arXiv:0911.2211v1 [hep-th] 11 Nov 2009

Preprint typeset in JHEP style - HYPER VERSION YITP-SB-09-37

Covariant propagator in AdS_5×S^5 superspace

Peng Dai^{∗1}, Ru-Nan Huang^{†2,1}, and Warren Siegel^{‡1}

1 C.N. Yang Institute for Theoretical Physics, Stony Brook University, Stony Brook, NY 11794-3840, USA

2 Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, People’s Republic of China

Abstract: We give an explicit superspace propagator for the chiral scalar field strength of 10D IIB supergravity on an AdS_5×S^5 background. Because this space is conformally flat, the propagator is very simple, almost identical to that of flat space. We also give an explicit expansion over the Kaluza-Klein modes of S^5. The fact that the full propagator is so much simpler suggests that, as in 2D conformal field theory, AdS/CFT calculations would be simpler without a mode expansion.

Keywords: AdS/CFT, coset superspace, covariant propagator.

∗Email: peng.dai@stonybrook.edu †Email: huangrn04@lzu.cn ‡Email: siegel@insti.physics.sunysb.edu

Contents

1. Introduction 1

2. The propagator in AdS_n×S^n 2

3. Expansion over Kaluza-Klein modes 4

4. Coset superspace and covariant derivatives 6

5. Invariant spacetime separations and the propagator 8

6. KG Equation 9

7. κ-symmetry relation 11

8. s_x and s_y in an explicit coset parametrization 13

9. Conclusions 15

1. Introduction

Two of the most interesting results from the anti-de Sitter/conformal field theory correspondence are implied by string theory S-matrices with external states on either the boundary [1] or the horizon [2] of AdS_5. Although supergraph methods are known to simplify calculations and extend results in “lower-dimensional” supersymmetric theories, they have not yet been applied to this 10D case. In particular, in the boundary case the emphasis has been placed on the string ground states, IIB supergravity, which describe all the BPS states of the CFT. This suggests that IIB supergravity supergraphs would be a useful approach to extend results in this area, and facilitate comparison to the corresponding 4D N=4 Yang- Mills states, also described in superspace. For the latter purpose, it is useful to not expand in the Kaluza-Klein modes of the sphere, since some of those coordinates correspond to R-symmetry coordinates of the 4D theory.

We find a further reason for avoiding this expansion is that it introduces unnecessary complication into the Feynman-Witten graph rules. In particular, we show here that one of the relevant propagators, that for the chiral scalar superfield strength [3] (dilaton +i axion at θ = 0), has an almost obvious form before expansion. After expansion, the usual hypergeometric functions are obtained. (We also give the explicit form of the latter in terms of elementary functions, which is possible because their integer and half-integer conformal weights are protected.)

– 1 –

The outline of the paper is as follows: In the next section we look at the purely bosonic case, and derive the scalar propagator on AdS_n×S^n from flat space by Weyl scale transformation. This is possible because (1) the space is conformally flat (the Weyl tensor vanishes), and (2) the scalar curvature also vanishes, so we can ignore the fact that the scalar of interest has no improvement term (and hence isn’t truly conformal in curved space). We next give the explicit Kaluza-Klein expansion of the propagator. In section 4 we generalize to supersymmetry (in 10-dimensional superspace) by constructing the appropriate coset space [4], using the coset methods of [5], and defining the action of the covariant derivatives. In the next section we define the supersymmetrized invariant lengths s_x of AdS_5 and s_y of S^5 by purely algebraic methods, i.e., without a choice of (super)coordinate system. Applying these same methods in section 6, we solve the Klein-Gordon equation to find the propagator in superspace: Δ = 3! (s_x − s_y)^4 which has the same form as the above bosonic result. In the following section we solve the κ-symmetry condition, which applies no additional conditions (because the chirality constraint has already been solved), but is a useful consistency check. A simple coordinate choice is given in section 8. We conclude with proposals for interactions.

2. The propagator in AdS_n×S^n

We shall now calculate the propagator of the massless scalar field in AdS_n×S^n. Using Poincaré coordinates for the Euclidean AdS_n, the line element of AdS_n×S^n can be written as ds^2 = dx^2 + dx^2_0 x^2_0

+ dΩ_n (2.1) = dx^2 + dx^2_0 x^2_0

+ dŶ^2 = dx^2 + dY^2 x^2_0

(2.2)

where Ŷ are unit vectors in R^{n+1} and Y ≡ x_0Ŷ . From Eq.(2.2), it is clear that a Weyl transformation can give us the flat metric

g_{μν} → x^2_0g_{μν} = η_{μν} (2.3)

The action of the massless scalar field in AdS_n×S^n is S = ∫ d^{2n}z √ gϕ□_gϕ (2.4) Performing the Weyl transformation (2.3) and the following field scaling

ϕ → x^{−n+1}_0 ϕ = ϕ^′ (2.5)

– 2 – we can bring the action into flat space S = ∫ d^{2n}z ϕ^′□_ηϕ^′ (2.6) It is easy to get the flat-space propagator Δ_η(1, 2) ≡ ⟨ϕ^′(1)ϕ^′(2)⟩ = (n − 2)! 1 [^1_2 (x_1 − x_2)^2 +^1_2 (Y_1 − Y_2)^2]^{n−1}

(2.7)

which is normalized such that − 1 2 □_ηΔ_η(1, 2) = (2π)^nδ(1, 2) (2.8) Weyl scaling back, we get the propagator in AdS_n×S^n as

Δ_g(1, 2) ≡ ⟨ϕ(1)ϕ(2)⟩ = (n − 2)!

x^{n−1}_{01} x^{n−1}_{02} [^1_2 (x_1 − x_2)^2 +^1_2 (Y_1 − Y_2)^2]^{n−1}

(2.9)

= (n − 2)![

(x_1 − x_2)^2 2x_{01}x_{02} + (x_{01} − x_{02})^2 + 2x_{01}x_{02} − 2x_{01}x_{02}Ŷ_1 · Ŷ_2 2x_{01}x_{02}

]^{−n+1} = (n − 2)![1 +

(x_1 − x_2)^2 + (x_{01} − x_{02})^2 2x_{01}x_{02}

− Ŷ_1 · Ŷ_2]^{−n+1} (2.10)

Defining the (n + 1) dimensional unit vector X̂ = 1

x_0 ( 1, 1 2 (x^2 + x^2_0), x_i ) (2.11)

and the corresponding metric

η^′ = −1 −1 +1 . .. +1 (2.12)

then the hyperbolic distance d_{12} defined on AdS_n is given by

s_x(1, 2) ≡ −X̂_1 · X̂_2 = 1 +

(x_1 − x_2)^2 + (x_{01} − x_{02})^2 2x_{01}x_{02}

= cosh d_{12} (2.13) We also have the spherical distance θ_{12} on S^n s_y(1, 2) ≡ Ŷ_1 · Ŷ_2 = cos θ_{12} (2.14) thus the propagator in AdS_n×S^n can be written as Δ_{2n}(s_x, s_y) = (n − 2)! 1 (s_x − s_y)^{n−1}

(2.15)

– 3 –

3. Expansion over Kaluza-Klein modes

We shall now derive the expansion of the propagator (2.15) over the KK modes of S^n.

The Laplacian on AdS_n and S^n can be respectively given by

□_{AdSn} = x^2_0∂^2_0 + x^2_0 n−1∑ i=1 ∂^2_i − (n − 2)x_0∂_0 (3.1) and ^□_{Sn} = 1 sin^{n−1}θ ∂ ∂θ ( sin^{n−1}θ ∂ ∂θ ) + 1 sin^2θ

^□_{Sn−1} (3.2)

Noting that Δ_{2n} is a function of only s_x and s_y, we get that

□_{AdSn} Δ_{2n} = [ (s^2_x − 1)

∂^2 ∂s^2_x + ns_x ∂ ∂s_x ] Δ_{2n} (3.3) and ^□_{Sn} Δ_{2n} = [ (1 − s^2_y)

∂^2 ∂s^2_y − ns_y ∂ ∂s_y ] Δ_{2n} (3.4)

Then the KG equation □Δ_{2n} = ( □_{AdSn} + ^□_{Sn} ) Δ_{2n} = 0 (3.5)

can be written as [ (s^2_x − 1)

∂^2 ∂s^2_x + ns_x ∂ ∂s_x + (1 − s^2_y)

∂^2 ∂s^2_y − ns_y ∂ ∂s_y ] Δ_{2n} = 0 (3.6)

When s_x, s_y ≠ 1, i.e., point 1 and 2 do not coincide, one can check that the propagator (2.15) indeed satisfies Eq.(3.6). Now, under such an assumption, let us solve Eq.(3.6) directly.

Eq.(3.6) gives us the following identical differential equations with respect to s_y and s_x, respectively [ (1 − s^2_y)

∂^2 ∂s^2_y − ns_y ∂ ∂s_y + l(l + n − 1) ] Δ_{2n} = 0 (3.7) [ (1 − s^2_x)

∂^2 ∂s^2_x − ns_x ∂ ∂s_x + l(l + n − 1) ] Δ_{2n} = 0 (3.8)

where l = 0, 1, 2, · · · , and Eq.(3.7) is the eigenequation for spherical harmonics. These equations are known as the Gegenbauer differential equations.

For Eq.(3.7), we know that s_y ∈ [−1, 1] and its solution is the Gegenbauer polynomial

C^{( n−12 )} l (s_y) = ( l + n − 2 n − 2 ) F ( −l, l + n − 1, n 2 , 1 − s_y 2 ) (3.9)

where F (α, β, γ, z) is the hypergeometric function and C^{( n−12 )}_l (s_y) is normalized such that C^{( n−12 )}

0 (s_y) = 1.

– 4 –

For Eq.(3.8), we know that s_x ∈ [1, +∞), and the boundary condition

s_x → 1, Δ_{2n} → ∞; s_x → ∞, Δ_{2n} → 0 (3.10)

tells us its solution is the Gegenbauer function of the second kind D^{( n−12 )}_l (s_x):

1) If n is odd

D^{( n−12 )} l (s_x) =

2^n2 √ π Γ ( n − 1 2 ) [ (−)^{n−12} π 2 C^{( n−12 )} l (s_x) (3.11)

+2^{n−4}

[Γ(^n_2 − 1)]^2 Γ(n − 2)

(s^2_x − 1)^{− n2 +1}F ( −l − n + 2, l + 1, − n 2 + 2, 1 − s_x 2 )]

which is simply a polynomial plus a rational function.

2) If n is even

D^{( n−12 )} l (s_x) = (3.12) √ π 2^{l+ n}2^{−1}

Γ(l + n − 1) Γ(l +^{n+1}_2 )

(s_x − 1)^{−l− n2} (s_x + 1)^{− n2 +1}F ( l + 1, l + n 2 , 2l + n, ( 1 − s_x 2 )^{−1} )

Using the following formula ([7], p.69) F ( l + 1, l + n 2 , 2l + n, z ) = (3.13)

(−)^n2^{−1}(2l + n − 1)! l! [( l +^n_2 − 1 ) ! ]_2

(l + n − 2)!

d^{l+ n}2^{−1} dz^{l+ n}2^{−1} [ (1 − z)^{l+n−2} d^{l+ n}2^{−1} dz^{l+ n}2^{−1} ( 1 z ln 1 1 − z )]

we can write D^{( n−12 )}_l (s_x) in terms as

D^{( n−12 )} l (s_x) = R_1(s_x) + R_2(s_x) · ln s_x + 1 s_x − 1

(3.14)

where R_1(s_x) and R_2(s_x) are rational functions of s_x.

It is straightforward to check that in the short-distance limit s_x → 1, for both n odd and even, we have

D^{( n−12 )} l (s_x) → Γ(^n_2 − 1) (s_x − 1)^n2^{−1}

(3.15)

which can be recognized as the massless propagator in flat n-dimensional space. Thus, Eq.(3.15) shows that we indeed get δ(x) by hitting D^{( n−12 )}_l with □_x.

One can also check, for the sake of consistency, that D^{( n−12 )}_l (s_x) is the same propagator in AdS_n given in the literature [6] (upto a normalization constant 2(2π)^n2 )

G_λ(ξ) =

Γ(λ) 2^{λ+1}π^{n−1}2 Γ ( λ −^{n−3}_2 )ξ^λF ( λ 2 , λ + 1 2 , λ − n − 3 2 , ξ^2 ) (3.16)

– 5 – where ξ = s^{−1}_x and λ = l + n − 1 is the conformal weight of the scalar field. For example, when n = 5, l = 0, we have that

D^{(2)}_0 (s_x) = √ 2π [ −2s^3_x + 3s_x (s^2_x − 1)^{32} + 2 ] (3.17)

which shows the lowest KK mode agrees with the “dilaton +i·axion” propagator.

Lastly, let us expand the propagator Δ_{2n} over C^{( n−12 )}_l and D^{( n−12 )}_l . We have shown that − 1 2 □Δ_{2n} = (2π)^nδ(x)δ(y) (3.18) and − 1 2 (□_y + m^2_l )C^{( n−12 )}_l = 0, − 1 2 (□_x − m^2_l )D^{( n−12 )}_l = (2π)^{n2} δ(x) (3.19)

where m^2_l = l(l + n − 1). Writing that

Δ_{2n}(s_x, s_y) = ∞∑ l=0 N_lD^{( n−12 )}_l (s_x)C^{( n−12 )}_l (s_y) (3.20)

we then have_∞ ∑ l=0 2^{− n}2^{+1} Γ(^n_2 )

N_lC^{( n−12 )}_l (s_y)(1 − s^2_y)^{n2 −1} = δ(s_y − 1) (3.21)

On the other hand, from the completeness of C^{( n−12 )}_l we can obtain ∞∑ l=0 2^{n−2}(l +^{n−1}_2 )[Γ(^{n−1}_2 )]^2 πΓ(n − 1) C^{( n−12 )} l (s_y)(1 − s^2_y)^{n2 −1} = δ(s_y − 1) (3.22)

Comparing Eqs.(3.21) and (3.22), we get that

N_l =

2^n2^{−1} √ π Γ ( n − 1 2 ) ( l + n − 1 2 ) (3.23)

Thus, Eq.(3.20) can be written as

Δ_{2n}(s_x, s_y) = ∞∑ l=0 2^n2^{−1} √ π Γ ( n − 1 2 ) ( l + n − 1 2 ) D^{( n−12 )} l (s_x)C^{( n−12 )}_l (s_y) (3.24)

which is our main result of this section.

For more general cases, AdS_m× S^n (m ≠ n), AdS_m× S^m × R^n , etc., the metrics are not conformally flat, so we cannot write the propagators compactly like (2.15) in such cases.

4. Coset superspace and covariant derivatives

In supersymmetry, the configuration space AdS_5×S^5 can be regarded as a coset superspace P SU(2, 2|4) SO(4, 1) ⊗ SO(5) (4.1)

– 6 –

By Wick rotations and Lie-algebra identifications, we can bring (4.1) to GL(4|4) [Sp(4) ⊗ GL(1)]^2

(4.2)

where the superconformal group is represented by unconstrained matrices GL(4|4). Now the spacetime supercoordinates themselves are a representation and the exponential parameterization techniques are no longer necessary.

We write the coset elements as

z_A^M = ( z_a^m z_a^{m̄} z_ā^m z_ā^{m̄} ) (4.3)

where the indices M are acted upon by the global superconformal group while the indices A are acted upon by the two isotropy groups [Sp(4) ⊗ GL(1)]^2. Similarly, the inverse of z_A^M can be written as z^{−1} = z_M^A = ( z_m^a z_m^ā z_{m̄}^a z_{m̄}^ā ) (4.4)

which satisfies z_A^M z_M^B = δ_A^B, z_M^Az_A^N = δ_M^N (4.5) In such a matrix representation, the covariant differentiations are simply matrix multiplications. Denoting that

(−)^{AB} = { −1 both A and B are fermionic +1 otherwise

(4.6)

we can define the covariant derivatives of z_C^M as follows

d_A^B z_C^M = δ_C^B z_A^M (−)^B (4.7)

where (−)^B = (−)^{BB} . From the fact that

d(z^{−1}) = −z^{−1}(dz)z^{−1} (4.8)

we can get the covariant derivatives of z_M^C as

d_A^B z_M^C = δ_A^C z_M^B (−)^{M(A+B)+AB+1} (4.9)

For a given field Φ = Φ(z) defined on this coset superspace, we say it is chiral if

d_a^{b̄}Φ(z) = 0 (4.10)

and antichiral if d_ā^bΦ̄(z) = 0 (4.11)

– 7 –

5. Invariant spacetime separations and the propagator

Now let us consider the scalar propagator of this coset superspace. From GL(1) charge analysis, one can prove that the propagators which are chiral (antichiral) at both spacetime point 1 and 2 are zero. Thus, without loss of generality, we only consider the propagator that is chiral at 1 and antichiral at 2, i.e.,

Δ(1, 2) = ⟨Φ(1)Φ̄(2)⟩ (5.1)

From the fact that d_a^{b̄}(1)z_c^M (1) = 0 = d_a^{b̄}(1)z_M^{c̄}(1) (5.2) and d_ā^b(2)z_M^c(2) = 0 = d_ā^b(2)z_{c̄}^M (2) (5.3)

we can construct the following two globally invariant matrices which have the desired chirality properties

M_a^b(1, 2) = z_a^M (1)z_M^b(2), N_ā^{b̄}(1, 2) = z_ā^M (2)z_M^{b̄}(1) (5.4)

For M_a^b(1, 2), we contract the local indices with Ω_{ab}, the metric of Sp(4), and mod out the GL(1) charge via √ det M; then we get the following invariant separation

s_x(1, 2) = − 1 4 tr(MΩM^T Ω) √ detM ≡ T_x √ D_x (5.5)

where T_x = − 1 4 tr(MΩM^T Ω) = 1 4 Ω^{ab}Ω_{cd}M_a^cM_b^d, D_x = det M (5.6)

It is easy to see that d_ā^{b̄}s_x = 0 (5.7)

From coset properties, we also have that

d_a^as_x = 0, d_{(ab)}s_x = 0 (5.8)

Similarly, from N_ā^{b̄}(1, 2) we can construct another invariant separation as

s_y(1, 2) = − 1 4 tr(NΩN^T Ω) √ det N ≡ T_y √ D_y (5.9)

where T_y = − 1 4 tr(NΩN^T Ω) = 1 4 Ω^{āb̄}Ω_{c̄}¯_dN_ā^{c̄}N¯_b^{d̄}, D_y = det N (5.10)

And we also have d_a^bs_y = 0, d_ā^ās_y = 0, d_{(ā}¯_{b)}s_y = 0 (5.11)

Thus, the propagator Δ(1, 2) can be written as a function of s_x and s_y

Δ = Δ(s_x, s_y) (5.12)

– 8 –

6. KG Equation Working under the conventions that Ω^{ab}Ω_{ac} = δ_c^b, Ω^{āb̄}Ω_{āc̄} = δ_{c̄}^{b̄} (6.1) we define the antisymmetric Ω-traceless part of d_{ab} and d_ā¯_b as d_{⟨ab⟩} = 1 2 (d_a^cΩ_{cb} − d_b^cΩ_{ca}) − 1 4 Ω_{ab}d_c^c (6.2) and d_{⟨ā}¯_{b⟩} = 1 2 (d_ā^{c̄}Ω_{c̄}¯_b − d¯_b^{c̄}Ω_{c̄ā}) − 1 4 Ω_ā¯_bd_{c̄}^{c̄} (6.3) Then the massless KG equation for Δ(s_x, s_y) is □(1)Δ(s_x, s_y) ≡ [ d^2_{⟨ab⟩}(1) − d^2_{⟨āb̄⟩}(1) ] Δ(s_x, s_y) = 0 (6.4) Since d^2_{⟨ab⟩}Δ = d^{⟨ab⟩}d_{⟨ab⟩}Δ (6.5) = ( d^{ab}d_{[ab]} − 1 4 d_a^ad_b^b ) Δ (6.6) = d_a^bd_b^aΔ (6.7) and similarly, d^2_{⟨āb̄⟩}Δ = d^{⟨āb̄⟩}d_{⟨ā}¯_{b⟩}Δ (6.8) = ( d^{āb̄}d_{[ā}¯_{b]} − 1 4 d_ā^ād¯_b^{b̄} ) Δ (6.9) = d_ā^{b̄}d¯_b^āΔ (6.10) we can explicitly write Eq.(6.4) as

□(1)Δ(s_x, s_y) = [ d_a^bd_b^a − d_ā^{b̄}d¯_b^ā ] (1)Δ(s_x, s_y) = [ (d_a^bs_x)(d_b^as_x)

∂^2 ∂s^2_x + (d_a^bd_b^as_x) ∂ ∂s_x − (d_ā^{b̄}s_y)(d¯_b^ās_y)

∂^2 ∂s^2_y − (d_ā^{b̄}d¯_b^ās_y) ∂ ∂s_y ] (1)Δ(s_x, s_y) (6.11)

Now we shall calculate the follow quantities in sequence:

d_a^b(d_b^as_x), (d_a^bs_x)(d_b^as_x); d_ā^{b̄}(d¯_b^ās_y), (d_ā^{b̄}s_y)(d¯_b^ās_y) From the fact that d[ln(det M)] = tr(M^{−1}dM) (6.12)

– 9 – we can get d_a^b ln D_x = δ_a^b (6.13) thus d_a^bs_x = D^{− 12}_x ( d_a^bT_x − 1 2 δ_a^bT_x ) (6.14) Then it is straightforward to obtain d_a^bd_b^as_x = 5s_x (6.15) In order to calculate (d_a^bs_x)(d_b^as_x), we first define the Pfaffians of Ω^{ab} and Ω_{ab} as follows P f(Ω^{ab}) = 1 8 ε_{abcd}Ω^{ab}Ω^{cd} ≡ α (6.16)

P f(Ω_{ab}) = 1 8 ε^{abcd}Ω_{ab}Ω_{cd} ≡ β (6.17) where ε is the Levi-Civita symbol. From the identity (αβ)^2 = det(Ω^{ab}Ω_{ac}) = 1 (6.18) we can consistently choose that αβ = 1 (6.19) It is easy to see αε^{abcd} = Ω^{ab}Ω^{cd} + Ω^{ca}Ω^{bd} + Ω^{ad}Ω^{bc} (6.20) Multiplying Eq.(6.20) with 1 8 (Ω_{gh}M_a^gM_b^h)(Ω_{ij} M_c^iM_d^j) we find that (d_a^bT_x)(d_b^aT_x) = 2T^2_x − D_x (6.21) which gives us

(d_a^bs_x)(d_b^as_x) = 1 D_x [ (d_a^bT_x)(d_b^aT_x) − (d_a^aT_x)T_x + T^2_x ] = s^2_x − αβ (6.22) Similarly, we can obtain the following results for the s_y-related quantities d_ā^{b̄}d¯_b^ās_y = 5s_y (6.23) and (d_ā^{b̄}s_y)(d¯_b^ās_y) = s^2_y − α^′β^′ (6.24) where α^′ is the Pfaffian of Ω^{āb̄} and β^′ is the Pfaffian of Ω_ā¯_b

α^′ = P f(Ω^{āb̄}) = 1 8 ε_ā¯_{bc̄}¯_dΩ^{āb̄}Ω^{c̄d̄} (6.25)

β^′ = P f(Ω_ā¯_b) = 1 8 ε^{āb̄c̄d̄}Ω_ā¯_bΩ_{c̄}¯_d (6.26)

– 10 – and we can choose α^′β^′ = 1 (6.27)

Substituting the above results into the KG equation (6.11), we get that

□Δ(s_x, s_y) = [ (s^2_x − 1)

∂^2 ∂s^2_x + 5s_x ∂ ∂s_x − (s^2_y − 1)

∂^2 ∂s^2_y − 5s_y ∂ ∂s_y ] Δ(s_x, s_y) = 0 (6.28)

which is of the same form as Eq.(3.6). Thus, the propagator we have here is of the same form as before (though now s_x and s_y are different)

Δ(s_x, s_y) = 3! 1 (s_x − s_y)^4

(6.29)

7. κ-symmetry relation

One might wonder whether the propagator (6.29) also satisfies the κ-symmetry relation as it should κ¯_{ba}(1)Δ(s_x, s_y) ≡ [ d_a^cd¯_{bc} + ηd¯_b^{c̄}d_{c̄a} + χd¯_{ba} ] (1)Δ(s_x, s_y) = 0 (7.1)

where η = ±1 and χ = constant. The χd¯_{ba} term is due to the ordering ambiguity of d_a^c and d¯_{bc} as well as d¯_b^{c̄} and d_{c̄a}.

Firstly, we would like to show that the KG equation (6.11) can be derived from the κ-symmetry relation (7.1).

The chirality property of Δ(s_x, s_y) at point 1 implies

d^{ab̄}(1)Δ(s_x, s_y) = 0 (7.2)

Together with (7.1), we have that

{d^{ab̄}, κ¯_{ba}}(1)Δ(s_x, s_y) = 0 (7.3)

It is straightforward to prove the following (anti-)commutation relation

[d_A^B, d_C^D} = (−)^B δ_C^B d_A^D − (−)^{B(C+D)+CD}δ_A^Dd_C^B (7.4)

After some algebra, we can get

{d^{ab̄}, κ¯_{ba}} = 4d^{ab}d_{ab} − 4ηd^{āb̄}d_ā¯_b + (η − 1)d_a^ad¯_b^{b̄} + 4(1 + χ − 4η)(d_a^a − d¯_b^{b̄}) (7.5)

thus {d^{ab̄}, κ¯_{ba}}Δ = 4 ( d^{ab}d_{[ab]} − ηd^{āb̄}d ¯_{[a}¯_{b]} ) Δ (7.6)

Comparing with Eqs.(6.6) and (6.9), we recognize that the right-hand side is the KG equation piece 4□Δ. (As a consistency check, η is left unfixed here and will be fixed at the end.)

Now we shall explicitly calculate κ¯_{ba}(1)Δ(s_x, s_y) and see that there is no more information contained in the κ-symmetry relation besides the KG equation.

– 11 –

First of all, from Eq.(7.1) it is easy to get that

κ¯_{ba}(1)Δ(s_x, s_y) = { (d_a^cs_x)(d¯_{bc}s_x)

∂^2 ∂s^2_x + [(d_a^cd¯_{bc}s_x) + (χ − 4η)d¯_{ba}s_x] ∂ ∂s_x +η(d¯_b^{c̄}s_y)(d_{c̄a}s_y)

∂^2 ∂s^2_y + [η(d¯_b^{c̄}d_{c̄a}s_y) + (χ + 1)d¯_{ba}s_y] ∂ ∂s_y +[(d_a^cs_x)(d¯_{bc}s_y) + η(d¯_b^{c̄}s_y)(d_{c̄a}s_x)]

∂^2 ∂s_x∂s_y } Δ(s_x, s_y) (7.7)

Using the same methods as before, we get the following results for the first line of Eq.(7.7) (d_a^cs_x)(d¯_{bc}s_x) = 1 4 (d¯_{ba}lnD_x)(s^2_x − 1) (7.8)

d_a^c(d¯_{bc}s_x) = 3D^{− 12}_x d¯_{ba}T_x − 1 4 (d¯_{ba}lnD_x)s_x (7.9)

and for the second line of Eq.(7.7)

(d¯_b^{c̄}s_y)(d_{c̄a}s_y) = 1 4 (d¯_{ba}lnD_y)(s^2_y − 1) (7.10)

d¯_b^{c̄}(d_{c̄a}s_y) = −2D^{− 12}_y d¯_{ba}T_y + 9 4 (d¯_{ba}lnD_y)s_y (7.11)

The following identity is useful

0 = z_ā^M (2)z_M^b(2) = z_ā^M (2)[z_M^c(1)z_c^N (1) + z_M^{c̄}(1)z_{c̄}^N (1)]z_N^b(2) = [z_ā^M (2)z_M^c(1)]M_c^b + N_ā^{c̄}[z_{c̄}^N (1)z_N^b(2)] (7.12)

from which we can prove that

(d¯_b^{c̄}T_y)(d_{c̄a}T_x) = −(d_a^cT_x)(d¯_{bc}T_y) (7.13) and d¯_{ba}lnD_y = −d¯_{ba}lnD_x (7.14) Thus, the third line of Eq.(7.7) can be simplified as

(d_a^cs_x)(d¯_{bc}s_y) + η(d¯_b^{c̄}s_y)(d_{c̄a}s_x) = (7.15)

(η − 1)[−(D_xD_y)^{− 12} (d_a^cT_x)(d¯_{bc}T_y) +^1_2 D^{− 12}_y (d¯_{ba}T_y)s_x −^1_2 D^{− 12}_x (d¯_{ba}T_x)s_y +^1_4 (d¯_{ba}lnD_x)s_xs_y]

– 12 –

Substituting all these results into κ-symmetry relation (7.7), we get that

κ¯_{ba}(1)Δ(s_x, s_y) = { (χ − 4η + 3)D^{− 12}_x d¯_{ba}T_x ∂ ∂s_x + (χ − 2η + 1)D^{− 12}_y d¯_{ba}T_y ∂ ∂s_y +(η − 1) [ −(D_xD_y)^{− 12} (d_a^cT_x)(d¯_{bc}T_y)

+D^{− 12}_y (d¯_{ba}T_y) 1 2 s_x − D^{− 12}_x (d¯_{ba}T_x) 1 2 s_y + 1 4 (d¯_{ba}lnD_x)s_xs_y ] ∂^2 ∂s_x∂s_y + 1 4 (d¯_{ba}lnD_x) [ (s^2_x − 1)

∂^2 ∂s^2_x − (2χ − 8η + 1)s_x ∂ ∂s_x − η(s^2_y − 1)

∂^2 ∂s^2_y − (−2χ + 9η − 2)s_y ∂ ∂s_y ]} Δ(s_x, s_y) (7.16)

It is not difficult to see that the last two lines in Eq.(7.16) is the KG equation piece. Comparing with Eq.(6.28), we can find that

η = 1, χ = 1 (7.17)

Plugging it back into Eq.(7.16), we see that all the other terms automatically vanish, which shows the result is consistent.

8. s_x and s_y in an explicit coset parametrization

We shall now choose an explicit parametrization of the coset superspace (4.2) and derive the corresponding expressions of s_x defined in Eq.(5.5) and s_y defined in Eq.(5.9).

We write the relevant parts of z and z^{−1} in chiral representation as

z_a^M = x_a^n(δ_n^m, θ_n^{m̄}), z_M^ā = (−θ_m^{n̄}, δ_{m̄}^{n̄})y_{n̄}^ā (8.1)

and in antichiral representation as

z_ā^M = y_ā^{n̄}(−θ̄_{n̄}^m, δ_{n̄}^{m̄}), z_M^a = (δ_m^n, θ̄_{m̄}^n)x_n^a (8.2)

where x_n^a is the inverse of x_a^n and y_{n̄}^ā is the inverse of y_ā^{n̄}, i.e.,

x_a^nx_n^b = δ_a^b, y_ā^{n̄}y_{n̄}^{b̄} = δ_ā^{b̄} (8.3)

Recalling the definition of M_a^b(1, 2) in Eq.(5.4), we can use chiral representation at point 1 and antichiral representation at point 2 to get

M_a^b(1, 2) = x_a^m(1)[I + θ(1)θ̄(2)]_m^nx_n^b(2) (8.4)

Then s_x can be expressed in terms of x and θ,θ̄:

s_x(1, 2) = − 1 4 tr(ΩM(1, 2)ΩM^T (1, 2)) √ det M(1, 2) (8.5)

To simplify Eq.(8.5), we define the following 4 × 4 antisymmetric matrix

X^{mn} = Ω^{ba}x_a^mx_b^n (8.6)

– 13 –

One can readily get its inverse (X^{−1})_{mn} = −Ω_{ba}x_m^ax_n^b (8.7) We regard X^{mn} as a 6-dimensional vector and lower its indices as follows X_{mn} ≡ 1 2 ϵ_{mnpq}X^{pq} = −P f(X)(X^{−1})_{mn} (8.8) Correspondingly, we define the inner product X · X^′ ≡ 1 4 X^{mn}X^′_{nm} (8.9) and get the norm of X ||X|| = √ X · X = √ −P f(X) (8.10) Thus, we can write 6-dimensional unit vectors as follows X̂^{mn} = X^{mn} √ −P f(X^{mn}) (8.11)

We also define Θ_m^n(1, 2) =

(I + θ(1)θ̄(2))_m^n [det(I + θ(1)θ̄(2))]^14

(8.12)

Using the notation defined in Eqs.(8.11) and (8.12), Eq.(8.5) can be written as s_x(1, 2) = 1 4 tr[X̂(1)Θ(1, 2)X̂^{−1} (2)Θ^T (1, 2)] (8.13) When θ, θ̄ = 0, i.e., Θ = I, we get that s_x(1, 2) = 1 4 tr[X̂(1)X̂^{−1}(2)] = −X̂(1) · X̂(2) (8.14) Similarly, for s_y we get that N_ā^{b̄}(1, 2) = y_ā^{m̄}(2)[I + θ̄(2)θ(1)]_{m̄}^{n̄}y_{n̄}^{b̄}(1) (8.15) and then s_y(1, 2) = − 1 4 tr(ΩN(1, 2)ΩN^T (1, 2)) √ det N(1, 2) (8.16) We define the following 4 × 4 antisymmetric matrix Y^{m̄n̄} = Ω^{b̄ā}y_ā^{m̄}y¯_b^{n̄} (8.17) whose inverse can be written as (Y^{−1})_{m̄n̄} = −Ω¯_{bā}y_{m̄}^āy_{n̄}^{b̄} (8.18) We also regard Y^{m̄n̄} as a 6-dimensional vector. We can lower the indices, define the inner product and get the norm of Y similarly as before. Then we define the following 6-dimensional unit vector Ŷ^{m̄n̄} = Y^{m̄n̄} √ P f(Y^{m̄n̄}) (8.19)

– 14 –

Here we also define Θ̄_{m̄}^{n̄}(1, 2) ≡ (I + θ̄(2)θ(1))_{m̄}n̄

[det(I + θ̄(2)θ(1))]^14

(8.20)

Using the notation defined in Eqs.(8.19) and (8.20), Eq.(8.16) can be written as

s_y = 1 4 tr[Ŷ (2)Θ̄(1, 2)Ŷ^{−1}(1)Θ̄^T (1, 2)] (8.21)

When θ, θ̄ = 0, i.e., Θ̄ = I, we have

s_y(1, 2) = 1 4 tr[Ŷ (2)Ŷ^{−1}(1)] = Ŷ (1) · Ŷ (2) (8.22)

9. Conclusions

We have shown that the superspace propagator is much simpler than the component propagators following from expansion in the fermionic coordinates and modes of S^5. However, the propagator we gave was for the field strength, not the prepotential, which is necessary for describing interactions. It may be simplest to use a particular lightcone gauge for this purpose, since the color-singlet operators of the boundary CFT correspond to on-shell states in the bulk; this naturally reduces the number of bosonic and fermionic coordinates of 10D IIB supergravity to those of 4D N=4 Yang-Mills theory. We plan to provide details in a future publication.

Acknowledgments

WS thanks Leonardo Rastelli for discussions. Research was supported in part by NSF grant No. PHY-0653342. RNH is grateful for the hospitality of YITP and his visit is supported by the China Scholarship Council (No. 2008102156).

References

[1] J.M. Maldacena, The Large N Limit of Superconformal Field Theories and Supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200];

S.S. Gubser, I.R. Klebanov, A.M. Polyakov, Gauge Theory Correlators from Non-Critical String Theory, Phys. Lett. B428 (1998) 105 [hep-th/9802109];

E. Witten, Anti De Sitter Space And Holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[2] L.F. Alday and J.M. Maldacena, Gluon scattering amplitudes at strong coupling, JHEP 0706 (2007) 064 [hep-th/0705.0303]

[3] P. Howe and P. West, The Complete N=2, D=10 Supergravity, Nucl. Phys. B238 (1984) 181

[4] R.R. Metsaev and A.A. Tseytlin, Type IIB Superstring action in AdS5×S5 background, Nucl.

Phys. B533 (1998) 109 [hep-th/9805028]

[5] R. Roiban and W. Siegel, Superstrings on AdS5×S5 supertwistor space, JHEP 0011 (2000) 024 [hep-th/0010104]

– 15 –

[6] C. Fronsdal, Elementary particles in a curved space. II, Phys. Rev. D 10, (1974) 589;

C.P. Burgess and C.A. Lütken, Propagators and effective potentials in anti-de Sitter space, Phys. Lett. B153 (1985) 137;

T. Inami and H. Ooguri, One-loop effective potential in anti-de Sitter space, Prog. Theor. Phys. 73 (1985) 1051;

C.J. Burges, D.Z. Freedman, S. Davis and G.W. Gibbons, Supersymmetry in anti-de Sitter space, Ann. Phys. 167 (1986) 285.

[7] A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher Transcendental Functions, Vol.1, McGraw-Hill, New York (1953)

– 16 –