly cancelation on singularities having 3-brane charges [45, 46]. Some components suffer worse singularity, whose remedy is recently discussed in [38, 39].

3 Matter curves

Once the decomposition of the discriminant locus (3) is determined, we can obtain the matter content of gauge theory. It is observed that the local gauge symmetry on S_i enhances on the matter curve Σ ⊂ S_i [11, 21, 27, 48]. The adjoint representation of the local gauge group G_{Si} on S_i is unified with some matter representations of G_{Si} to form the bigger adjoint of a larger group G_Σ on Σ. (We call everything as a matter representation, which is not the adjoint.) Sometimes matter representation of G_{Si} on S_i becomes just a larger matter representation of G_Σ, but again they belongs to the adjoint of G_p on some p ⊂ Σ. This is clearly understood that the gauge symmetry on each S_i comes from breaking a larger unified gauge symmetry G_{Si} ⊂ G_Σ ⊂ G_p. In fact, once the complete set of surface {S_i} is determined in (3) by global structure, every matter curve Σ and Yukawa point p are completely inherited from the set {S_i}. Every interaction is understood as being inherited from G_p invariant interaction. If we trace the web of the surfaces, the general unification group is larger than G_p.

3.1 Guideline from Green–Schwarz mechanism

From the mechanism of Katz and Vafa [9], matter fields are localized along the intersections of two 7-branes. In the intersection theory, we have the expansion

S_i · S_j = ∑ R,R^′ w_{R,R}′ Σ_{R,R}′ , (19) where Σ_{R,R}′ are the effective intersections of the bases spanning S_i and S_j . The weights w_{R,R}′ is obtained from the anomaly cancelation structure by Green–Schwarz (GS) mechanism in six dimensions [22]

ℓ(adj_i) − ∑ R ℓ(R_i)n_{Ri} = 6K_B′ · S_i, (20)

y_{adji} − ∑ R y_{Ri} n_{Ri} = −3S^2_i , (21)

x_{adji} − ∑ R x_{Ri} n_{Ri} = 0 (22) ∑ R,R^′ ℓ(R_i)ℓ(R^′_j )n_{RiR}′_j = S_i · S_j . (23)

Here ℓ(R) is the index of the representation R, tr_Rt_at_b = ℓ(R)δ_{ab}, and the quartic and the quadratic invariants define the coefficients tr_RF^4 = x_RtrF^4 + y_R(trF^2)^2. By trace without subscript we mean the minimal representation, i.e. the fundamental representation of SU(n) to be 1. We use absolute normalization reflecting the branching under the subgroup R = ⨁ (r, r^′) → ℓ(R) = ∑ r ℓ(r)(dim r^′)

by defining property of trace. Thus, for the breaking E_6 → SO(10), exactly ℓ(27) = ℓ(16) + ℓ(10) + ℓ(1) holds, for instance. The similar relation holds for x_R and y_R. Thus the condition (22) gives us well-known irreducible gauge anomaly cancelation. In Table 2, we displayed relevant invariants for some typical gauge group and representations. For U(1) we have a modified relation corresponding to (23) ∑ R,q ℓ(R_i)q^2_j n_{Riqj} = S_i · Q_j , (24)

assuming that there is a brane Q_j parameterizing the U(1).

In six dimensions, a matter curve is a point, so in our notation (23) defines the expansion. We see that in the decomposition of the matter curve the group factors are included. For instance, 27 of E_6 has ℓ(27) = 6, so in the parallel separation (2, 27) contributes 6n_{(2,27)} in the decomposition. It is a generalization of the pair of mirror branes group R multiplicity ℓ(R) s_R x_R y_R E_7 133 1 36 · 0 24 1 2 56 8 + n^1_2 12 3 0^1_2 6 E_6 78 1 24 · 0 18 27 6 + n 6 4 0 3 45 1 16 · 4 12 SO(10) 16 4 + n 4 3 −2 3 10 6 + n 2 2 2 0 24 1 10 · 10 6 SU(5) 10 2 + n 3 4 −3 3 5 16 + 3n 1 1 1 0

Table 2: Group invariants, absolutely normalized so that the trace is the same for equivalent representations before and after branching. s_R is the splitness of E_8 embedding.

on top of orientifold planes if we have vector representation of SO(n) type gauge symmetry. Eq. (20) shows the matter content of a given brane is constrained by the product of the cycle and the canonical class. These are already strong constraints to limit possible models. In the simplest base without genus we have no higher order representation than fundamental for SU(n) case. Oh the heterotic side, in the level one Kac–Moody algebra, we can have spinorial and vector in SO(2n) representation [47].

On the heterotic side, a semisimple group occurs if we have a line bundle background. The matter contents are completely specified by branching of the adjoint 248 of E_8. Using the index theorem, we can independently calculate the spectrum. For the line bundle case

n_q = ∫ K3 ( V^2q^2ch_2(L) − 1 12 c_2(K3) ) = V^2q^2(12 + n) − 2 (25)

Here the vector V contains information on the embedding of the line bundle in the Cartan directions. Interstingly, the length almost fixes the breaking direction in E_8 [15]. We have normalization of Abelian charge in unit of 1/V^2. We also used the Calabi–Yau condition c_1(K3) = 0, and c_2(K3) = 24 is the Euler number of K3. For the nonabelian gauge bundle V, we do not need the factor V^2q^2 and ch_2(V) = c_2(V).

If there are more than two matter fields from the branching, which is in general the case when we have U(1) background, there is insufficient information for the relative relations on n_{R,R}′ . We will use a principle that the relative relation comes from the unified group. We will employ an inheritance condition. Namely, if a given group is a common proper subgroup of two enhanced groups G_{M1} ∩ G_{M2} = G, a representation R ∈ G is inherited by branching of R_{M1} ∈ G_{M1} and R_{M2} ∈ G_{M2}. Then, the multiplicity is equally inherited from the original representations,

n_R = 1 2 n_{RM1} + 1 2 n_{RM2} . (26)

For example, (2, 16) comes from the branching of (2, 27) of E_6 × U(2), and also from of (3, 16) of SO(10) × U(3). So we have the multiplicity n_{(2,16)} =^1_2 n_{(2,27)} +^1_2 n_{(3,16)}. This is justified by the index theorem in the heterotic side n_{q1,q2} = ∫ ( 1 2 V^2_1 q^2_1 + 1 2 V^2_2 q^2 ) (12 + n) − 2. (27)

This happens only under the line bundle background, and the spectrum is completely determined solely by the U(1) charges. This redefines the U(1) index, under the condition that the instanton number should not be changed and the second term on the RHS should always be the same for the line bundle −c_2(K3)/12. In the limit V_1 = V_2, q_1 = q_2 it should become the original form (25).

The GS conditions also give us information that what kind of divisor can support the gauge group. They are derived [22] from that a number of antisymmetric tensor fields provide the Poincaré dual basis to the first Chern class, entered in LHS of (3) and gauge groups are supported by the number of 7-branes, in RHS. For F_n we have two two-cycles h^{1,1} = 2, whose orthonormal basis is provided by r/ √ n and r_0/ √ n. We can decompose

c_1(B_2) = n − 2 n r + n + 2 n r_0,

S_i = a_i r √ n + b_i r_0 √ n . (28)

We can make 4-form which enters a factor in the anomaly polynomial in I_8, (n−2)trR^2/2n+ 2a_itrF^2_i , (n + 2)trR^2/2n + 2b_itrF^2_i . Then we can cancel the anomaly by counterterm including antisymmetric tensor fields H^1 = dB^1 +ω_{3L} +2a_iω^i_{3Y} , H^2 = dB^2 +^1_2 (−n−2)ω_{3L} + 2b_iω^i_{3Y} , where ω_{3L}, ω_{3Y} are respectively a gravitational and a Yang–Mills Chern–Simons form. We note that, at least formally, there is no requirement for a_i, b_i to be positive integers or rational number.

Finally, the absence of six dimensional gravitational anomaly imposes the condition on the number of tensor n_T , hyper n_H and vector multiplets n_V ,

29n_T + n_H − n_V = 273. (29)

It is automatically satisfied if the gauge symmetry is obtained from the breaking of E_8, satisfying the constraint, LHS of (13). The dimension of the moduli space of E_8 with the instanton number n_1 = 12 + n is dim M_{E8} (n_1) = 30n_1 − 248 = 30n + 112. It does not change by spontaneous symmetry breaking, so that n_H − n_V is preserved. A blow-up increases the number of tensor multiplet so that n_T = h^{1,1} − 1, and n_T = n^′ + 1 for F_n .

In the heterotic dual, K3 we have 20 Kähler deformation. Thus we have the relation n_H − n_V = 20 + (n_T − 1) + dim M_{E8} (n_1) + dim M_{E8} (n_2) = 273 − 29n_T automatically satisfying the constraint (29).

3.2 Brane reduction

From the eight dimensional twisted supersymmetry, we have the field ϕ_{mn} transforming as K_B′ ⊗ adjP on B^′ [11]. Its nontrivial profile ⟨ϕ_{mn}⟩ is naturally interpreted as the deformation of the 7-branes in the normal direction. We do not need to know its field theoretic description in detail, since we have explicit description of gauge group in terms of Weierstrass equation. The point is that ϕ_{mn} transforms as the adjoint representation. So we expect at least for simplest profile we have gauge symmetry breaking of E_8 without rank reduction. We have analogy for the D-brane stack in the flat space, where the constant VEVs of normal scalar to the D-brane correspond to parallel separation of the branes. Higgsing it leads us to the symmetry breaking and enhancement G ↔ H_1 × H_2, the adjoint branches as

adj G ↔ (adj H_1, 1) + (1, adj H_2) + (off-diagonal comp.) + c.c. (30)

The matter representations come from the branching of the adjoint. The well-known example is U(m + n) → U(m) × U(n).

(m + n)^2 − 1 → (m^2 − 1, 1) ⊕ (1, n^2 − 1) ⊕ (1, 1) ⊕ (m, n) ⊕ (m, n).

The off-diagonal elements (m, n) or (m, n) are in general not vectorlike because each belong to different cohomology with different dimension. It depends on how the transition takes place. If the symmetry breaking is spontaneous, we can think of the reverse process as symmetry enhancement. The general form is

y^2 = x^2 + m∏ l=1 (z − u_l) n∏ k=1 (z − t_k). (31)

This is viewed as a local form of the Weierstrass equation. If all u_l and t_k assume the same value, say 0, the symmetry is enhanced to A_{m+n−1}

y^2 = x^2 + z^{m+n}, (32)

i.e., ord (f, g, Δ) = (0, 0, m + n). Thus u_l and t_k in (31) parameterize deformations of (32). Among deformations, if all u_l have the same value 0, and all t_k have another same value t ≠ 0, the deformed curve describes A_{m−1} ⊕ A_{n−1} symmetry

y^2 = x^2 + z^m(z − t)^n. (33)

Around z = 0, (z − t) is fixed to be nonzero, thus the curve looks as that of A_{m−1}. The same holds for A_{n−1} around z = t. In particular if t is a complex number, the surfaces {z = 0} and {z = t} is homologous. We can generalize is to the case of exceptional groups [23, 48]. In terms of divisors, we have

(m + n)S → mS_1 + nS_2 (34)

The divisors S, S_1, S_2 are not necessarily same or linearly equivalent.

There are some components which are not responsible for the gauge dynamics. The deformation due to finite size instanton is rather close to brane recombination, a la [11], triggered by the field on the defect developing VEV. In D-brane case, k instantons embedded in U(N) is described by k D0 on N D4 branes (or its T-duals) [17,50]. If we just place D0s, we just have zero size instantons and there is gauge symmetry enhancement to U(k) × U(N). If we grow the size of instantons, it is translated into assigning nonzero VEVs to (k, N) representations. The size-growing of instanton is clearer if we take T-dual in some two direction, then the initial system looks like two stacks of intersecting branes and the bifundamental fermion (k, N) is one localized at the angles. VEVs to (k, N) corresponds to brane recombination and the resulting gauge symmetry is broken down to U(k − l) × U(N − l) undergoing the rank reduction.

Coming back to F-theory, we do not expect the rank is preserved, and some divisor supports ‘invisible’ gauge group

kS_1 + NS_2 → (k − l)S_1 + (N − l)S_2 + l(S_1 + S_2)

where the gauge group supported by the underlined divisor is not visible. The corresponding Weierstrass equation is [11]

y^2 = x^2 + z^kz^{′N} → y^2 = x^2 + z^{k−l}z^{′N−l} l∏ i=1 (zz^′ + b_i). (35)

We may generalize such mechanism for exceptional group. For the reduction of the divisor, the orders of polynomials ord (f, g, Δ) are preserved, some of which are displayed in Table 3. If the Dynkin diagram allows, there is always corresponding symmetry breaking [49]. The remaining information is monodromy or splitness conditions. To see collision between different gauge groups, we further decompose the discriminant locus.

D = −12K_B′ = ∑ i (ord Δ_i)S_i + ∑ k,U(1) Q_k + . . . , (36)

where, inevitably we always have a 7-brane Q_k parameterizing U(1) dynamics. Still, in the description employing the divisors and intersections, we can symmetrically discuss the divisors supporting factor groups.

symmetry breaking ord (f, g, Δ) [A_{m+n−1} + u(1)] → [A_{m−1} + u(1)] + [A_{n−1} + u(1)] (0, 0, m) + (0, 0, n) D_{n+4} → D_{n+3} + u(1) (2, 3, n + 5) + (0, 0, 1) [D_{n+4} + u(1)] → [A_{n+3} + u(1)] + u(1) + I_0 (0, 0, n + 4) + 2(0, 0, 1) + (2, 3, 0) D_{m+n+4} → D_{m+4} + [A_{n−1} + u(1)] + I_0 (2, 3, m + 6) + (0, 0, n) + (2, 3, 0) E_6 → D_5 + u(1) (2, 3, 7) + (0, 0, 1) + (1, 1, 0) [E_6 + u(1)] → [A_5 + u(1)] + u(1) + I_0 (0, 0, 6) + 2(0, 0, 1) + (3, 4, 0) E_7 → D_6 + u(1) + I_0 (2, 3, 8) + (0, 0, 1) + (1, 2, 0) E_7 → E_6 + u(1) + I_0 (3, 4, 8) + (0, 0, 1) + (0, 1, 0) [E_7 + u(1)] → [A_6 + u(1)] + u(1) + I_0 (0, 0, 7) + 2(0, 0, 1) + (3, 5, 0) E_8 → E_7 + u(1) + I_0 (3, 5, 9) + (0, 0, 1) + (1, 1, 0) E_8 → D_7 + I_0 (2, 3, 9) + (0, 0, 1) + (2, 2, 0)

Table 3: Breaking rule. The difference of the orders between symmetry breaking and restoration can be supplemented by a smooth fibers I_0.

So we have two independent ways of obtaining the matter spectrum. In particular if there is only one kind of matter representation R, the product n_R = S_i · D^{′′}/s_i = (ℓ(adj_i) − 6K_B′ · S_i)/ℓ(R). In this way we can inversely reconstruct Tate’s algorithm, since knowing the redundancy s_R for each matter R completely specifies the required splitness. Plugging the GS conditions (20)-(23) into (4),

6ℓ(adj_i) − ord Δ_iy_{adji} = ∑ R ( 6ℓ(R_i) − ord Δ_iy_{Ri} − 3s_{Ri} ) n_{Ri} . (37)

Since we know all the information from the group theory and the orders of singularity, we can obtain the splitness from this equation. If there are several branched representations we go to enhanced group to input more information.

4 Re-engineering gauge symmetry

In this section, we first review the engineering of simple subgroups of E_8 on F_n [8], reinterpreting in terms of intersection theory [31]. From the data given in Table 1, we can identify the gauge symmetry and extract the splitness condition, because for a given singularity we know the orders of f, g, from the intersections of the locating divisor with F, G. In this way we can generalize the description to semisimple, Abelian and non-simply laced group.

4.1 E_6

The first example is E_6 and we can similarly analyze E_7. We assume that the corresponding singularity is located along the divisor r. Later we will relate the mother group E_8 in the previous section, sitting along the same divisor. From Table. 1, E_6 has ord (f, g, Δ) = (3, 4, 8). Thus we may write down two partitions

F = 3r + r + 4r_0 + 8t F^′ , G = 4r + 2r + 6r_0 + 12t G^′ , D = 8 r E_6

+ 4r + 12r_0 + 24t

4D^′_{27} . (38)

Not only this charge in D, but also the total charge of E_8 singularity in F, G is preserved. From r · F^′ = n + 8 we have the dominant term in f is f_{8+n}(z^′)z^3x. and r · G^′ = 2n + 12 we see the dominant term in g is g_{12+2n}(z^′)z^4, which is more dominant over f in the discriminant. It is seen from r · 4D^′_{27} = 4n + 24 = r · 2G^′ = 2(2n + 12). The splitting condition tells us that the matter curve is further reduced to (2r + 12t)/2 = r + 6t, or g_{12+2n} = q^2_{6+n}. The resulting equation is

y^2 = x^3 + f_{8+n}z^3x + q^2_{6+n}z^4 + O(z^5). (39)

The discriminant has the form

Δ = 27z^8q^4_{6+n}(z^′) + O(z^9). (40)

We have (6+n) localized matters 27 along the zeros of q_{6+n}(z^′). Heterotic string independently gives such a result, for which higher order terms in O(z^9) is irrelevant. However this is just one of the possible solutions, only when we assume that the higher order terms are generic, i.e. not factorized any more. We will consider more general case in the following.

We can blow-up at the intersection points. Like instanton number, we do not need details of the position, but the embedding group and the total instanton number is sufficient. Suppose we blow-up at n^′ points, then the relation changes the relations r̂^2 = n − n^′, t̂^2 = −n^′, −K̂ · r̂ = −n − 2 + n^′ while leaves r̂ · t̂ = 1. Thus the number of 27 becomes r̂ · (r̂ + 6t̂) = n − n^′ + 6.

4.2 E_6 × U(2) and factorization

In (54), note that tending q_{6+n} → 0 enhances the symmetry to E_7,

y^2 = x^3 + f_{8+n}z^3x + O(z^5).

If we had no f_{8+n}z^3x term in (54), the gauge symmetry would be U(2) × E_6. We can easily see this, because now q_{6+n} → 0 enhances the symmetry to E_8. Considering full factors up to O(z^6) in the equation, it is described by^4

y^2 = x^3 + f_{8+n}z^3x + q^2_{6+n}z^4 + g_{12+n}z^5 + O(z^6). (41)

It is clearly seen from the discriminant

Δ = 27z^8g^2_{12+n}(z + q^2_{6+n}/g_{12+n})^2 + O(z^{11}) (incomplete), (42)

in which sending q_{6+n} → 0 we recover E_8 symmetry, being the rank enhanced by two. In the latter, important thing is that the A_1 singularity factor (z + q^2_{6+n}/g_{12+n}) in degree two as in Table 1. The coordinate z as well as the ones in the bracket z, g_{12+n}/q^2_{6+n} transforms as n at r, so we expect that the corresponding divisors are r up to a piece proportional to r_0. We know the ord f of A_1 is 0, since although we have f_8z^4x term, it does not appear up to O(z^{11}). To see real behavior of polynomials, we should resort to the equation in Tate’s form. The form is not yet complete, since expanding around the SU(2) curve, we should have the form of the discriminant in Ref. [8]. We need more tuning, and it only shows that description of gauge group via equation is incomplete.

So, we make use of the divisors. We can interpret this situation as the symmetry breaking of E_8 via transition 10r → 8r + 2r. (43)

Here RHS does not necessarily mean the same curve; Better say, they are different curves that are linearly equivalent. On F_n , linearly equivalent curves can have nonzero net intersections. We have the following global data

F = 3r + 0 + 4r_0 + 0 + r + 8t, G = 4r + 0 + 5r_0 + 0 + 2r + r_0 + 12t, D = 8 r E_6 + 2 r A_1 + 10 r_0 E^′_8

+ 2 (r + 8t)

u(1)

+ 2r_0 + 8t.

(44)

We assume the other E^′_8 is unbroken, which is in fact unnecessary since all the divisors in E_8 is orthogonal to r_0 supporting E^′_8. The intersection number between E_6 and A_1 curves is n, so we have as many (2, 27) divided by the group theoretical factor ℓ(2)ℓ(27) = 6, as in (23). Only positive matter multiplicity is allowed in six dimension, since there is only one possible chirality for the matter. Thus n ≤ 0 we have no localized (2, 27), which is analogous to ‘parallel separation’ of D7-branes in the perturbative description without bifundamental zero mode. From the GS relations (20)-(22), we can calculate the number of 27 to be n+6, neglecting the other factor group SU(2). Obviously, VEVs of two (2, 1)s

4In terms of [23], the deformation parameters satisfy the relation f_{E8} (U; t) = f_{E6} · f_{A1} (U − τ_1/3 − μ_1/9; t^{′′}).

completely break SU(2), reducing again to the E_6 model in the previous section. Thus we have net number of (1, 27) as (n + 6) −^n_6 (dim 2). Similarly we can also we read off the number of (2, 1)s 16 + 6n −^n_6 (dim 27) so that n 6 (2, 27) 1_6 +^1_3 (18 + 2n)(1, 27)_− 1_3 +^1_2 (32 + 3n)(2, 1) 1_2 . (45)

Usually a fractional matter multiplicity indicates localization of the matter along a part of the geometry. In our calculation the divisor is globally given so we can have meaningful spectrum when n is a multiple of 6. The normalization of U(1) is fixed by the multiplicity.

We singled out u(1) divisor (r + 8t) in (44). We may interpret that the missing f_{8+n} provides u(1) in (24). Also we can track the origin of this u(1) from the the mother group E_7 → E_6 × U(1). As a consistency check, we calculate the GS conditions from E_6 × U(1) and SU(2) × U(1) respectively giving n 6 (dim 2)ℓ(27)(^1_6 )^2 +^1_3 (18 + 2n)(dim 1)ℓ(27) · (−^1_3 )^2 =^1_2 (n + 8), n 6 (dim 27)ℓ(2)(^1_6 )^2 +^1_2 (32 + 3n)(dim 1)ℓ(2) · (^1_2 )^2 =^1_2 (n + 8).

(46)

From the difference of the number of charged hypermultiplets and vector multiplets, we have

(n_H − n_V )_{E6×U(2)} =^n_6 · 2 · 27 +^1_3 (18 + 2n) · 27 +^1_2 (32 + 3n) · 2 − 78 − 3 − 1 = 30n + 112,

(47)

showing that these are the symmetry obtained from E_8. Since there is no singlet hypermultiplets, we have consumed all the moduli; We have to tune all the coefficients to have the unbroken group. This also indicates that E_6 ×U(2) is the maximal subgroup including E_6. Also, according to Ref. [23], this is allowed as the maximal, for the purely algebraic reason. This condition is equivalent to that of gravitational anomaly cancelation (29). We also learn that in this scheme, two E_8s are really disjoint. Everything is tuned so there is no zero in g_{12+n}, meaning that the second Chern class is c_2 = 0 for the background bundle.

On the heterotic side, this model corresponds to one under the line bundle background. In this context we have U(2) × E_6 as the maximal subgroup containing E_6; U(1) also commutes to the background line bundle [15, 16]. To provide the appropriate amount to the Bianchi identity (13), we interpret that the line bundle L gives ch_2(L) = 12+n. Every subgroup here is commutant to u(1) in E_8 that the line bundle belongs to. Contrary to purely geometric feature in F-theory side, every matter comes from the branching of E_8. Using the index theorem (25), we can calculate the spectrum on the heterotic side

n_q = V^2q^2(12 + n) − 2

with V^2 = 6 because

V = (2, 1, 1, 0^5) ←− (L^2, L^1, L^1, 0, 0, 0, 0, 0) ∈ Cartan E_8. (48)

This agrees with the spectrum (45). We understood that it is not a coincidence that the matter multiplicity and charge quantization is very similar.

This description shows that we can investigate the behavior of both singularities of E_6 and A_1 on the equal footing. The role of divisors carrying each of them is equal. In this example, two groups are supported by linearly equivalent divisors, so except the order of singularity the matter multiplicity was symmetric. There is a case where the subgroup of E_8 is not supported along the original divisor for E_8. The splitting condition is translated into embeddability to E_8, since the singularity also has similar property of Lie algebra with the same name. This class of gauge symmetries can be obtained only from adjoint Higgsing.

4.3 Deformation of positions and matching the full E_8 × E_8

It is not compulsory for E_6 to lie along the divisor r. The GS condition showed that the divisor supporting a gauge field is just expanded by two-cycles with arbitrary coefficients. We may consider for example (r − 2t),

F = 3(r − 2t) + r + 4r_0 + 14t F^′ , G = 4(r − 2t) + 2r + 6r_0 + 20t G^′ , D = 8 (r − 2t)

E_6

+ 4r + 12r_0 + 40t

D^′_{27} . (49)

From the intersection number (r −2t)·(4r +12r_0 +40t) = 4(n+2) with the same splitness 4. Thus the number of 27 is n + 2. The spectrum is consistent with GS conditions (20)- (23). We know that, from the E_7 mother group, we have order n+6 polynomial for r +8t. From the E_8 mother group, we have instanton number (r − 2t) · (r + r_0 + 12t) = 8 + n. We can verify the total dimension of the moduli space

(n + 2) · 27 − 78 + (8 + n) + (4 + n) + (2 + n) = 30n − 8.

This dimension is also obtainable from a model with E_6 ×U(2) all localized at (r −2t). The spectrum is 1 6 (−4 + n)(2, 27) 1_6 +^1_3 (10 + 2n)(1, 27)_− 1_3 +^1_2 (20 + 3n)(2, 1) 1_2 . (50)

The total moduli space has the dimension 30n − 8.

The Weierstrass equation can see only the partial information. On z = 0, we can see only the projected part for the divisor (r − 2t)|_r = (r − 2t) · r = n − 2. This means that we cannot count the right degree of freedom. For example the instanton number is not (r + r_0 + 12t)|_r = 12 + n, as shown just before. Since the instanton number is

8 + n, it seems that we can reproduce the same spectrum by redefining the instanton number 8 + n ≡ 12 + n^′. Comparing the spectrum in the previous subsection, indeed we reproduce the spectrum. Our present model should be viewed as one originating E_8 located at (r − 2t), whose moduli space is 30n^′ + 112 = 30n − 8. The physics should be equivalent since it is completely specified by the instanton embedding. However, the relative relation between two E_8s are different. For example, putting the other E^′_8 on r_0, we have relative intersection number (r − 2t) · r_0 = −2 signaling the inconsistency. Also The gravitational anomaly cancelation seems difficult, however we can show always we can. If we place the other E^′_6 × U(2)^′, as a subgroup of E^′_8 on, (r_0 + 2t), we have a similar spectrum_1 6 (4 − n)(2, 27) 1_6 +^1_3 (26 − 2n)(1, 27)_− 1_3 +^1_2 (44 − 3n)(2, 1) 1_2 . (51) so the total moduli space is again (30n−8)+(−30n+232) = 224, again leading to gravity anomaly cancelation. This condition can be tracked back that two E_8 subgroups should be independent (r − 2t) · (r_0 + 2t) = 0.

Although formally anomalies cancel, it is consistent if all the coefficients are nonnegative. Since the coefficients of (2, 27) are of opposite signs, so only n = 4 case seems valid. It is also possible a different subgroup of E^′_8 can give the desired dimension of the moduli space −30n + 232. If we put all the hidden sector gauge group along the divisor (r_0 + 2t) this condition is valid. Since the total dimension of the moduli space does not change by spontaneous symmetry breaking, we can construct the subgroup in the hidden sector. Again, this shows that the gravitational anomaly cancelation comes from the embedding to E_8.

We can consider more general embedding of E_6 × U(2) singularity in a form

D = 8(r + at) + 2(r + bt) + . . . . (52)

In case a ≠ b, there is no easy argument that the model comes from E_8, since there can be nonzero intersection with a divisor supporting the hidden sector group, i.e. subgroup of the other E^′_8. In other words, it is hard to construct the mirror model, where all the visible brane is disjoint from the hidden brane. Usually at least one of the intersections has a negative intersection number, and even if positive, it should be proportional to the number of charged matter under both groups, weighted by group theoretical factors. If the group is not small enough, the total sum of the coefficients exceeds 24, which is required by the Calabi–Yau condition D = −12K_B′ . However for such small group, the origin can also be tracked from the subgroup of SO(32). With our method, it seems not possible to construct the model which is not the subgroup of E_8 × E_8. At best one E_8 can carry the sum of divisors 12r + 2rt. We can state such condition as

12r + 24t − ∑ i∈E_8 subgroup

(ord Δ_i)S_i ≥ 0 (53) where the inequality means the divisor on LHS is effective. Also, if the total gauge symmetry lies outside E_8 unified group, we have no physical reason for anomaly cancelation (29).

4.4 SO(10) and its extended groups

It suffices to study SO(10) for more general case. The splitness condition implies the relation [8]

g_{12+3n} ∼ s^3_{4+n}, f_{8+2n} ∼ −s^2_{4+n}, g_{12+2n} ∼ q^2_{6+n} − f_{8+n}s_{4+n}, (54)

so that Δ = 27z^7s^3_{4+n}q^2_{6+n} + O(z^8). (55)

As before for generic f_{8+n} we have only SO(10) (up to U(1)^3), however for f_{8+n} → 0 we have gauge symmetry enhancement SO(10) × U(2) × U(1) without changing the leading order form (55). We have rank one symmetry enhancement by s_{4+n} → 0 to E_6. Instead if we send q_{6+n} → 0, the singularity is generic D_6 without splitting, which describes SO(11) gauge symmetry. Further splitness condition imposing inter-relations among g_{12+n}, f_{8+n}, s_{4+n} yields SO(12).

The pure E_6 theory cannot be a unification group, since then 10 is not possible from the branching of the adjoint 78. Also from the form of equation, we have SO(11) enhancement direction, implying a larger symmetry. The structure of Weierstrass equation requires the E_8 embedding.

In terms of divisors of F_n , we have

F = 2r + 2r + 4r_0 + 8t, G = 3r + 3r + 6r_0 + 12t, D = 7 r D_5

+ 5r + 12r_0 + 24t D^′ . (56)

From the products r · (2r + 4r_0 + 8t) = 2(n + 4) and r · (3r + 6r_0 + 12t) = 3(n + 4) we draw out the above leading order relations of g_{12+3n}, f_{8+2n} have a special splitting condition. Since they cancel out each other in the discriminant, we rely on the next leading order terms in z, which is E_6 in the previous section. Thus we inherit the same number of 10 of SO(10) from the branching of 27 of E_6, whereas two 16s of SO(10) is absorbed by Higgs mechanism. D^′ is decomposed into 2(r + 6t) + 3(r + 4t), up to irrelevant r_0s. With respect to r, they have respectively (n + 6) and (n + 4) intersections, we have

(n + 6)10 + (n + 4)16 (57)

localized along the corresponding intersections.

In the same way, we can calculate SO(10) × U(3) spectrum. From the branching from E_8, we have no (10, 1), so the only vector multiple under the SO(10) is (10, 3) whose number is then (n + 6)/3. We have 1 12 (n − 12)(16, 3)_− 1_{12} +^1_3 (n + 6)(10, 3)_− 1_3 +^1_4 (3n + 28)(16, 1) 1_4 . (58)

We can check that the matter curve is again (r + 8t) since we can always verify (24) ∑ R q^2ℓ(R)n_{R,q} = 1 4 r · (r + 8), which is universal with respect SO(10) × U(1) and SU(3) × U(1). In the heterotic side we use the vector V = (2, 2, 2, 0^5) with V^2 = 12, so that the matter spectrum is also obtained by the index (25) n_q = V^2q^2(12 + n) − 2.

Finally, consider a semisimple group SO(10) × U(2) × U(1). This is the common subgroup of E_6 × U(2) and SO(10) × U(3). These enhanced groups are very useful in understanding the structure of the subgroup. In terms of divisors, 10r → { 8r + 2r 7r + 3r } → 7r + r + 2r (59)

From the branching of the adjoint of E_8, we have more than one matters charged under both SO(10) and SU(2). We use the inheritence condition (26). Considering the enchanced groups E_6 × SO(10) and SO(10) × U(3) we have, for example, (2, 16)_{1/6} comes from the branching of (2, 27)_{1/6} of E_6 × U(2), and also from of (3, 16)_{−1/12} of SO(10) × U(3). So we have the multiplicity n_{(2,16)} =^1_2 n_{(2,27)} +^1_2 n_{(3,16)}. Therefore we have highly nontrivial spectrum 1 8 (n − 4)(2, 16) 1_{6 ,} 1_{12} +^1_4 (n + 4)(2, 10) 1_{6 ,} 1_6 +^1_{12} (n − 12)(2, 1) 1_{6 ,0}

+^1_{24} (17n + 156)(1, 16)_− 1_{3 ,} 1_4 +^1_2 (n + 8)(1, 10)_− 1_{3 ,−} 1_6 + (10 + n)(1, 1)_− 1_{3 ,} 1_3

+^1_{12} (17n + 180)(2, 1) 1_{2 ,} 1_3 +^1_{24} (n − 36)(1, 16)_{0,} 1_{12} .

At this stage, the spectrum seems not be realistic since n should be a multiple of 12 which is also larger than 36. With rearrangement of the divisor supporting the group, or blowing-up is necessary. In what follows, we are content with formal check of consistency conditions. The dimension of the moduli space is 30n + 112. It satisfies GS condition

ℓ(2)ℓ(16)n_{(2,16)} + ℓ(2)ℓ(10)n_{(2,10)} = n,

and consistent with the Higgsing that leaving only SO(10)

n_{16} = 2n_{(2,16)} + n_{(1,16)−1/3,1/4} + n_{(1,16)0,1/12} = n + 4, n_{10} = 2n_{(2,10)} + n_{(1,10)} = n + 6.

Finally we can check the matter curve relation (24) is universal for any of four combinations of SO(10), U(1), U(1)^′, SU(2).

4.5 F_4

We describe a non-simply laced group F_4, which is described by generic E_6. So it carries the same orders as E_6, F = 3r + r + 4r_0 + 8t F^′ G = 4r + 2r + 6r_0 + 12t G^′ , D = 8 r F_4=E_6

+ 4r + 10r_0 + 20t

2D^′_{26}

+ 2r_0 + 4t

D^′_1 . (60)

The non-splitness condition tells us that D^′ is not proportional to G^′, so it should be decomposed. As always there is a unimportant ambiguity in the distribution of r_0. We have only splitness 2 from Tate’s algorithm. The product of F_4 divisor and D^′ shows we have 2 · (2n + 10) intersections.

It seems not possible to deform the Weierstrass equation into the desirable form, because the Weierstrass equation shows the singularity form when the entire the subgroups of E_8 is lying on the original position r. We note that the next order term plays a role. We see f_4 originated from the tuning f_4 · g_{12+2n} = f^2_{8+n} agreeing with D^′_1 = (2F^′ − G^′) and r · D^′_1 = 4. Therefore we have (2n + 10)/2 = (n + 5) matter representations in 26 and four 1s. A similar thing happens for a generic A_1 singularity [8] where we have the discriminant Δ = z^2h^2_{4+2n}P_{6n+16} + O(z^3) having ‘antisymmetric’ representation 1 of SU(2) with multiplicity (4 + 2n)/2 = n + 2. Even if we have difficulty in expressing a generic group with monodromy reduction, we can calculate the multiplicity from the intersection theory. The moduli space is still 30n + 112 dimensional [8].

5 Conclusion

We have illustrated how to specify gauge theory and obtain matter spectrum in F-theory, using intersection theory. It can take into account the global constraints and deals with semisimple groups systemically, which the discriminant from Weierstrass equation is hard to deal with. In this way we can find many nontrivial vacua admitting heterotic dual. Also the deformation of brane positions was discussed. Phenomenologically, this new class of vacua opens up more possibility for model building. Usually top-down approaches give many unwanted charged matters, but at the same time predicts some hidden sector used for symmetry breaking.

The essential problem is how to decompose the discriminant locus, in (4) and (36). For given Calabi–Yau manifold, we can construct such information using the divisor of the base of the elliptic fibration. Duality to heterotic string (5) suggests that our manifold is compatible both to elliptic and K3 fibration. This limits the possible gauge groups as ones in heterotic string and its blow-up. Even if we can enhance the gauge symmetry by blowing-up in the base and including the exceptional divisors in the discriminant locus, this unification group is a good starting point to consider top-down approach. Most of vacua admits an interpretation that they are obtained by symmetry breaking of the unified group.

A matter curve comes from the intersection between 7-branes. We also have 7-brane responsible for U(1), which does not directly gives the matter multiplicity, as in (24). The Green–Schwarz mechanism shows that each matter curve is weighted by a group theoretical factor depending on the localized matter. Also, to completely specify the matter spectrum, we need additional inputs from the global structure, namely the possible enhanced gauge groups.

Several constraints of model building, such as anomaly cancelation conditions from Green–Schwarz mechanism and gravitation anomaly, the formation of matter branes and the dimension of moduli space, seems to indicate the unification towards the E_8 × E_8 gauge symmetry.

Acknowledgements

The author is grateful to Ralph Blumenhagen, Teruhiko Kawano and Tatsuo Kobayashi, and particulary to Tae-Won Ha for useful discussion. He is supported in part by the Grant-in-Aid for Scientific Research No. 20·08326 and 20540266 from the Ministry of Education, Culture, Sports, Science and Technology of Japan.

References

[1] C. Vafa, Nucl. Phys. B 469 (1996) 403 [arXiv:hep-th/9602022].

[2] D. R. Morrison and C. Vafa, Nucl. Phys. B 473, 74 (1996) [arXiv:hep-th/9602114].

[3] D. R. Morrison and C. Vafa, Nucl. Phys. B 476, 437 (1996) [arXiv:hep-th/9603161].

[4] A. Sen, Nucl. Phys. B 475 (1996) 562 [arXiv:hep-th/9605150];

A. Sen, Phys. Rev. D 55 (1997) 7345 [arXiv:hep-th/9702165].

[5] E. G. Gimon and J. Polchinski, Phys. Rev. D 54 (1996) 1667 [arXiv:hep-th/9601038];

A. Dabholkar and J. Park, Nucl. Phys. B 477 (1996) 701 [arXiv:hep-th/9604178]; M. Berkooz and R. G. Leigh, Nucl. Phys. B 483, 187 (1997) [arXiv:hep-th/9605049].

[6] M. Bershadsky, A. Johansen, T. Pantev and V. Sadov, Nucl. Phys. B 505, 165 (1997) [arXiv:hep-th/9701165].

[7] R. Friedman, J. Morgan and E. Witten, Commun. Math. Phys. 187 (1997) 679 [arXiv:hep-th/9701162].

[8] M. Bershadsky, K. A. Intriligator, S. Kachru, D. R. Morrison, V. Sadov and C. Vafa, Nucl. Phys. B 481, 215 (1996) [arXiv:hep-th/9605200].

[9] S. Kachru and C. Vafa, Nucl. Phys. B 450 (1995) 69 [arXiv:hep-th/9505105].

[10] M. J. Duff, R. Minasian and E. Witten, Nucl. Phys. B 465 (1996) 413 [arXiv:hepth/9601036].

[11] C. Beasley, J. J. Heckman and C. Vafa, JHEP 0901, 059 (2009) [arXiv:0806.0102 [hep-th]];

C. Beasley, J. J. Heckman and C. Vafa, JHEP 0901, 058 (2009) [arXiv:0802.3391 [hep-th]].

[12] R. Donagi and M. Wijnholt, arXiv:0802.2969 [hep-th];

R. Donagi and M. Wijnholt, arXiv:0808.2223 [hep-th].

[13] H. Hayashi, R. Tatar, Y. Toda, T. Watari and M. Yamazaki, Nucl. Phys. B 806 (2009) 224 [arXiv:0805.1057 [hep-th]].

[14] J. L. Bourjaily, arXiv:0901.3785 [hep-th];

J. Jiang, T. Li, D. V. Nanopoulos and D. Xie, arXiv:0905.3394 [hep-th]; K. S. Choi, T. Kobayashi, R. Maruyama, M. Murata, Y. Nakai, H. Ohki and M. Sakai, arXiv:0908.0395 [hep-ph].

[15] S. G. Nibbelink, M. Trapletti and M. Walter, JHEP 0703 (2007) 035 [arXiv:hepth/0701227].

[16] R. Blumenhagen, G. Honecker and T. Weigand, JHEP 0508 (2005) 009 [arXiv:hepth/0507041].

[17] K. S. Choi, Int. J. Mod. Phys. A 22 (2007) 3169; Phys. Rev. D 74 (2006) 066002.

[18] J. Marsano, N. Saulina and S. Schafer-Nameki, JHEP 0908 (2009) 030 [arXiv:0904.3932 [hep-th]].

[19] R. Donagi and M. Wijnholt, arXiv:0904.1218 [hep-th].

[20] P. S. Aspinwall and M. Gross, Phys. Lett. B 387, 735 (1996) [arXiv:hep-th/9605131].

[21] H. Hayashi, T. Kawano, R. Tatar and T. Watari, arXiv:0901.4941 [hep-th].

[22] V. Sadov, Phys. Lett. B 388 (1996) 45 [arXiv:hep-th/9606008].

[23] S. Katz and D. R. Morrison, J. Algebraic Geom. 1 (1992), 449-530

[24] M. Bershadsky and A. Johansen, Nucl. Phys. B 489 (1997) 122 [arXiv:hepth/9610111].

[25] J. Louis, J. Sonnenschein, S. Theisen and S. Yankielowicz, Nucl. Phys. B 480, 185 (1996) [arXiv:hep-th/9606049].

[26] P. Candelas, E. Perevalov and G. Rajesh, Nucl. Phys. B 507 (1997) 445 [arXiv:hepth/9704097].

[27] B. Andreas and G. Curio, arXiv:0902.4143 [hep-th].

[28] A. Font and L. E. Ibanez, JHEP 0909 (2009) 036 [arXiv:0907.4895 [hep-th]];

S. Cecotti, M. C. N. Cheng, J. J. Heckman and C. Vafa, arXiv:0910.0477 [hep-th]; H. Abe, K. S. Choi, T. Kobayashi and H. Ohki, JHEP 0906 (2009) 080 [arXiv:0903.3800 [hep-th]];

K. S. Choi and T. Kobayashi, Nucl. Phys. B 797 (2008) 295 [arXiv:0711.4894 [hepth]].

[29] N. Nakayama, “On Weierstrass Models,” in “Algebraic Geometry and Commutative Algebra in honor of Masayashi Nagata,” p. 405, Kinokuniya (1987).

[30] C. V. Johnson, “D-branes,” Cambridge Univ. Press (2003). Primary version:

arXiv:hep-th/0007170.

[31] P. S. Aspinwall, arXiv:hep-th/9611137.

[32] K. Dasgupta and S. Mukhi, Phys. Lett. B 423, 261 (1998) [arXiv:hep-th/9711094];

A. Sen, JHEP 9803 (1998) 005 [arXiv:hep-th/9711130];

S. J. Rey and J. T. Yee, Nucl. Phys. B 526 (1998) 229 [arXiv:hep-th/9711202]; M. Krogh and S. Lee, Nucl. Phys. B 516, 241 (1998) [arXiv:hep-th/9712050]; Y. Matsuo and K. Okuyama, Phys. Lett. B 426 (1998) 294 [arXiv:hep-th/9712070].

[33] K. S. Choi and J. E. Kim, JHEP 0511 (2005) 043 [arXiv:hep-th/0508149].

[34] J. Marsano, N. Saulina and S. Schafer-Nameki, JHEP 0908 (2009) 046 [arXiv:0906.4672 [hep-th]];

P. Berglund, A. Klemm, P. Mayr and S. Theisen, Nucl. Phys. B 558 (1999) 178 [arXiv:hep-th/9805189].

[35] E. Witten, Nucl. Phys. B 474 (1996) 343 [arXiv:hep-th/9604030]. [36] K. S. Choi, S. Groot Nibbelink and M. Trapletti, JHEP 0412, 063 (2004) [arXiv:hepth/0410232].

[37] A. Klemm, B. Lian, S. S. Roan and S. T. Yau, Nucl. Phys. B 518 (1998) 515 [arXiv:hep-th/9701023].

[38] A. Collinucci, JHEP 0908 (2009) 076 [arXiv:0812.0175 [hep-th]];

A. Collinucci, arXiv:0906.0003 [hep-th].

[39] R. Blumenhagen, T. W. Grimm, B. Jurke and T. Weigand, arXiv:0908.1784 [hep-th]. [40] T. W. Grimm, T. W. Ha, A. Klemm and D. Klevers, arXiv:0909.2025 [hep-th]. [41] J. Tate, “Modular Functions of One Variable IV,” Lecture Notes in Mathematics, 476, Berlin/Heidelberg: Springer, pp. 33-52.

[42] E. Witten, Nucl. Phys. B 460, 541 (1996) [arXiv:hep-th/9511030]. [43] N. Seiberg and E. Witten, Nucl. Phys. B 471 (1996) 121 [arXiv:hep-th/9603003]. [44] P. Griffiths and J. Harris, “Principles of Algebraic Geometry,” John Wiley & Sons (1978).

[45] S. Sethi, C. Vafa and E. Witten, Nucl. Phys. B 480 (1996) 213 [arXiv:hepth/9606122].

[46] K. Becker and M. Becker, Nucl. Phys. B 477, 155 (1996) [arXiv:hep-th/9605053]. [47] K. S. Choi, Nucl. Phys. B 708 (2005) 194 [arXiv:hep-th/0405195]. [48] S. H. Katz and C. Vafa, Nucl. Phys. B 497, 146 (1997) [arXiv:hep-th/9606086]. [49] A. P. Braun, R. Ebert, A. Hebecker and R. Valandro, arXiv:0907.2691 [hep-th];

K. S. Choi, K. Hwang and J. E. Kim, Nucl. Phys. B 662 (2003) 476 [arXiv:hepth/0304243];

V. G. Kac and D. H. Peterson, In *Argonne/chicago 1985, Proceedings, Anomalies, Geometry, Topology*, 276-298.

[50] M. Bershadsky, C. Vafa and V. Sadov, Nucl. Phys. B 463, 398 (1996) [arXiv:hepth/9510225];

K. Hashimoto and W. Taylor, JHEP 0310, 040 (2003) [arXiv:hep-th/0307297]; M. R. Douglas and C. g. Zhou, JHEP 0406 (2004) 014 [arXiv:hep-th/0403018].

[51] G. Rajesh, JHEP 9812 (1998) 018 [arXiv:hep-th/9811240].

[52] M. Berkooz, R. G. Leigh, J. Polchinski, J. H. Schwarz, N. Seiberg and E. Witten, Nucl. Phys. B 475 (1996) 115 [arXiv:hep-th/9605184].