arXiv:0911.0688v1 [hep-th] 3 Nov 2009

Preprint typeset in JHEP style - PAPER VERSION Cavendish–HEP–09/22

Distributions of charged massive scalars and fermions from evaporating higher-dimensional black holes

Marco O.P. Sampaio

Cavendish Laboratory, University of Cambridge, J.J. Thomson Avenue, Cambridge CB3 0HE, U.K.

E-mail: sampaio@hep.phy.cam.ac.uk

Abstract: A detailed numerical analysis is performed to obtain the Hawking spectrum for charged, massive brane scalars and fermions on the approximate background of a brane charged rotating higher-dimensional black hole constructed in [1]. We formulate the problem in terms of a “spinor-like” first order system of differential wave equations not only for fermions, but for scalars as well and integrate it numerically. Flux spectra are presented for non-zero mass, charge and rotation, confirming and extending previous results based on analytic approximations. In particular we describe an inverted charge splitting at low energies, which is not present in four or five dimensions and increases with the number of extra dimensions. This provides another signature of the evaporation of higher-dimensional black holes in TeV scale gravity scenarios.

Keywords: Black Holes, Hawking Radiation, Large Extra Dimensions.

Contents

1. Introduction 1

2. The fields 2

3. Numerical methods 4 3.1 Near horizon expansions 4 3.2 Far field expansions 5 3.3 Angular eigenvalues and angular functions 6

4. Numerical results 7 4.1 Transmission factors 7 4.2 Fluxes 9

5. Conclusions 12

A. Expansion coefficients 13 A.1 Scalars 13 A.2 Fermions 14

B. Matrices 14

1. Introduction

In a recent paper [1] an approximate background to model the gravitational field of a higher dimensional rotating black hole with a brane confined abelian charge was constructed. This background was coupled to massive, charged brane scalar and fermionic perturbations and the corresponding wave equations were separated to allow for the study of the associated Hawking radiation [2].

The detailed study of black hole perturbations is important in many different contexts such as astrophysics [3–7], cosmology [8] or from the purely quantum field theoretical point of view [9–11]. The particular construction in [1] was motivated by TeV gravity scenarios which contain extra dimensions [12–17], and the Standard Model fields confined to a 4- dimensional brane [18–20]. In such scenarios black holes may form [21–24] in the high energy collision of charged brane degrees of freedom so the brane charge of the black hole becomes important.

In this paper we complete the study in [1] by performing a full numerical analysis which is not constrained by the approximations of small energy, mass, charge and rotation used in analytic approaches. This allows us to obtain exact numerical results in the full

– 1 – range of energies which is important even if some of the parameters such as charge, mass or rotation are small. We confirm all the low energy features found in the analytic study, in particular the weakness of discharge for typical QED like charges. We also present plots for larger masses which are relevant for typical TeV gravity scenarios at the LHC.

The structure of the paper is the following: In Sec. 2 we briefly review the background fields and the wave equations for the scalar and fermionic perturbations with mass and charge. We formulate the scalar equation in a new “spinor-like” form which is particularly convenient for numerical integration. In Sect. 3 we provide a series expansions for the fields near the horizon, an asymptotic expansion at infinity and re-formulate the first order system in a more convenient form to extract the transmission factor. In Sect. 4 we present plots for transmission factors and the number flux spectra, confirm the low energy results, extend them to the full energy range and point out the main features with and without rotation. Finally in Sec. 5 we summarize the results emphasising the importance of implementing the new effects in black hole event generators [22, 25–28] to perform phenomenological studies of TeV gravity with black hole production.

2. The fields

We want to study a charged rotating black hole background where the abelian (i.e. Maxwell) field is confined to a four dimensional brane. As derived in [1] an approximate effective background in 4 + n dimensions is characterized by the metric

ds^2_{(4)} = ( 1 − μ̄r^{1−n} − Q^2 Σ ) dt^2 +

2a(μ̄r^{1−n} − Q^2) sin^2 θ Σ dtdϕ − Σ Δ dr^2− − Σdθ^2 − ( r^2 + a^2 + a^2(μ̄r^{1−n} − Q^2) sin^2 θ Σ ) sin^2 θdϕ^2 , (2.1)

where Δ = r^2 + a^2 + Q^2 − μ̄ r^{n−1} , Σ = r^2 + a^2 cos^2 θ , (2.2)

μ̄ = 1 + a^2 + Q^2, if we take horizon radius units (r_H = 1 – see Sect. 4.1 of [1]); and the Maxwell field is A_adx^a = −Q r Σ ( dt − a sin^2 θdϕ ) . (2.3)

Here Q is the electric charge of the black hole and a its oblateness parameter which is directly related to the amount of angular momentum [29]. If now we consider coupling other quantum fields of various spins, Hawking radiation is present [2,30–34] and the fields are thermally emitted from the hole which evaporates progressively [35–45]. The various fluxes of particle number N, energy E, angular momentum J and charge Q, are given by d^2 {N, E, J, Q} dtdω = 1 2π ∞∑ j=|s| j∑ m=−j {1, ω, m, q} exp(ω̃/T_H ) ± 1

T^{(4+n)} k (ω, μ, a, q, Q) . (2.4)

where k = {j, m} are the angular momentum quantum numbers of the partial wave, ω, μ, q are the energy, mass and charge of the particle respectively, ω̃ = ω − (ma + qQ)/(1 + a^2)

– 2 – and T_H =

(n + 1) + (n − 1)(a^2 + Q^2) 4π(1 + a^2)r_H

(2.5)

is the Hawking temperature. The term containing the exponential is the so called Planckian factor. The transmission factor T^{(4+n)} is the fraction of a wave incident from infinity which is transmitted down the horizon and is purely ingoing at the horizon. This factor is obtained by solving the wave equations for the particular field with such ingoing boundary conditions at the horizon. For the background (2.1), (2.3) separation of variables yields the following radial and angular equations [1]:

• Massive charged scalars: Δ d dr ( Δ dR dr ) + ( K^2 − ΔU ) R = 0 , (2.6)

where

K = ω(r^2 + a^2) − am − qQr (2.7) U = μ^2r^2 + Λ_{c,j,m} + ω^2a^2 − 2aωm . (2.8)

The boundary condition at the horizon is [1, 46]

R = x^{−i K⋆δ}0 (1 + . . .) (2.9)

with x = r − 1, K_⋆ = ω(1 + a^2) − am − qQ, and δ_0 = n + 1 + (n − 1)(1 + a^2 + Q^2) is the leading order coefficient of the expansion of Δ in powers of x. The angular eigenvalue Λ_{c,j,m} is determined from the angular equation 1 sin θ d dθ ( sin θ dS dθ ) + ( c^2 cos^2 θ − m^2 sin^2 θ + Λ_{c,j,m} ) S = 0 (2.10)

with c^2 = a^2(ω^2 − μ^2), by imposing regularity of the solution at cos θ = ±1. For a = 0 we have the closed form Λ_{0,j,m} = j(j + 1).

Eq. (2.6), can be written as a first order system of differential equations. This will be useful to perform the numerical integration using a similar method as for fermions. Since there is no unique way of reducing the second order equation to a first order system, we take advantage of the extra freedom to construct a spinor-like object with a conserved Wronskian and, simultaneously, an asymptotic behaviour at infinity which gives the transmission factor straightforwardly. It is then possible to show that a convenient choice is P_{±0} =

Δ^12 2 ( kR ∓ i dR dr ) , (2.11)

where in principle k can be an arbitrary constant but we set it to the momentum of the partial wave k = √ ω^2 − μ^2. So the second order equation (2.6) is replaced by the first order coupled system^1 dP_s dr = M_s(r)P_s (2.12)

1Here s is the spin which we leave arbitrary since the same type of equation will hold for fermions.

– 3 – where

M_0(r) =

Δ^′ 2Δ σ̂_1 − 1 2 ( V k − k ) σ̂_2 + i 2 ( V k + k ) σ̂_3 , (2.13) V = K^2 Δ^2 − U Δ , (2.14)

and σ̂_i are the Pauli matrices. Now, using (2.12), conservation of the Wronskian is easily checked: d dr ( P^†_sσ̂_3P_s ) = d dr ( |P_{+|s|}|^2 − |P_{−|s|}|^2 ) = 0 . (2.15)

The choice k = √ ω^2 − μ^2 ensures that P_{±0} picks respectively the outgoing/incoming part of the wave at infinity (see Sect. 3.2).

• Massive charged fermions: For fermions, the radial equation obtained in [1] is already in the form (2.12) with

M 1_2 (r) = λ Δ^12 σ̂_1 − μr Δ^12 σ̂_2 + i K Δ σ̂_3 . (2.16)

So P_{1/2} obeys the same Wronskian relation (2.15) as (2.12). Again, the incoming solution at the horizon takes the form

P 1_2 ∼ x^{−i K⋆δ}0 (a_0 + . . . ) (2.17)

with a_0 a constant spinor. The angular eigenvalue is obtained from the system of angular equations [ d dθ + 2s ( aω sin θ − m sin θ ) + 1 2 cot θ ] S_{−s} = (2sλ + aμ cos θ) S_s , (2.18)

where s = ±1/2. Once again, in general, the eigenvalues are obtained by imposing regularity of the solution at cos θ = ±1. When a = 0, λ = j + 1/2 with j a positive semi-integer.

3. Numerical methods

In this section we present the methods used to reduce the linear systems of equations at hand to initial value problems which are more convenient for numerical integration.

3.1 Near horizon expansions The boundary condition at the horizon is most easily implemented through a series expansion. This allows for a high precision initialisation of the radial functions slightly away from the horizon to avoid numerical difficulties associated with the coordinate singularity.

The expansions we need are R = x^α +∞∑ m=0 α_mx^m

P 1_2 = x^α +∞∑ m=0 a_m (√ x )_m . (3.1)

– 4 –

Note that R can be used to initialise P_0. By inserting into the wave equations (2.6) and (2.12) respectively we obtain the following recurrence relations α = −i K_⋆ δ_0

α_0 = 1, α_m = −1 m(m + 2α)δ^2_0 [ (m + α)δ_0γ̄_m + m−1∑ k=0 (γ_k(k + α)δ_{m−k} + α_kσ_{m−k}) ]

a_0 = ( 0 1 ) , a_m = (N_0 − δ_0(m + 2α))^{−1} b_m − m−1∑ j=0 N_{m−j} a_j m ≥ 1 . (3.2) where a choice of normalisation was made, when setting α_0 and a_0. The various coefficients are defined in appendices A.1 and A.2. Using expansions (3.1) we have initialised P_s at x = 0.1 by truncating the series at eighteenth order. A first estimate of the numerical error can be made by modifying this choice (we have used x = 0.05 and x = 0.01 as a check).^2

3.2 Far field expansions Once the radial function is initialised, numerical integration routines can be used to propagate the solution away from the horizon according to (2.12). When sufficiently away from the horizon, the transmission factor can be evaluated, by comparing the numerically propagated solution with its asymptotic form at large r. An asymptotic expansion can be found in the form P_s = e^{qr}r^{−γ} +∞∑ m=0 q^s_mr^{−m} , (3.3)

if we expand

M_s = +∞∑ m=0 M^s_mr^{−m} (3.4)

and equate (2.12) order by order. The leading behaviour is

P_s = Y^{(out)}_s e^{iy}y^{iφ}d^+_s + Y^{(in)}_s e^{−iy}y^{−iφ}d^−_s , (3.5)

where y = kr, Y^{(out)}_s and Y^{(in)}_s are constants, φ = ϵ ω k − σ μ k , (3.6)

ϵ = −qQ + ω(1 + a^2 + Q^2)δ_{n,0} σ = μ 2 (1 + a^2 + Q^2)δ_{n,0} , (3.7) and d^+_0 = ( 1 0 ) d^−_0 = ( 0 1 ) d^+_{12} = ( 1 −^μ_{ω+k} ) d^+_{12} = ( −^μ_{ω+k} 1 ) . (3.8)

We can now factor out the dependence at infinity so that the leading asymptotic form for the upper(lower) component of the spinor becomes Y^{(out)}_s (Y^{(in)}_s ) respectively. This is

2Throughout we have required an error ε < 10^{−4}, for the transmission factors.

– 5 – achieved by performing a rotation on the spinor P_s such that it eliminates a fixed number of subleading terms in the asymptotic expansion (3.4) (in practise we have eliminated the first two subleading terms). Then the new spinor Q_s is related to P_s through Q_s = R_sP_s and the the system to integrate becomes dQ_s dy = A_sQ_s . (3.9)

The explicit forms for A_s and R_s are given in appendix B.

Finally, the transmission factor is computed from the definition by taking the limit

T_s = lim_{r→+∞} ( 1 − | |Q^{+s} Q_{−s} | |^2 ) = 1 − | | | | Y^{(out)}_s Y^{(in)}_s | | | | 2 (3.10)

(±s for upper/lower component respectively) and an estimate of the error is obtained by varying the large r used in the limit. Furthermore, with the normalisation chosen in (3.2) we can evaluate the Wronskian (2.15) at the horizon and use its conservation to obtain a second expression

T_s = lim_{r→+∞} kW_s |Q_{−s}|^2 = kW_s |Y^{(in)}_s |^2

, (3.11)

where W_0 = K_⋆ W 1_2 = ω + k 2 . (3.12)

By comparing the results from (3.10) and (3.11), we obtain another estimate of the numerical errors. Eq. (3.11) is particularly useful since it contains explicitly the zeros of the transmission factor in the numerator.

To integrate (3.9), a code was written in C++ using the Gnu Standard Library (GSL) numerical integration routines. This was checked against an independent code in Maple11.

3.3 Angular eigenvalues and angular functions

To determine the transmission factors when the rotation parameter a is non-zero, it is necessary to solve the angular equations (2.10) and (2.18) numerically (no closed form is known for the angular eigenvalue when a ≠ 0).

Using (2.10) and (2.18), it is easy to show that all cases, except for massive fermions in a rotating background, are described by the following second order equation: 1 sin θ d dθ ( sin θ dS_s dθ ) + ( c^2 cos^2 θ − m^2 sin^2 θ + Λ_{c,j,m} + s ) S_s = 0 (3.13)

where for fermions Λ_{c,j,m} = λ^2 − a^2ω^2 + 2aωm − |s| − s. This equation, which describes spheroidal harmonics, has been studied extensively in the literature. Whenever we evaluate the result with a ≠ 0, we adopt the method in Appendix D of [28] to obtain the angular eigenvalues.

– 6 –

Figure 1: Scalar (left) and fermion (right) transmission factors for n = 2: The top plots are for variable μ and the bottom plots are for variable q. The first three partial waves are presented (note that a = 0, so waves with different m for the same j are degenerate).

For massive fermions on a rotating background, Eq. (3.13) will contain an extra term linear in aμ dS_s/dθ (see Eq. (4.29) of [1]) so the method of [28] cannot be applied. Nevertheless, since we are mostly interested in studying mass and charge effects, Eq. (3.13) allows us to obtain a representative set of cases^3.

4. Numerical results

In this section, samples of numerical data of transmission factors were generated using the method presented in Sect. 3. From such data all interesting fluxes and distributions can be computed quickly. Most of the samples were generated up to ω = 10, but some up to ω = 5 to save computing time. We show plots with ω < 5 since the curves are very quickly stabilised for large ω (either to a constant or a suppressed tail).

In sections 4.1 and 4.2 we focus mostly on results with the rotation parameter off and describe the main features for different charges and masses in the full energy range^4. For illustration purposes, in section 4.2 we present some curves with typical rotation and typical charges which may be relevant for TeV gravity scenarios.

4.1 Transmission factors

In this section we display transmission factors for individual modes, confirm the earlier

3Note that except for some final plots (which are present for illustration purposes), all the results in Sect. 4 will have a = 0.

4The effect of rotation was studied previously in [35, 37–40, 43–45]. Here we are mainly interested in charge and particle mass.

– 7 –

Figure 2: Scalar (left) and fermion (right) transmission factors for variable n: The top plots are for variable μ and the bottom plots are for variable q. Within partial waves with the same j, the curves are ordered from n = 1 to n = 6 from top to bottom (e.g. j = 1 curves indicated in the plots).

results obtained in [1] and extend them to the full energy range. We describe the main features of the plots which are relevant to the discussion of the fluxes in the next sections. We have checked that the approximate results based on the analytic approximations of [1] reproduce well the exact numerical results obtained with our method even at intermediate energies as claimed there.

In Fig. 1 we present plots for the n = 2 case and a range of charges and masses, with ω ∈ [0, 2].^5 The top plots show the first three partial waves for scalars and fermions and μ = 0, 0.5 and 1. For scalars we confirm the strong suppression at the mass threshold for the j = 0 partial waves, and the shift and suppression for higher partial waves [1]. For fermions the behaviour is similar, except that the first partial waves are not so sharply suppressed at threshold. The bottom plots show the same partial waves when the mass is set to zero, the background charge is set to Q = 0.4 and the particle charge varies between q = 1 and q = −1. Again we confirm, for both scalars and fermions, that negative charges are favoured in the full range of energies (all curves split following the same pattern as indicated for the first mode). This is because the transmission factor is the fraction of a wave incident from infinity that is transmitted through the horizon, so we would expect the Coulomb attraction to favour such negative charges as observed. This feature will be important to understand the behaviour of the fluxes, in the next section.

Figure 2 shows the variation with n. The top plots are for μ = 0.5 and the bottom plots for q = 1 and Q = 0.4. The general tendency is for the transmission factor to be

5The transmission factors asymptote to unity quickly, so this is the interesting region.

– 8 –

Figure 3: Scalar (left) and fermion (right) number fluxes for n = 4 and zero charges: The top plots show μ = 0.5 and the contributions from each partial wave to the total flux. The bottom plots show variable μ and variable n = 5, . . . , 2. For each μ the curves are naturally order in n from top to bottom, n = 5 and n = 4 are indicated for μ = 0.

suppressed with n. The exception is in the low energy region, when the charge is non-zero, where the tendency is inverted for fermions and for scalars, in the superradiant region, where the variation with n is small (this agrees with the results in [1]).

4.2 Fluxes

In this section we present plots for the particle number flux in the full energy range, summed over partial waves (we have included the first ten j-partial waves). This quantity is sufficient to illustrate the new effects, since for example the power flux curves are qualitatively similar and the charge fluxes are proportional to the corresponding number flux. Furthermore, the angular momentum flux (when rotation is present) has been studied in detail before [35,37– 40,43–45] and we will observe that even when the new effects are present, the contribution from rotation affects the spectrum in a similar fashion as in those earlier studies.

In Fig. 3 we present examples of the number flux for non-zero mass, when the charge and the rotation are set to zero. The top plots show n = 4 and μ = 0.5. Note that typical values of μ, for Standard Model heavy particles such as the top quark in TeV gravity scenarios,^6 range from 0.1 to 0.5. We also indicate the contributions from the first few j values to the total flux curve. Similarly to the transmission factors, the main feature is a sharp suppression at threshold. The area under the curves is larger for scalars than fermions, which agrees with earlier studies (see for example [39, 44]). The bottom plots

6μ is in horizon radius units and 1/rH is typically in the range 200 GeV − 1000 GeV for TeV gravity scenarios at the LHC.

– 9 –

Figure 4: Scalar (left) and fermion (right) number fluxes for n = 4, variable q, and Q = 0.6: The top plots show two opposite and large |q| = 1 cases to illustrate the charge splitting, together with the first three partial wave contributions. The bottom plots show the variation of the curves between these two large charges.

show three values of the mass and various n values. We confirm the conclusion of [1] that the area under the curves is suppressed as μ increases and the suppression at threshold is smooth both for scalars and fermions. The error from using the μ = 0 curve with a sharp cut at the mass is therefore large (most notably for fermions). Regarding variation with n, it is opposite to the tendency for the transmission factors so the n dependence of the Planckian factor dominates the magnitude.

Figure 4 shows several cases of non-zero charges. We have kept Q = 0.6, which is a large value (see Sec. 3 of [1]) so that all effects can be seen easily. Similarly we show q in the range [−1, 1]. We use n = 4 as a representative case. The top plots show the total flux for the two extreme cases q = 1 and q = −1 together with the first few partial waves contributing. The first striking observation is the confirmation that for all partial waves there is a region at low energy where charging up is favoured (i.e. the curve corresponding to negative charge is higher) and then another (dominant) region where discharge is favoured (the curve with positive charge is higher). It is also clear that if we integrate over the curves discharge is always favoured as expected. The bottom plots show a similar behaviour for a range of intermediate charges. Another interesting point is that the splitting at low energies is larger for fermions than for scalars.

The inverted splitting at low energies is a direct consequence of the extra dimensions. In Fig. 5 we show the difference in number flux of positively and negatively charged scalars and fermions when n = 0, . . . , 6. The left plot shows a typical QED coupling of |q| = Q = 0.1 and the right plot a QCD like coupling of |q| = Q = 0.3. Note however that we are

– 10 –

Figure 5: Scalar and fermion number flux asymmetries: Both plots show curves for the difference in number fluxes between positively charged and negatively charged particles for two values of |q|Q. The curves are naturally ordered in n (some cases are labelled) from n = 0 (curve with the lowest maximum) to n = 6 (highest maximum).

Figure 6: Scalar and fermion asymmetries for a = 0.9: The left plot shows number fluxes for scalars and fermions with positive and negative |q| = 0.3 for n = 4. The difference between positive and negative |q| curves is also shown in the same plot. The right plot shows the difference for scalars and a range of n’s.

dealing with an abelian theory so the latter is only indicative of the magnitude of the effect for QCD. From this figure it is now clear that the splitting is controlled by an interplay between the transmission factor (which prefers negative charges) and the Planckian factor (which prefers positive charges). For n = 0 and n = 1, the splitting is always positive so the Planckian factor dominates. However as n increases, the transmission factor starts dominating at low energies and for all n ≥ 2 we have the observed inverted region (where the curves are negative). Another interesting feature of Fig. 5 is that the plots on the left have exactly the same shape as the ones on the right. This is not surprising if we note that for qQ small we can expand the fluxes perturbatively around qQ = 0 and since |qQ| is 0.01 and 0.09 respectively, we would expect the perturbation to be dominated by the linear term so the difference is proportional to |qQ|.

Finally Fig. 6 shows some cases with a rotation parameter a = 0.9 (the typical order of magnitude for a TeV gravity scenario rotating black hole) and the typical QCD charges |q| = Q = 0.3. The left plot shows the split flux curves for the QCD case both for scalars and fermions and the difference between the two. The right plot shows the difference curves for scalars and a range of n’s. Qualitatively, the splitting of the curves when a ≠ 0

– 11 – follows the same pattern as Fig. 5. The main differences are: the oscillations which are due to the contribution of higher partial waves when a ≠ 0 (they are responsible for shedding the angular momentum of the black hole [35, 37–40, 43–45]); and the shift of the spectrum towards higher energies, which is again a well known effect of rotation related to the contribution of partial waves with larger j. It is interesting to note that the oscillations persist for large n in the right plot, which is not true for the flux plots where they tend to be smoother [35, 37–40, 43–45].

5. Conclusions

In this paper we have performed a full numerical analysis of Hawking radiation for massive, charged scalars and fermions on an effective higher dimensional rotating black hole background with charge.

In the first part we have re-formulated the problem in a convenient form and obtained: i) a series expansion to implement the boundary condition at the horizon, Eq. (3.1), and the asymptotic form at infinity, Eq. (3.3); and ii) a“spinor-like” first order system of differential equations both for scalars and fermions, Eq. (3.9).

In the second part we have shown a selection of plots to illustrate each effect. The main results are:

• We confirm and extend all the conclusions in [1] regarding massive particles to the full energy range, with all contributing partial waves. In particular we obtain the case of massive brane fermions for n > 0, which was not studied before. The main difference is that for fermions the suppression is not so sharp at the threshold energy. Since the typical mass parameters of heavy Standard Model particles for TeV black hole scenarios can go up to ∼ 0.5, this is an important effect.

• Regarding charges, we have confirmed the splitting of the fluxes between positive and negative charges in the full energy range and showed that discharge is always favoured. The most interesting feature we have found is the inverted charge splitting at low energies which, we have shown, is a new effect due to the extra dimensions for n ≥ 2. So, even though electric discharge may be small in TeV gravity black hole events [1], this splitting will still be present and it may be possible to reconstruct the splitting if such events occur in future experiments. For QCD charges, the splitting should be even larger but a non-abelian analysis will be necessary to determine which observables will display it.

These conclusions remain qualitatively the same with rotation, which affects the fluxes in ways that were observed in earlier studies.

To summarize, the methods we have described can be used in the full energy range to implement an improved model of the Hawking evaporation in black hole event generators with non-zero masses and charge asymmetries.

– 12 –

Acknowledgements I thank colleagues in the Cambridge SUSY Working Group for helpful discussions and suggestions. This work was supported by Fundação para a Ciência e Tecnologia (FCT) - Portugal, grant SFRH/BD/23052/2005.

Appendices A. Expansion coefficients A.1 Scalars The expansion coefficients we need are defined by

Δ = x +∞∑ m=0 δ_mx^m

K^2 − ΔU = +∞∑ m=0 σ_mx^m

γ̄_m = m−1∑ k=0 (k + α)α_kδ_{m−k} γ_m = (m + α)α_mδ_0 + γ̄_m .

(A.1)

It can be shown then that δ_0 = n + 1 + (n − 1) ( a^2 + Q^2 ) (A.2) δ_1 = 1 − n(n − 1) ( 1 + a^2 + Q^2 ) 2 (A.3)

δ_2 = n(n^2 − 1) ( 1 + a^2 + Q^2 ) 6 (A.4) δ_{m+1} = −(1 + ρ_{m+1})δ_m , m ≥ 3 (A.5) where ρ_2 = n − 2 3 (A.6)

ρ_{m+1} = ( 1 − 1 m + 2 ) ρ_m (A.7) and σ_0 = K^2_⋆ (A.8) σ_1 = 2K_⋆(2ω − qQ) − U_0δ_0 (A.9) σ_2 = 2K_⋆ω + (2ω − qQ)^2 − U_0δ_1 − U_1δ_0 (A.10) σ_3 = 2ω(2ω − qQ) − U_0δ_2 − U_1δ_1 − U_2δ_0 (A.11) σ_4 = ω^2 − U_0δ_3 − U_1δ_2 − U_2δ_1 (A.12) σ_m = −U_0δ_{m−1} − U_1δ_{m−2} − U_2δ_{m−3} , m ≥ 5 (A.13)

– 13 – where U_0 = Λ + ω^2a^2 − 2aωm + μ^2 (A.14) U_1 = 2μ^2 (A.15) U_2 = μ^2 (A.16) A.2 Fermions Similarly to the scalar case define

2ΔM 1_2 (r) = +∞∑ m=0 N_m (√ x )_m

Δ^12 = √ x +∞∑ m=0 δ̄_mx^m

b_{2m} = m−1∑ j=0 2δ_{m−j} (j + α)a_{2j}

b_{2m+1} = m−1∑ j=0 δ_{m−j} (2j + 2α + 1)a_{2j+1} ,

(A.17)

The matrices we need are N_0 = 2iK_⋆σ̂_3 (A.18) N_1 = 2λδ̄_0σ̂_1 − 2μδ̄_0σ̂_2 (A.19) N_2 = 2i(2ω − qQ)σ̂_3 (A.20) N_3 = 2λδ̄_1σ̂_1 − 2μ (¯ δ_1 + δ̄_0 ) σ̂_2 (A.21) N_4 = 2iωσ̂_3 (A.22) N_{2m} = 0 , m > 2 (A.23) N_{2m+1} = 2λδ̄_mσ̂_1 − 2μ(δ̄_m + δ̄_{m−1})σ̂_2 , m ≥ 1 (A.24) where δ̄_i are obtained from the following expansion

Δ^{12} = = √ xδ^{12}_0 ( 1 + +∞∑ m=1 δ_m δ_0 x^m ) 1_2 (A.25)

by fixing a certain order of truncation and expanding the square root in powers of x up to the given order.

B. Matrices In the main text we have used the following matrices:

R_0 = e^{iy}y^{iφ} 0 0 e^{−iy}y^{−iφ} (B.1)

– 14 –

R 1_2 = e^{iy}y^{iφ} 0 0 e^{−iy}y^{−iφ} 1 k(ω + k) ω + k −μ −μ ω + k (B.2)

A_s = iB_s (X_s + iY_s) e^{−iΦ} (X_s − iY_s) e^{iΦ} −iB_s (B.3)

with

Φ = 2 ( y + φ log y − j∑ m=1 c_m my^m ) (B.4)

B_s =

V 2k^2 − 1 2 − φ y − j∑ m=2 c_m y^m , s = 0

ω k^2 K Δ − μ k^2 μr Δ^12 − 1 − φ y − j∑ m=2 c_m y^m , s = 1/2 . (B.5)

c_m are coefficients such that the corresponding powers in the asymptotic expansion of (B.5) are cancelled;

X_s = 1 Δ ( y + (n − 1) ( 1 + a^2 + Q^2 ) k^{n+1} 2y^n ) , s = 0

λ Δ^12 , s = 1/2 (B.6)

Y_s = V 2k^2 − 1 2 , s = 0

1 Δ ( μωy k^2 ( y − Δ^{12} ) + ωμa^2 − aμm − qQy k ) , s = 1/2 (B.7)

and now Δ = y^2 + k^2 ( a^2 + Q^2 ) − ( 1 + a^2 + Q^2 ) k^{n+1} y^{n−1} . (B.8)

References

[1] M. O. P. Sampaio, Charge and mass effects on the evaporation of higher- dimensional rotating black holes, JHEP 10 (2009) 008, [arXiv:0907.5107].

[2] S. W. Hawking, Particle creation by black holes, Commun. Math. Phys. 43 (1975) 199–220.

– 15 –

[3] T. Regge and J. A. Wheeler, Stability of a Schwarzschild singularity, Phys. Rev. 108 (1957) 1063–1069.

[4] S. A. Teukolsky, Perturbations of a rotating black hole. 1. Fundamental equations for gravitational electromagnetic and neutrino field perturbations, Astrophys. J. 185 (1973) 635–647.

[5] W. H. Press and S. A. Teukolsky, Perturbations of a rotating black hole. II. Dynamical stability of the Kerr metric, Astrophys. J. 185 (1973) 649–674.

[6] S. A. Teukolsky and W. H. Press, Perturbations of a rotating black hole. III - Interaction of the hole with gravitational and electromagnetic radiation, Astrophys. J. 193 (1974) 443–461.

[7] S. R. Dolan, Scattering and absorption of gravitational plane waves by rotating black holes, Class. Quant. Grav. 25 (2008) 235002, [arXiv:0801.3805].

[8] D. N. Page and S. W. Hawking, Gamma rays from primordial black holes, Astrophys. J. 206 (1976) 1–7.

[9] S. W. Hawking, Information loss in black holes, Phys. Rev. D72 (2005) 084013, [hep-th/0507171].

[10] C. Rovelli, Loop quantum gravity, Living Rev. Rel. 11 (2008) 5.

[11] M. B. Green, J. H. Schwarz, and E. Witten, Superstring theory. vol. 1: Introduction, .

Cambridge, Uk: Univ. Pr. ( 1987) 469 P. (Cambridge Monographs On Mathematical Physics).

[12] I. Antoniadis, A possible new dimension at a few TeV, Phys. Lett. B246 (1990) 377–384.

[13] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, The hierarchy problem and new dimensions at a millimeter, Phys. Lett. B429 (1998) 263–272, [hep-ph/9803315].

[14] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, New dimensions at a millimeter to a Fermi and superstrings at a TeV, Phys. Lett. B436 (1998) 257–263, [hep-ph/9804398].

[15] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, Phenomenology, astrophysics and cosmology of theories with sub-millimeter dimensions and TeV scale quantum gravity, Phys. Rev. D59 (1999) 086004, [hep-ph/9807344].

[16] L. Randall and R. Sundrum, An alternative to compactification, Phys. Rev. Lett. 83 (1999) 4690–4693, [hep-th/9906064].

[17] L. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension, Phys.

Rev. Lett. 83 (1999) 3370–3373, [hep-ph/9905221].

[18] T. Flacke, D. Hooper, and J. March-Russell, Improved bounds on universal extra dimensions and consequences for LKP dark matter, Phys. Rev. D73 (2006) 095002, [hep-ph/0509352].

[19] N. Arkani-Hamed and M. Schmaltz, Hierarchies without symmetries from extra dimensions, Phys. Rev. D61 (2000) 033005, [hep-ph/9903417].

[20] N. Arkani-Hamed, Y. Grossman, and M. Schmaltz, Split fermions in extra dimensions and exponentially small cross-sections at future colliders, Phys. Rev. D61 (2000) 115004, [hep-ph/9909411].

[21] S. B. Giddings and S. D. Thomas, High energy colliders as black hole factories: The end of short distance physics, Phys. Rev. D65 (2002) 056010, [hep-ph/0106219].

– 16 –

[22] S. Dimopoulos and G. L. Landsberg, Black holes at the LHC, Phys. Rev. Lett. 87 (2001) 161602, [hep-ph/0106295].

[23] P. C. Argyres, S. Dimopoulos, and J. March-Russell, Black holes and sub-millimeter dimensions, Phys. Lett. B441 (1998) 96–104, [hep-th/9808138].

[24] D. M. Eardley and S. B. Giddings, Classical black hole production in high-energy collisions, Phys. Rev. D66 (2002) 044011, [gr-qc/0201034].

[25] C. M. Harris, P. Richardson, and B. R. Webber, CHARYBDIS: A black hole event generator, JHEP 08 (2003) 033, [hep-ph/0307305].

[26] M. Cavaglia, R. Godang, L. Cremaldi, and D. Summers, Catfish: A Monte Carlo simulator for black holes at the LHC, Comput. Phys. Commun. 177 (2007) 506–517, [hep-ph/0609001].

[27] D.-C. Dai et al., BlackMax: A black-hole event generator with rotation, recoil, split branes and brane tension, Phys. Rev. D77 (2008) 076007, [arXiv:0711.3012].

[28] J. A. Frost et al., Phenomenology of Production and Decay of Spinning Extra- Dimensional Black Holes at Hadron Colliders, JHEP 10 (2009) 014, [arXiv:0904.0979].

[29] R. C. Myers and M. J. Perry, Black holes in higher dimensional space-times, Ann. Phys. 172 (1986) 304.

[30] W. G. Unruh, Second quantization in the Kerr metric, Phys. Rev. D10 (1974) 3194–3205. [31] G. W. Gibbons, Vacuum polarization and the spontaneous loss of charge by black holes, Commun. Math. Phys. 44 (1975) 245–264.

[32] P. Candelas, P. Chrzanowski, and K. W. Howard, Quantization of electromagnetic and gravitational perturbations of a Kerr black hole, Phys. Rev. D24 (1981) 297–304.

[33] A. C. Ottewill and E. Winstanley, The renormalized stress tensor in Kerr space-time:

General results, Phys. Rev. D62 (2000) 084018, [gr-qc/0004022].

[34] M. Casals and A. C. Ottewill, Canonical quantization of the electromagnetic field on the Kerr background, Phys. Rev. D71 (2005) 124016, [gr-qc/0501005].

[35] D. Ida, K.-y. Oda, and S. C. Park, Rotating black holes at future colliders: Greybody factors for brane fields, Phys. Rev. D67 (2003) 064025, [hep-th/0212108].

[36] C. M. Harris and P. Kanti, Hawking radiation from a (4+n)-dimensional black hole: Exact results for the Schwarzschild phase, JHEP 10 (2003) 014, [hep-ph/0309054].

[37] C. M. Harris and P. Kanti, Hawking radiation from a (4+n)-dimensional rotating black hole, Phys. Lett. B633 (2006) 106–110, [hep-th/0503010].

[38] D. Ida, K.-y. Oda, and S. C. Park, Rotating black holes at future colliders. II: Anisotropic scalar field emission, Phys. Rev. D71 (2005) 124039, [hep-th/0503052].

[39] G. Duffy, C. Harris, P. Kanti, and E. Winstanley, Brane decay of a (4+n)-dimensional rotating black hole: Spin-0 particles, JHEP 09 (2005) 049, [hep-th/0507274].

[40] M. Casals, P. Kanti, and E. Winstanley, Brane decay of a (4+n)-dimensional rotating black hole. II: Spin-1 particles, JHEP 02 (2006) 051, [hep-th/0511163].

[41] V. Cardoso, M. Cavaglia, and L. Gualtieri, Black hole particle emission in higher-dimensional spacetimes, Phys. Rev. Lett. 96 (2006) 071301, [hep-th/0512002].

– 17 –

[42] V. Cardoso, M. Cavaglia, and L. Gualtieri, Hawking emission of gravitons in higher dimensions: Non- rotating black holes, JHEP 02 (2006) 021, [hep-th/0512116].

[43] D. Ida, K.-y. Oda, and S. C. Park, Rotating black holes at future colliders. III: Determination of black hole evolution, Phys. Rev. D73 (2006) 124022, [hep-th/0602188].

[44] M. Casals, S. R. Dolan, P. Kanti, and E. Winstanley, Brane decay of a (4+n)-dimensional rotating black hole. III: Spin-1/2 particles, JHEP 03 (2007) 019, [hep-th/0608193].

[45] M. Casals, S. R. Dolan, P. Kanti, and E. Winstanley, Bulk emission of scalars by a rotating black hole, JHEP 06 (2008) 071, [arXiv:0801.4910].

[46] J. M. Bardeen, W. H. Press, and S. A. Teukolsky, Rotating black holes: Locally nonrotating frames, energy extraction, and scalar synchrotron radiation, Astrophys. J. 178 (1972) 347.

– 18 –