arXiv:0910.5852v2 [hep-th] 2 Nov 2009

Preprint typeset in JHEP style - HYPER VERSION hep-th/0910.5852

New Models of f(R) Theories of Gravity

J. Klusoň

Department of Theoretical Physics and Astrophysics Faculty of Science, Masaryk University Kotlářská 2, 611 37, Brno Czech Republic E-mail: klu@physics.muni.cz

Abstract: We introduce new models of f(R) theories of gravity that are generalization of Hořava-Lifshitz gravity.

Keywords: Hořava-Lifshitz gravity.

Contents

1. Introduction and Summary 1

2. The First Version of f(R) Hořava-Lifshitz Theory of Gravity 3 2.1 Lagrangian Formulation 5

3. The Second Version of f(R) Hořava-Lifshitz Theory of Gravity 9

1. Introduction and Summary

The acceleration of the universe was discovered 10 years ago and its explanation is one of the most secret enigmas of current theoretical physics. According to [1] and the other experiments that map the anisotropies of the cosmic microwave background, the approximately 76% of the energy content of the universe is not dark or luminous matter but it is instead a mysterious form of dark energy that is exotic, invisible and unclustered. In order to explain the origin of this form of matter three main classes of models for this acceleration exist:

1. A cosmological constant Λ

2. Dark Energy

3. Modified Gravity

The cosmological constant is the most obvious explanation of the acceleration of the universe [2, 3]. However Λ suffers from well known cosmological problem that requires extreme fine-tuning.

The second class of models postulates the existence of a dark energy fluid with equation of state P ≈ −ρ where ρ and P are the energy density and pressure of the fluid [5].

The last class of models known as Extended Theories of Gravity (ETG) corresponds to the modification of the action of the gravitational fields. These theories are based on idea of extension of the Einstein Hilbert action by adding higher order curvature invariants such as R^2, R^{μν} R_{μν} . . .. and/or minimally or non-minimally coupled scalar fields to the dynamics^1. In this paper we consider the models corresponding to f(R) theories that are general functions of the Riemann scalar R.

As we said above f(R) theories should mainly explain the mysterious acceleration of the Universe and hence provide modification of the Einstein theory on large scales. On the other hand they do not solve the second fundamental problem considering theory of

1For review and extensive list of references, see [6, 7, 8, 9, 10].

– 1 – gravity which is the fact that the quantum gravity is non-renormalizable theory. In order to improve this situation new formulation of the quantum gravity theory was proposed recently in series of papers [11, 12, 4, 13]^2. The key idea of this proposal is to abandon the fundamental role of the local Lorentz invariance and assume instead that this appears only at low energies as an approximative symmetry. The breaking of Lorentz invariance is achieved by introducing additional structure to the space-time that is a preferred foliation by 3−dimensional space-like surfaces and then splitting of the coordinates into space and time. This procedure allows to complete the Einstein’s general relativity with higher spatial derivatives of the metric and then improve the UV behavior of the graviton propagator and makes the theory renormalizable by power-counting.

Even if the Hořava-Lifshitz theory has many attractive properties investigations of various aspects of Hořava gravity have started to reveal some potentially troublesome features. The first one is considering the detailed balance condition that strongly restricts the form of the potential terms in the gravity action. However the detailed investigation of the Hořava-Lifshitz theory performed in past few months strongly suggests that this theory has much better behavior when we abandon the condition of the detailed balance^3.

The second fundamental ingredient of the original Hořava-Lifshitz was the projectability condition that says the lapse function in ADM formulation of gravity depends on time only. Even if for the most important vacuum and cosmological solutions Einstein equations can be put into the form of constant lapse function it seems that the consistency of the Hořava-Lifshitz theory requires the projectability condition. In fact, the investigation of the algebra of constraints of the Hořava-Lifshitz theory without projectability condition performed in paper [43] implies some pathological behavior of this theory. On the other hand it was already shown in [12] that the algebra of constraints of Hořava-Lifshitz theory with projectability condition is closed. However it is important to stress that we should be very careful considering the definite conclusion about the consistency/non-consistency of Hořava-Lifshitz theory with/without projectability condition as was discussed recently in [15, 32] in relation with an another issue of Hořava-Lifshitz theory that is spin-0 scalar graviton with addition to the standard spin-2 tensor graviton. The study of the properties of this mode showed that it persists down to low energies and exhibits the pathological behavior that should be disaster for the consistency of Hořava-Lifshitz theory. Explicitly, it was shown in [32] that this mode is strongly coupled at energies above a very low energy scale and it suffers from fast instabilities. It turns out that these properties appear both in the non-projectable and projectable cases. On the other hand it was argued in very recent paper [22] that it is possible to extend the original Hořava-Lifshitz action in such a way that these dangerous properties are absent.

Despite of these open problems it is clear that Hořava-Lifshitz theory is very interesting and stimulating proposal that should be extended in many directions. Our goal is to generalize this theory in the similar way as the ordinary Einstein gravity is extended to f(R) theories. We started this program in our previous paper [28] where we formulated the

2For detailed study of this proposal, see [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60].

3For nice discussion, see [42].

– 2 –

Hamiltonian form of f(R) Hořava-Lifshitz theory based on the condition of the detailed balance. We considered one explicit example of f(R) Hořava-Lifshitz theory with the function f(x) = √ x and we found the Lagrangian version of this theory. In this paper we generalize this analysis to the case of arbitrary f(R) Hamiltonian form of Hořava-Lifshitz theory. We show that when we extend the original Hamiltonian of f(R) Hořava-Lifshitz theory by introducing two non-propagating degrees of freedom we can find the Hamiltonian in such a form that allows us to perform the Legendre transformation from the Hamiltonian to the Lagrangian description. Then solving the equations of motion for these auxiliary fields we finally find a new form of f(R) theories that are invariant under foliation of preserving diffeomorphism [12].

It is also possible to introduce the Hořava-Lifshitz theories of gravity in an alternative way when we replace 4-dimensional Ricci scalar R with combination R → K_{ij}G^{ijkl}K_{kl} +. . . known from the linear Hořava-Lifshitz theory of gravity. The resulting theory is invariant under foliation preserving diffeomorphism.

We hope that this short note could be the starting point in the study of the new form of f(R) theories of gravity. It will be certainly very interesting to study the equations of motion that follow from these actions and find their possible cosmological solutions. It would be also interesting to perform the analysis of the fluctuation modes around classical background and study their physical properties. We hope to return to these problems in future.

2. The First Version of f(R) Hořava-Lifshitz Theory of Gravity

In this section we consider f(R) Hořava-Lifshitz theory of gravity that was introduced in [28]. These theories are defined by Hamiltonian H = ∫ d^Dx ( N(t)H_0(t, x) + N_i(t, x)H^i(t, x) ) , (2.1)

where H^i is the generator of the spatial diffeomorphism

H^i(t, x) = −2∇_j π^{ji}(x) (2.2)

that takes the same form as in standard Einstein theory of gravity. On the other hand the Hamiltonian constraint H_0 of f(R) Hořava-Lifshitz H_0 is defined as

H_0(t, x) = κ^2 √ gf ( Q^{†ij} 1 g G_{ijkl}Q^{kl} ) , (2.3)

where κ is the coupling constant of the theory, g = det g_{ij} and where f is an arbitrary function. Further, the functions Q^{ij} and Q^{†ij} are defined as Q^{†ij} = −iπ^{ij} + √ gE^{ij} , Q^{†ij} = iπ^{ij} + √ gE^{ij} , (2.4)

where g_{ij} , , i, j = 1, . . . , D are components of metric and π^{ij} are conjugate momenta. These canonical variables have non-zero Poisson brackets { g_{ij} (x), π^{kl}(y) } = 1 2 (δ^k_i δ^l_j + δ^l_iδ^k_j )δ(x − y) . (2.5)

– 3 –

Finally we explain the meaning of the objects E^{ij} . In the original version of Hořava-Lifshitz theory based on the the condition of the detailed balance they are given by variation of the D-dimensional functional W = ∫ d^Dx √ gw(g, ∂g) √ gE^{ij} (x) = 1 2 δW δg^{ij} (x) . (2.6)

However we can clearly abandon this requirement and consider the generalized Hořava- Lifshitz theories where the Hamiltonian constraint H_0 takes the form

H_0 = κ^2 √ gf ( 1 g π^{ij} G_{ijkl}π^{kl} + E^{ij} G_{ijkl}E^{kl} + . . . ) , (2.7)

where . . . denote the contribution from additional terms that violet the detailed balance condition and that are crucial for reproducing General relativity at low energy regime. However for simplicity of the notation we consider the first form of the Hamiltonian (2.3) keeping in mind that the analysis below is valid for the general case as well. Finally the ”metric on the space of metric”, G^{ijkl} is defined as G^{ijkl} = 1 2 (g^{ik}g^{jl} + g^{il}g^{jk} − λg^{ij} g^{kl}) (2.8) with λ an arbitrary real constant. The inverse G_{ijkl} takes the form G_{ijkl} = 1 2 (g_{ik}g_{jl} + g_{il}g_{jk}) − λ̃g_{ij} g_{kl} , (2.9) where λ̃ =^λ_{Dλ−1} . Note that (2.8) together with (2.9) obey the relation^4 G_{ijmn}G^{mnkl} = 1 2 (δ^k_i δ^l_j + δ^l_iδ^k_j ) . (2.10)

We should stress one important point. The Hamiltonian (2.1) contains the lapse function that depends on t only. This property is known as projectability condition. It is still an open problem whether this condition should be imposed or whether we should consider the lapse function with the full space and time dependence. In this section we consider the theories that obey projectability condition. When this condition is imposed the functions N(t) and N_i(t, x) have conjugate momenta π_N , π^i(x) that form the primary constraints of the theory π_N ≈ 0 , π^i(x) ≈ 0 . (2.11)

Since these constraints have to be preserved during the time evolution of the system we find ∂_tπ_N = {π_N , H} = ∫ d^DxH_0(x) ≡ T_T ≈ 0 . (2.12)

4We use the terminology introduced in [12] and that we review there. In case of relativistic theory, the full diffeomorphism invariance fixes the value of λ uniquely to equal λ = 1. In this case the object G_{ijkl} is known as the ”De Witt metric”. We use this terminology to more general case when λ is not necessarily equal to one.

– 4 –

Note that the global constraint T_T ≈ 0 is fundamentally different from the local constraint H_0(x) ≈ 0 that is imposed in case when the theory does not respect the projectability condition. Further, the consistency of the constraints π^i(x) ≈ 0 imply the secondary constraints ∂_tπ^i(x) = { π^i(x), H } = −H^i(x) ≈ 0 . (2.13) It is natural to introduce the smeared form of the spatial diffeomorphism constraint

T_S ≡ ∫ d^Dxζ_i(x)H^i(x) . (2.14)

The next goal is to calculate the Poisson bracket of constraints (2.12) and (2.14). These brackets have been determined in [28] with following result {T_T , T_T } = 0 , {T_S (ζ), T_T } = 0 , {T_S(ζ), T_S (ξ)} = T_S(ζ^i∂_iξ^k − ξ^i∂_iζ^k) . (2.15) In other words the constraint algebra of the gravity action that is invariant under foliation preserving diffeomorphism is closed. This is a crucial simplification with respect to theories that do not respect the projectability condition. More precisely, the algebra of constraints of the Hořava-Lifshitz theory without projectability condition was calculated in [43] with the result that suggests inconsistency of this theory.

2.1 Lagrangian Formulation In this section we formulate the Lagrangian formalism for the f(R) theories defined by the Hamiltonian (2.1). In order to this we argue that the Hamiltonian constraint H_0 defined in (2.1) can be written as

H_0 = κ^2 √ g [ B ( Q^{†ij} 1 g G_{ijkl}Q^{kl} − A ) + f(A) ] + v_AP_A + v_B P_B ,

(2.16) where we introduced two new fields A(x), B(x) with conjugate momenta P_A(x), P_B (x) and corresponding Poisson brackets {A(x), P_A(y)} = δ(x − y) , {B(x), P_B (y)} = δ(x − y) . (2.17) Looking on the form of the Hamiltonian density (2.16) we see that it is natural to interpret P_A(x), P_B (x) as the primary constraints of the theory P_A(x) ≈ 0 , P_B (x) ≈ 0 . (2.18) Then the requirement that the constraints (2.18) are preserved during the time evolution implies an existence of the secondary constraints G_A(x), G_B (x) since ∂_tP_A = {P_A, H} = κ^2 √ g(B − f^′(A)) ≈ κ^2 √ gG_A ≈ 0 , ∂_tP_B = {P_B , H} = −κ^2 √ g(Q^{†ij} 1 g G_{ijkl}Q^{kl} − A) = −κ^2 √ gG_B ≈ 0 , (2.19)

– 5 – where H is given in (2.1) with H_0 defined in (2.16). Let us now calculate the Poisson brackets between P_A, P_B and G_A, G_B . It is a straightforward exercise to calculate them and we find

{P_A(x), G_B (y)} = δ(x − y) , {P_A(x), G_A(y)} = f^{′′}(A)δ(x − y) , {P_B (x), G_A(y)} = −δ(x − y) , {P_B (x), G_B (y)} = 0 . (2.20)

These results imply that P_A, P_B , G_A, G_B form the second class constraints. As a consequence the requirement of the preservation of the constraints G_A, G_B under the time evolution fixes v_A, v_B uniquely. Since these constraints are second class they strongly vanish and can be explicitly solved with the result B = f^′(A) , A = Q^{ij†} 1 g G_{ijkl}Q^{kl} . (2.21) Then if we insert these results into the Hamiltonian density given in (2.16) we find that it takes the form H_0 = κ^2 √ gf ( Q^{†ij} 1 g G_{ijkl}Q^{kl} ) (2.22)

that coincides with (2.1). As the final point note that for the system with the second class constraints we have to introduce the Dirac brackets instead of Poisson brackets { g_{ij}(x), π^{kl}(y) } D = { g_{ij} (x), π^{kl}(y) } − − ∫ dx^′dy^′ { g_{ij} (x), Φ_I (x^′) } Ω^{IJ} (x^′, y^′) { Φ_J (y^′), π^{kl}(y) } , (2.23)

where Φ_I , I = 1, 2, 3, 4 is a collection of the second class constraints Φ_I = (P_A, G_A, P_B , G_B ) and where Ω^{IJ} is inverse of the matrix of Poisson brackets (2.20). Explicitly

Ω_{IJ} (x, y) ≡ {Φ_I (x), Φ_J (y)} =

0 f^{′′} 0 1 −f^{′′} 0 1 0 0 −1 0 0 −1 0 0 0 δ(x − y) (2.24)

so that

Ω^{IJ} (x, y) =

0 0 0 1 0 0 −1 0 0 1 0 −f^{′′} 1 0 f^{′′} 0 δ(x − y) (2.25)

However due to the structure of the matrix Ω^{IJ} and the fact that g_{ij} and π^{ij} have vanishing Poisson brackets with P_A, P_B we find that the Dirac brackets coincide with Poisson brackets.

– 6 –

In summary, we claim that the Hamiltonian density that is useful for the developing of the Lagrangian formalism takes the form H = −2N_i∇_jπ^{ij} + Nκ^2 √ g [ B ( Q^{†ij} 1 g G_{ijkl}Q^{kl} − A ) + f(A) ] + v_AP_A + v_B P_B . (2.26)

The main advantage of the Hamiltonian (2.26) density with respect to (2.1) is that it depends on the momenta π^{ij} quadratically and hence the Legendre transformation from the Hamiltonian to the Lagrangian description can be easily performed. Explicitly, the canonical equations of motion for A, B and g_{ij} take the form ∂_tA = {A, H} = v_A , ∂_tB = {B, H} = v_B , ∂_tg_{ij} = {g_{ij} , H} = 2BNκ^2 √ g G_{ijkl}π^{kl} + ∇_iN_j + ∇_jN_i . (2.27)

It is natural to define K_{ij} = 1 2N (∂_tg_{ij} − ∇_iN_j − ∇_jN_i) (2.28)

so that the equation on the second line in (2.27) implies K_{ij} = Bκ^2 √ g G_{ijkl}π^{kl} . (2.29)

Then it is easy to determine the corresponding Lagrangian L = ∫ d^Dx(∂_tg^{ij} π_{ij} + ∂_tAP_A + ∂_tBP_B − H) = = ∫ d^DxN √ g ( 1 Bκ^2 K_{ij} G^{ijkl}K_{kl} − κ^2B(E^{ij} G_{ijkl}E^{kl} − A) − κ^2f(A) ) . (2.30)

Finally we eliminate non-dynamical fields A and B from (2.30). Varying (2.30) with respect to B − 1 B^2κ^2 K_{ij} G^{ijkl}K_{kl} − (E^{ij} G_{ijkl}E^{kl} − A) = 0 , (2.31)

and varying (2.30) with respect to A we find

B − f^′(A) = 0 . (2.32)

Inserting (2.32) into (2.31) we obtain the equation − 1 f^{′2}(A)κ^2 K_{ij} G^{ijkl}K_{kl} − κ^2(E^{ij} G_{ijkl}E^{kl} − A) = 0 (2.33)

– 7 – that, for known function f, allows us to express A as a function of K_{ij} , g_{ij} A = Ψ(K_{ij} , g_{ij} ) . (2.34) Inserting these results into the Lagrangian (2.30) we find the new class of F (R) theories of gravity in the form L = ∫ d^DxL , L = N √ g [ 2 f^′(Ψ(K_{ij} , g_{ij} ))κ^2 K_{ij} G^{ijkl}K_{kl} − κ^2f(Ψ(K_{ij}, g_{ij} )) ] . (2.35) Let us consider the specific example of the theory defined by the function f(A) = √ 1 + A− 1. For this function the equation (2.32) implies B = 1 2 √ 1 + A

. (2.36)

Inserting this result into (2.31) we find

A = Ψ(g_{ij} , K_{ij} ) = E^{ij} G_{ijkl}E^{kl} +^4_{κ4} K_{ij} G^{ijkl}K_{kl} 1 −^4_{κ4} K_{ij}G^{ijkl}K_{kl} . (2.37)

and hence the Lagrangian density takes the form L = −N √ g(1 − 4K_{ij} G^{ijkl}K_{kl}) √ 1 + Ψ + κ^2 √ gN = = −κ^2N √ g (√ 1 − 4 κ^4 K_{ij}G^{ijkl}K_{kl} √ 1 + E^{ij} G_{ijkl}E^{kl} − 1 ) . (2.38) We see that (2.38) coincides with the Lagrangian density studied in [28].

Finally we show that the action S = ∫ dtL where L is given in (2.38) is invariant under the foliation-preserving diffeomorphism that by definition consists a space-time dependent spatial diffeomorphisms as well as time-dependent time reparameterization. These symmetries are generated by infinitesimal transformations δx^i ≡ x^{′i} − x^i = ζ^i(t, x) , δt ≡ t^′ − t = f(t) . (2.39) It was shown in [12] that the metric transform under (2.39) as g^′_{ij} (t^′, x^′) = g_{ij}(t, x) − g_{il}(t, x)∂_j ζ^l − ∂_iζ^kg_{kj} (t, x) , g^{′ij} (t^′, x^′) = g^{ij} (t, x) + ∂_nζ^ig^{nj} (t, x) + g^{in}(t, x)∂_nζ^j (2.40) and the fields N_i(t, x), N(t) transform under (2.39) as N^′_i (t^′, x^′) = N_i(t, x) − N_i(t, x)ḟ − N_j (t, x)∂_iζ^j − g_{ij} (t, x)ζ̇^j , N^{′i}(t^′, x^′) = N^i(t, x) + N^j (t, x)∂_j ζ^i(t, x) − N^i(t, x)ḟ − ζ̇^i(t, x) , N^′(t^′) = −N(t)ḟ . (2.41)

– 8 –

Further, the transformation property of the metric components (2.40) imply following transformation prescription for G_{ijkl} G^′_{ijkl}(t^′, x^′) = G_{ijkl}(t, x) + ∂_iζ^m(t, x)G_{mjkl}(t, x) + ∂_j ζ^m(t, x)G_{imkl}(t, x) + + G_{ijml}(t, x)∂_kζ^m(t, x) + G_{ijkm}(t, x)∂_lζ^m(t, x) . (2.42)

It can be also shown that K_{ij} transform covariantly under (2.39)

K^′_{ij} (t^′, x^′) = K_{ij} (t, x) − K_{ik}(t, x)∂_j ζ^k(t, x) − ∂_iζ^k(t, x)K_{kj} (t, x) . (2.43)

Using these formulas it is easy to see that the expression K_{ij} G^{ijkl}K_{kl} is invariant under (2.39).

Finally we consider the expression E^{ij} G_{ijkl}E^{kl}. As was shown in [28] E^{ij} transforms under (2.39) as

E^{′ij}(t^′, x^′) = E^{ij} (t, x) + ∂_kζ^i(t, x)E^{kj} (t, x) + E^{ik}(t, x)∂_kζ^j(t, x) . (2.44)

Then E^{ij} G_{ijkl}E^{kl} is clearly invariant under (2.39). Finally if we use the fact that

N^′(t^′) √ g(x^′, t^′)dt^′d^Dx^′ = N(t) √ g(x, t)dtd^Dx (2.45)

under (2.39) we find that the action (2.30) is invariant under foliation preserving diffeomorphism (2.39).

3. The Second Version of f(R) Hořava-Lifshitz Theory of Gravity

In this section we present the second way how to define f(R) Hořava-Lifshitz theories of gravity. We begin with known f(R) theory of gravity with the action S = − 1 κ^2 ∫ dtdxN √ gf(R^{(4)}) , (3.1)

where R^{(4)} is four dimensional covariant Ricci scalar. Then in order to find f(R) Hořava- Lifshitz theory of gravity we simply replace R^{(4)} in (3.1) with the combination K_{ij} K^{ij} − λ^2K − E^{ij} G_{ijkl}E^{kl} that appears in the Hořava-Lifshitz theory that obeys the detailed balance condition^5.

As in previous section we introduce the auxiliary fields A and B and write the action (3.1) in the equivalent form

S = κ^2 ∫ dtd^Dx √ gN(B(K_{ij} K^{ij} − λ^2K^2 − E^{ij} G_{ijkl}E^{kl} − A) + f(A)) . (3.2) 5We would like to stress that this procedure can be easily generalized to theories that break the detailed balance condition. Generally, we could replace R^{(4)} with Kij K^{ij} − λ^2K − V where the explicit form of V(g) was given in [42].

– 9 –

Clearly the solution of the equation of motion for B reproduces the original action while the equation of motion for A implies f^′(A) = B. Inserting this result into (3.2) we find

S = κ^2 ∫ dtd^Dx √ gN(f^′(A)(K_{ij} K^{ij} − λ^2K^2 − E^{ij} G_{ijkl}E^{kl} − A) + f(A)) . (3.3) Our goal is to find the Hamiltonian corresponding to the action (3.2). Even if this action is invariant under foliation preserving diffeomorphism we can consider more general case and presume that the theory does not obey the projectability condition so that N depends on x. Then we introduce the set of conjugate momenta π^{ij}(x), π^i(x), π_N (x) and P_A(x), P_B (x) where π^{ij} = δS δ∂_tg_{ij} = κ^2 √ gBG^{ijkl}K_{kl} , (3.4)

and where the remaining momenta form the primary constraints of the theory

π_N (x) ≈ 0 , π^i(x) ≈ 0 , P_A(x) ≈ 0 , P_B (x) ≈ 0 . (3.5)

Then it is straightforward to find corresponding Hamiltonian H = ∫ d^DxH(x) = ∫ d^Dx(N(x)H_0(x) + N_i(x)H^i(x) + + v_i(x)π^i(x) + v_N (x)π_N (x) + v^A(x)P_A(x) + v_B (x)P^B (x)) , H_0 = [ 1 κ^2B √ g π^{ij}G_{ijkl}π^{kl} + κ^2 √ gB(E^{ij} G_{ijkl}E^{kl} + A) − κ^2 √ gf(A) ] , H^i = −2∇_j π^{ij} . (3.6)

Since the constraints π^i(x) ≈ 0 , π_N (x) ≈ 0 have to be preserved during the time evolution of the systems we find

∂_tπ(x) = {π_N (x), H} = −H_0(x) ≈ 0 , ∂_tπ^i(x) = { π^i(x), H } = −H^i(x) ≈ 0 . (3.7)

On the other hand the requirement of the preservation of the constraints P_A(x) ≈ 0 , P_B (x) ≈ 0 during the time evolution of the system imply

∂_tP_A(x) = {P_A(x), H} = G_A(x) ≈ 0 (3.8) and ∂_tP_B (x) = {P_B (x), H} = NG_B (x) ≈ 0 , (3.9)

– 10 – where

G_A = −B + f^′(A) ,

G_B = 1 κ^2B^2 √ g π^{ij}G_{ijkl}π^{kl} − κ^2 √ g(E^{ij} G_{ijkl}E^{kl} + A) . (3.10)

Now we calculate the Poisson brackets of these constraints when we again introduce the notation Φ_I = (P_A, G_A, P_B , G_B ) , I = 1, 2, 3, 4. Then we have

{Φ_1(x), Φ_2(y)} = −f^{′′}(A)(x)δ(x − y) , {Φ_1(x), Φ_3(y)} = 0 , {Φ_1(x), Φ_4(y)} = κ^2B(x) √ g(x)δ(x − y) , {Φ_2(x), Φ_3(y)} = −δ(x − y) , {Φ_2(x), Φ_4(y)} = 0 , {Φ_3(x), Φ_4(y)} = κ^2 √ g(E^{ij} G_{ijkl}E^{kl} + A)(x)δ(x − y) . (3.11)

We see that Φ_I is collection of the second class constraints that can be set strongly to zero and explicitly solved^6. First of all, Φ_1 = Φ_3 = 0 imply that P_A = P_B = 0. Further, from Φ_2 = 0 we find B = f^′(A) . (3.12)

Finally the constraint Φ_4 = 0 together with (3.12) gives 1 κ^2f^{′2}(A) √ g π^{ij} G_{ijkl}π^{kl} = κ^2 √ g(E^{ij} G_{ijkl}E^{kl} + A) . (3.13) Again, for known f the equation above allows us to find A as a function of^1√_g π^{ij} G_{ijkl}π^{kl} and √ gE^{ij} G_{ijkl}E^{kl} so that A = Ψ( 1 √ g π^{ij}G_{ijkl}π^{kl}, √ gE^{ij} G_{ijkl}E^{kl}) . (3.14) Using these results we finally find the Hamiltonian constraint H_0 in the form

H_0 = 2 κ^2 √ gf^′(Ψ) π^{ij} G_{ijkl}π^{kl} − κ^2 √ gf(Ψ) . (3.15)

Acknowledgements: This work was supported by the Czech Ministry of Education under Contract No. MSM 0021622409.

6It the similar way as in previous section we can easily show that the Dirac bracket { gij (x), π^{kl}(y) } D coincides with the Poisson bracket { gij (x), π^{kl}(y) } .

– 11 –

References

[1] A. G. Riess et al. [Supernova Search Team Collaboration], “Observational Evidence from Supernovae for an Accelerating Universe and a Cosmological Constant,” Astron. J. 116 (1998) 1009 [arXiv:astro-ph/9805201].

[2] T. Padmanabhan, “Cosmological constant: The weight of the vacuum,” Phys. Rept. 380 (2003) 235 [arXiv:hep-th/0212290].

[3] S. M. Carroll, “The cosmological constant,” Living Rev. Rel. 4 (2001) 1

[arXiv:astro-ph/0004075].

[4] P. Horava, “Spectral Dimension of the Universe in Quantum Gravity at a Lifshitz Point,” Phys. Rev. Lett. 102 (2009) 161301 [arXiv:0902.3657 [hep-th]].

[5] E. J. Copeland, M. Sami and S. Tsujikawa, “Dynamics of dark energy,” Int. J. Mod. Phys. D 15 (2006) 1753 [arXiv:hep-th/0603057].

[6] S. Capozziello, M. De Laurentis and V. Faraoni, “A bird’s eye view of f(R)-gravity,” arXiv:0909.4672 [gr-qc].

[7] T. P. Sotiriou and V. Faraoni, “f(R) Theories Of Gravity,” arXiv:0805.1726 [gr-qc]. [8] S. Nojiri and S. D. Odintsov, “Dark energy, inflation and dark matter from modified F(R) gravity,” arXiv:0807.0685 [hep-th].

[9] V. Faraoni, “f(R) gravity: successes and challenges,” arXiv:0810.2602 [gr-qc]. [10] S. Nojiri and S. D. Odintsov, “Introduction to modified gravity and gravitational alternative for dark energy,” eConf C0602061 (2006) 06 [Int. J. Geom. Meth. Mod. Phys. 4 (2007) 115] [arXiv:hep-th/0601213].

[11] P. Horava, “Quantum Gravity at a Lifshitz Point,” Phys. Rev. D 79 (2009) 084008 [arXiv:0901.3775 [hep-th]].

[12] P. Horava, “Membranes at Quantum Criticality,” JHEP 0903 (2009) 020 [arXiv:0812.4287 [hep-th]].

[13] P. Horava, “Quantum Criticality and Yang-Mills Gauge Theory,” arXiv:0811.2217 [hep-th]. [14] K. Koyama and F. Arroja, “Pathological behaviour of the scalar graviton in Hořava-Lifshitz gravity,” arXiv:0910.1998 [hep-th].

[15] M. i. Park, “Remarks on the Scalar Graviton Decoupling and Consistency of Hořava Gravity,” arXiv:0910.1917 [hep-th].

[16] B. Chen, S. Pi and J. Z. Tang, “Power spectra of scalar and tensor modes in modified Horava -Lifshitz gravity,” arXiv:0910.0338 [hep-th].

[17] A. Wang, D. Wands and R. Maartens, “Scalar field perturbations in Horava-Lifshitz cosmology,” arXiv:0909.5167 [hep-th].

[18] T. Suyama, “Notes on Matter in Horava-Lifshitz Gravity,” arXiv:0909.4833 [hep-th]. [19] J. Z. Tang and B. Chen, “Static Spherically Symmetric Solutions to modified Horava-Lifshitz Gravity with Projectability Condition,” arXiv:0909.4127 [hep-th].

[20] C. G. Boehmer and F. S. N. Lobo, “Stability of the Einstein static universe in IR modified Hořava gravity,” arXiv:0909.3986 [gr-qc].

– 12 –

[21] G. Leon and E. N. Saridakis, “Phase-space analysis of Horava-Lifshitz cosmology,” arXiv:0909.3571 [hep-th].

[22] D. Blas, O. Pujolas and S. Sibiryakov, “A healthy extension of Horava gravity,” arXiv:0909.3525 [hep-th].

[23] P. Wu and H. W. Yu, “Stability of the Einstein static universe in Hořava-Lifshitz gravity,” arXiv:0909.2821 [gr-qc].

[24] L. Iorio and M. L. Ruggiero, “Horava-Lifshitz gravity and Solar System orbital motions,” arXiv:0909.2562 [gr-qc].

[25] C. Ding, S. Chen and J. Jing, “Dynamical evolution of scalar perturbation in Hořava-Lifshitz black-hole spacetimes,” arXiv:0909.2490 [gr-qc].

[26] S. Carloni, E. Elizalde and P. J. Silva, “An analysis of the phase space of Horava-Lifshitz cosmologies,” arXiv:0909.2219 [hep-th].

[27] H. W. Lee, Y. W. Kim and Y. S. Myung, “Extremal black holes in the Hořava-Lifshitz gravity,” arXiv:0907.3568 [hep-th].

[28] J. Kluson, “Horava-Lifshitz f(R) Gravity,” arXiv:0907.3566 [hep-th]. [29] A. Wang and R. Maartens, “Linear perturbations of cosmological models in the Horava-Lifshitz theory of gravity without detailed balance,” arXiv:0907.1748 [hep-th].

[30] J. J. Peng and S. Q. Wu, “Hawking Radiation of Black Holes in Infrared Modified Hořava-Lifshitz Gravity,” arXiv:0906.5121 [hep-th].

[31] S. Mukohyama, “Caustic avoidance in Horava-Lifshitz gravity,” JCAP 0909 (2009) 005 [arXiv:0906.5069 [hep-th]].

[32] D. Blas, O. Pujolas and S. Sibiryakov, “On the Extra Mode and Inconsistency of Horava Gravity,” JHEP 0910 (2009) 029 [arXiv:0906.3046 [hep-th]].

[33] C. Germani, A. Kehagias and K. Sfetsos, “Relativistic Quantum Gravity at a Lifshitz Point,” JHEP 0909 (2009) 060 [arXiv:0906.1201 [hep-th]].

[34] Y. S. Myung, “Propagations of massive graviton in the deformed Hořava-Lifshitz gravity,” arXiv:0906.0848 [hep-th].

[35] M. i. Park, “The Black Hole and Cosmological Solutions in IR modified Horava Gravity,” JHEP 0909 (2009) 123 [arXiv:0905.4480 [hep-th]].

[36] M. Sakamoto, “Strong Coupling Quantum Einstein Gravity at a z=2 Lifshitz Point,” Phys.

Rev. D 79 (2009) 124038 [arXiv:0905.4326 [hep-th]].

[37] S. Nojiri and S. D. Odintsov, “Covariant Horava-like renormalizable gravity and its FRW cosmology,” arXiv:0905.4213 [hep-th].

[38] G. Calcagni, “Detailed balance in Horava-Lifshitz gravity,” arXiv:0905.3740 [hep-th]. [39] S. Mukohyama, “Dark matter as integration constant in Horava-Lifshitz gravity,” Phys. Rev.

D 80 (2009) 064005 [arXiv:0905.3563 [hep-th]].

[40] X. Gao, Y. Wang, R. Brandenberger and A. Riotto, “Cosmological Perturbations in Hořava-Lifshitz Gravity,” arXiv:0905.3821 [hep-th].

[41] Y. W. Kim, H. W. Lee and Y. S. Myung, “Nonpropagation of scalar in the deformed Hořava-Lifshitz gravity,” arXiv:0905.3423 [hep-th].

– 13 –

[42] T. P. Sotiriou, M. Visser and S. Weinfurtner, “Quantum gravity without Lorentz invariance,” JHEP 0910 (2009) 033 [arXiv:0905.2798 [hep-th]].

[43] M. Li and Y. Pang, “A Trouble with Hořava-Lifshitz Gravity,” JHEP 0908 (2009) 015 [arXiv:0905.2751 [hep-th]].

[44] R. G. Cai, B. Hu and H. B. Zhang, “Dynamical Scalar Degree of Freedom in Horava-Lifshitz Gravity,” Phys. Rev. D 80 (2009) 041501 [arXiv:0905.0255 [hep-th]].

[45] S. Mukohyama, K. Nakayama, F. Takahashi and S. Yokoyama, “Phenomenological Aspects of Horava-Lifshitz Cosmology,” Phys. Lett. B 679 (2009) 6 [arXiv:0905.0055 [hep-th]].

[46] T. P. Sotiriou, M. Visser and S. Weinfurtner, “Phenomenologically viable Lorentz-violating quantum gravity,” Phys. Rev. Lett. 102 (2009) 251601 [arXiv:0904.4464 [hep-th]].

[47] X. Gao, “Cosmological Perturbations and Non-Gaussianities in Hořava-Lifshitz Gravity,” arXiv:0904.4187 [hep-th].

[48] Y. S. Piao, “Primordial Perturbation in Horava-Lifshitz Cosmology,” arXiv:0904.4117 [hep-th].

[49] R. G. Cai, Y. Liu and Y. W. Sun, “On the z=4 Horava-Lifshitz Gravity,” JHEP 0906 (2009) 010 [arXiv:0904.4104 [hep-th]].

[50] H. Nastase, “On IR solutions in Horava gravity theories,” arXiv:0904.3604 [hep-th]. [51] R. Brandenberger, “Matter Bounce in Horava-Lifshitz Cosmology,” Phys. Rev. D 80 (2009) 043516 [arXiv:0904.2835 [hep-th]].

[52] S. Mukohyama, “Scale-invariant cosmological perturbations from Horava-Lifshitz gravity without inflation,” JCAP 0906 (2009) 001 [arXiv:0904.2190 [hep-th]].

[53] H. Lu, J. Mei and C. N. Pope, “Solutions to Horava Gravity,” Phys. Rev. Lett. 103 (2009) 091301 [arXiv:0904.1595 [hep-th]].

[54] J. Kluson, “Branes at Quantum Criticality,” JHEP 0907 (2009) 079 [arXiv:0904.1343 [hep-th]].

[55] E. Kiritsis and G. Kofinas, “Horava-Lifshitz Cosmology,” Nucl. Phys. B 821 (2009) 467 [arXiv:0904.1334 [hep-th]].

[56] G. Calcagni, “Cosmology of the Lifshitz universe,” JHEP 0909 (2009) 112 [arXiv:0904.0829 [hep-th]].

[57] T. Takahashi and J. Soda, “Chiral Primordial Gravitational Waves from a Lifshitz Point,” Phys. Rev. Lett. 102 (2009) 231301 [arXiv:0904.0554 [hep-th]].

[58] M. Visser, “Lorentz symmetry breaking as a quantum field theory regulator,” Phys. Rev. D 80 (2009) 025011 [arXiv:0902.0590 [hep-th]].

[59] A. A. Kocharyan, “Is nonrelativistic gravity possible?,” Phys. Rev. D 80 (2009) 024026 [arXiv:0905.4204 [hep-th]].

[60] E. Kiritsis and G. Kofinas, “On Horava-Lifshitz ’Black Holes’,” arXiv:0910.5487 [hep-th].

– 14 –