arXiv:0907.1134v1 [math-ph] 7 Jul 2009

SU-4252-891

Curving Space, Effective Gravity and Simultaneous Measurements

E. Akofor^∗ Department of Physics, Syracuse University, Syracuse, NY 13244-1130, USA

Abstract

We present a way of understanding the curvature of space-time, the basic philosophy being that the (linear) geometry of any space is determined by the (linear) functionals on the algebra(s) of any fields defined on the space.

It is known that quantum states or hypothetical measurements on a quantum system may be regarded as unit or normalized positive (or non-degenerate to be more generic) linear functionals on a C^∗-algebra which contains the variable events (or variables to be brief) that describe the dynamics of the quantum system. We consider linear projection geometry and differential calculus on a C^∗-algebra A by means of the positive linear functionals A^∗ on A. The analysis is done with the help of linear projections based on a version of the Cauchy-Schwarz inequality. We mention the relation between uncertainties or errors involved in the simultaneous measurement of more than one statistical or quantum variable. We also attempt to obtain Einstein’s theory of the gravitational field by analytic continuation.

∗eakofor@phy.syr.edu

Contents

I. Introduction 4

II. Preliminaries: Hypersurfaces in R^n 5 A. Implicit surface 6 B. Observing or detecting curvature 7

III. Linear Projection Geometry 7 A. Cauchy-Schwarz inequality 7 B. Linear projections and linear dependence 9 C. Simultaneous Measurements and Uncertainties 10 1. Momentum and position in quantum mechanics 10 2. Energy Bound 11 3. Non-commutative Space-time 11 D. Decomposition and basis 12 E. Orthogonalization 13

IV. Differential Calculus: Hypersurfaces in A 13 A. Projected derivative 14 B. Projected differential ∇ on products 15 1. Tensor algebra 15 C. Tensorial derivative ∂ 17 D. Higher derivatives: Force, Curvature, ... 17 E. Quantum Fields in Space-time 18 1. A is dynamical and B is non-dynamical 19 2. Both A and B are dynamical 19 F. Some examples 19 G. Analytic continuation and Einstein gravity 24

V. Conclusion 25

A. In an orthonormal frame 26

B. Path ordering 26 C. Point Set topology 27 References 29

I. INTRODUCTION

Our senses and measurement instruments may be sensitive only to projections of real events onto our own frame(s) of reference or observation. It is however possible to learn more about the actual situations or events if we know how the real events project onto our reference frames. This fact underlies the importance of projections in our context.

We will represent variable events by elements of a C^∗-algebra A, then in a particular measurement or “state” ϕ ∈ A^∗_+ (the set of positive linear functionals on A), an observer can project a particular event A onto the ”hyper-plane” Span{B_i} spanned by a chosen collection of reference events {B_i ∈ A, i = 1, 2, ..., n} (Span{B_i} = {B = α_iB_i, α ∈ C^p }), and with the help of ϕ, determine the projection coefficients of A with respect to {B_i}. These projection coefficients measure correlations or interdependencies between the event A and the reference event set {B_i}. An event will be taken to be any descriptive label that is partially quantitative and partially qualitative (for example, a special complex matrix).

In this section (section I), we define the C^∗-algebra appropriate for our purpose. In the following section II, we review the calculus of hypersurfaces (or submanifolds) embedded in R^n [1] . In section III, with the help of the Cauchy-Schwarz inequality, we define projections which we then use to do differential calculus on a C^∗-algebra in section IV. Section V concludes with a brief summary of the main points discussed.

A C^∗-algebra A will be taken to be an associative algebra, over the field of complex numbers C , which is closed under an operation^∗ (that is, a^∗ ∈ A ∀a ∈ A) having the following properties.

a^{∗∗} = a, (ab)^∗ = b^∗a^∗, (a + b)^∗ = a^∗ + b^∗, α^∗ = ᾱ ∀ a, b ∈ A, α ∈ C , (I.1) where ᾱ denotes the complex conjugate of α. That is, A = (A, C , +, ⋆,^∗ ) = {a ∈ A; a(bc) = (ab)c, (a + b), (ab := a ⋆ b), a^∗, λa ∈ A ∀a, b ∈ A & ∀λ ∈ C }. (I.2)

A linear functional ϕ ∈ A^∗ on A has the following properties ϕ : A → C , a → ϕ(a), ϕ(a^∗) = ϕ(a), ϕ(a + b) = ϕ(a) + ϕ(b), ϕ(αa) = αϕ(a) ∀ a, b ∈ A, α ∈ C . (I.3) The set of states or (normalized) positive linear functionals is given by A^∗_+ = {ϕ ∈ A^∗, ϕ(1_A) = 1, ϕ(a^∗a) ∈ R^+ ⊂ C }, (I.4) where 1_A is the multiplicative identity in A. The positivity of ϕ allows one to define probability density functions.

[ Remark: The elementary components of a quantum system in A corresponds to irreducible representations of the automorphism group G : A → A of A. Also, G-invariant functionals are of special interest. ]

II. PRELIMINARIES: HYPERSURFACES IN R^n

The linear geometry of a p-dimensional hypersurface U in R^n is determined by the linear functionals on the algebra of R^n -valued smooth functions on U. The validity of the previous statement depends on facts similar to that the usual dot-product on R^n can be realized with a linear functional, the trace^1_n Tr over the algebra of real n × n diagonal matrices diag(R^n ) which is isomorphic to R^n . See section (III B).

While in a parametrized subspace V = {⃗x(u), u = (u^α), α = 1, 2, ..., p} of R^n = {x}, we may regard the coordinate functions ⃗x as external vector fields ⃗x : U → V ⊂ R^n , u → ⃗x(u) defined on the parameter space or hypersurface U = {u} of V = {⃗x(u)} and with values in R^n .

That is, the local curvature of U ≃ {u} is determined by the fields ⃗x : U → V ≃ {⃗x(u)} ⊂ R^n ≃ {x} living on U. As usual, the induced metric G in the local coordinates u on the hypersurface U is obtained by the dot-product of the partial derivatives of the external vector fields ⃗x. That is, G = (g_{αβ} ) = (⃗x_α · ⃗x_β), ⃗x_α = ∂_α⃗x = ∂⃗x ∂u^α . (II.1) The space of tangent vectors T_u(U) at u is spanned by the set {⃗x_α, α = 1, 2, ..., p}. That is, T_u(U) = {⃗v = ṽ^α⃗x_α}. (II.2)

A “standard” way to displace (or infinitesimally transport) a vector ⃗v along U while maintaining tangency to U is to use the covariant (or projected) derivative defined as follows.

∇ : T_u(U) → T_u(U), ⃗v → ∇⃗v = P · d⃗v = ⃗x_αg^{αβ}⃗x_β · d⃗v. g^{αβ} = g^{−1}_{αβ} . (II.3) That is to say that ∇ is the projection, through the projector P = g^{αβ}⃗x_α ⊗ ⃗x_β ≡ ⃗x_αg^{αβ}⃗x_β ≡ (x^i_αg^{αβ} x^j_β), of the differential d along the tangent plane at u ∈ U.

Since the metric here is symmetric, g_{αβ} = g_{βα}, one can then check that ∇⃗v = ⃗x_α(dṽ^α + Γ^α_βṽ^β) ≡ ⃗x_αDṽ^α, Γ^α_ρ = g^{αβ}⃗x_β · d⃗x_ρ = 1 2 g^{αβ} (∂_ρg_{βδ} − ∂_βg_{ρδ} + ∂_δg_{ρβ})du^δ , (II.4) where D is the representation of ∇ on the vectors given in component form. One can take higher derivatives and the second derivative ∇^2 contains information about the curvature of U. The curvature 2-form of the hypersurface U can then be expressed as R^α_β = d̂Γ^α_β + Γ^α_ρ ∧ Γ^ρ_β or simply dΓ^α_β + Γ^α_ρΓ^ρ_β, (II.5) where d̂ is the exterior derivative (an anti-symmetrized tensorial derivative, section IV C) and ∧ denotes the exterior product (an anti-symmetrized tensor product). For more information, see references such as [1],[2],[3],[4].

We will talk about tensors in section IV.

A. Implicit surface

Let a p-dimensional hypersurface S in R^n be defined implicitly by n − p independent (or “holonomic”) function-constraints c^a(x) = 0, a = 1, 2..., n − p.

For a displacement dx^i along S, imagine S to be parametrized as x^i = x^i(u^α), α = 1, 2, ..., p dc^a = ∂c^a ∂x^i dx^i = c_i^adx^i = c_i^a ∂x^i ∂u^α du^α = ⃗c^a · ⃗x_α du^α = 0 ∀ du. (II.6) Since the ⃗x_α are tangent to S, the ⃗c^a are normal to S. The projectors P^⊥, P^‖ are given by

P^⊥_{ij} = c^a_i (⃗c^a · ⃗c^b)^{−1}c^b_j. P^‖_{ij} = x^i_α(⃗x_α · ⃗x_β)^{−1}x^j_β.

I = P^‖ + P^⊥. (II.7)

[ Aside: It is possible to learn about the differential geometry of S without an explicit parametrization. For example, the differential ∇ parallel to S is the projection of the ordinary differential d onto S. Let ⃗T be a vector tangent to S (P^⊥ · ⃗T = 0). Then the derivative along S is given by ∇ ⃗T = P^‖ · d ⃗T = (I− P^⊥) · d ⃗T = d((I− P^⊥) · ⃗T ) − d(I− P^⊥) · ⃗T = d ⃗T + dP^⊥ · ⃗T ] (II.8)

B. Observing or detecting curvature

By monitoring the relative motion of nearby point objects in U, as described by the geodesic deviation equation D^2 Dτ^2 δu^α ≈ R^α_{βγδ} u̇^β δu^γ u̇^δ, ü^α + Γ^α_{βγ}u̇^βu̇^γ = 0, u̇^α = du^α dτ , (II.9)

one can deduce how the space is curved since it describes how the separation δu, δu^2 << δu, between two nearby moving point objects evolves. Here, curvature acts as a fictitious force (tidal force) causing the relative motion. If we choose positive curvature to correspond to the case where the paths of the objects tend to converge or get closer to each other, as for the sphere, then negative curvature will correspond to the case where the paths tend to diverge or drift apart as in the case of a saddle.

III. LINEAR PROJECTION GEOMETRY

This section builds on the definitions made in the introduction (section I) regarding C^∗-algebras.

A. Cauchy-Schwarz inequality

Consider any A ∈ A, a collection {B_i ∈ A, i = 1, 2, ..., p} and ϕ ∈ A^∗_+. Also define the function f : R^n → R^+ , λ → f(λ), f(λ) = ϕ((A + λ_iB_i)^∗(A + λ_iB_i)) = ϕ(A^∗A) + λ_iϕ(A^∗B_i + B^∗_i A) + λ_iλ_j ϕ(B^∗_i B_j ) ≡ ϕ(A^∗A) + 2λ_iN_i + λ_iλ_j M_{ij} ≥ 0, (III.1) N_i = 1 2 ϕ(A^∗B_i + B^∗_i A), M_{ij} = 1 2 ϕ(B^∗_i B_j + B^∗_j B_i), (III.2) ∂ ∂λ_i f(λ^′) = 0 ⇐⇒ λ^′_i = −M^{−1}_{ij} N_j, det(M_{ij} ) > 0, (III.3) f(λ^′) = ϕ(A^∗A) − N_iM^{−1}_{ij} N_j ≥ 0. (III.4) If we write B_I = (A, B_i) ≡ (B_0, B_i), M_{IJ} =^1_2 ϕ(B^∗_I B_J + B^∗_J B_I ), I, J = 0, 1, ..., p then the Cauchy-Schwarz inequality (III.4) becomes f(λ^′) = det(M_{IJ} ) det(M_{ij} )

≥ 0 ⇒ det(M_{IJ} ) ≥ 0. (III.5) [ As an aside, one may also seek other inequalities among various arrays of elements of A by considering f : R^n → R^+ , λ → f(λ), f_n(λ) = ϕ( (A_0 + λ_iA^i_1 + λ_iλ_jA^{ij}_2 + ... + λ_{i1} λ_{i2} ..λ_{in} A^{i1i2..in}_n )^∗ (A_0 + λ_iA^i_1 + λ_iλ_j A^{ij}_2 + ... + λ_{i1} λ_{i2} ..λ_{in} A^{i1i2..in}_n ) ) ≥ 0.

Δf(λ) = f(λ + Δλ) − f(λ) ≈ Δλ_i∂_if(λ) + Δλ_iΔλ_j∂_i∂_j f(λ) + ... (III.6) Here, one seeks to relate A_0, A^i_1, A^{ij}_2 , ..., A^{i1i2..in}_n in a similar manner as A, B_i were related to one another. Turning points, {λ^′, ∂_if(λ^′) = 0}, of f are characterized using h_{ij} = ∂_i∂_j f(λ^′) (if ∂_i∂_j f(λ^′) ≠ 0) as in multi-variable calculus. λ^′ is a local minimum (maximum) point if all eigen-values of h are +ve(-ve) and a point of inflection if some eigen-values are positive and some are negative. If det h = 0, then the nature of the turning point is indeterminate and one needs to consider the next (higher) order derivative. If all derivatives of f of order less than k vanish but the kth derivative does not vanish, that is,

∂_{i1} ∂_{i2} ...∂_{ir} f(λ^′) = 0, r = 1, 2, ..., k − 1 ∂_{i1} ∂_{i2} ...∂_{ik} f(λ^′) ≠ 0, Δf(λ^′) = f(λ^′ + Δλ) − f(λ^′) ≈ Δλ_{i1} ..Δλ_{ik} ∂_{i1} ..∂_{ik} f(λ^′) + ..., (III.7) then for even k, one can group indices and regard Δλ_{i1} ..Δλ_{ik} ∂_{i1} ..∂_{ik} f(λ^′) as an n^k2 × n^k2 square matrix and then proceed to apply the eigen-value test as in the second order ( k = 2 ) case.

If k is odd, then Δλ_{i1} ..Δλ_{ik} ∂_{i1} ..∂_{ik} f(λ^′) is not symmetric under the local coordinate reflection Δλ → −Δλ and so λ^′ is neither a local minimum point nor a local maximum point and therefore is a point of inflection.]

B. Linear projections and linear dependence

The positive determinant condition det(M_{ij} ) > 0 of (III.3) is identified as the requirement for the linear independence of the set {B_i} in the state ϕ. Any collection of p elements {B_i ∈ A, i = 1, 2, ..., p} of A is linearly independent in the state ϕ ∈ A^∗_+ if det M_{p×p} > 0, M_{p×p} = (M_{ij} ), M_{ij} = 1 2 ϕ(B^∗_i B_j + B^∗_j B_i). (III.8) We also identify N_iM^{−1}_{ij} N_j of (III.4) as the projection Proj_{{Bi}}(A) ≡ A|_{{Bi}} of A onto the hyperplane Span{B_i} spanned by {B_i}. Proj_{{Bi}}(A)^2 = N_iM^{−1}_{ij} N_j, N_i = 1 2 ϕ(A^∗B_i + B^∗_i A). (III.9) Equality in (III.4) holds when A + λ^′_iB_i = 0. That is, equality holds when A ∈ Span{B_i} in the state ϕ.

A = −λ^′_iB_i = B_iM^{−1}_{ij} N_j . (III.10) As an example (see section III A for notation), suppose A = {a = diag(⃗a), ⃗a = (a^α) ∈ R^n } is the set of real diagonal n × n matrices which is isomorphic to R^n and ϕ(a) =^1_n Tr a, a^∗ = a^†. Then det M_{IJ} = 1 n^{p+1} det(⃗b_I ·⃗b_J ) = 1 n^{p+1} f_{α1...αn−p−1} f^{α1...αn−p−1} , f_{α1...αn−p−1} = 1 √ (n − p − 1)! ε_{α1 ...αn−p−1β0β1...βp} a^{β0} b^{β1}_1 ...b^{βp}_p , (III.11) gives the volume of the parallelepipede formed by the p + 1 vectors ⃗b_I = ⃗a,⃗b_1, ...,⃗b_p ∈ R^n , where ε_{α1...αn−p−1β0β1...βp} is the Levi-Civita symbol.

For p = 2, let ⃗b_1 = ⃗b, ⃗b_2 = ⃗c with ⃗b,⃗c ∈ R^n of course. Then

a|_{(⃗b,⃗c)}^2 = ( ⃗a ·⃗b ⃗a · ⃗c ) ⃗b2 ⃗b · ⃗c ⃗b · ⃗c ⃗c2 −1 ⃗a ·⃗b ⃗a · ⃗c = (⃗a · ⃗b)2⃗c2 − 2 ⃗a ·⃗b ⃗a · ⃗c ⃗b · ⃗c + (⃗a · ⃗c)2⃗b2 ⃗b2⃗c2 − (⃗b · ⃗c)2 = ( ⃗a · ⃗c ⃗b − ⃗a ·⃗b ⃗c √ ⃗b2⃗c2 − (⃗b · ⃗c)2 )^2,

⃗a^2 ≥ a|_{(⃗b,⃗c)}^2 ⇒ cos^2 θ_1 + cos^2 θ_2 + cos^2 θ ≤ 1 + 2 cos θ_1 cos θ_2 cos θ, (III.12) where θ_1 = ∠⃗a⃗b, θ_2 = ∠⃗a⃗c, θ = ∠⃗b⃗c. To get a better feeling for, one can directly verify the inequality (III.12) for the case of ⃗a,⃗b,⃗c ∈ R^3 .

As another example, given an n × n hermitian matrix A^† = A, one can seek a linear dependence relationship among the powers B_i = A^i = AA^{i−1}, i = 0, 1, 2, ..., m of A for some positive integer m (which can also be infinite). Then one finds I+α_iA^i = 0, α_i = −(Tr(A^iA^j ))^{−1}TrA^j , which may be related to the characteristic polynomial(s) of the matrix A. Indeed if such a relation exists, it will be satisfied by the eigenvalues of A since one can write A = P A_λP^{−1}, A_λ = diag(λ_1, λ_2, ..., λ_n). One may expect only a special class of hermitian matrices to satisfy such a relation. Alternatively, the components of each eigen-vector α = (α_i) of the “power” matrix M_{i ab} = (A^i)_{ab} ≡ M_{ij} , j = n(a − 1) + b, a, b = 1, 2...n, i, j = 1, 2...n^2 form the coefficients of a characteristic polynomial of A.

C. Simultaneous Measurements and Uncertainties

Practical measurements are often simultaneous measurements involving more than one observable. In this section III C we will denote the state ϕ by ⟨ ⟩.

The fluctuation δA = A − ⟨A⟩ in an operator A naturally projects onto the planes defined by sets of operators, including the plane of fluctuations {δB_i = B_i −⟨B_i⟩}, just as the operator A does. This introduces uncertainty bounds in measurements since measurement uncertainty estimates of the type ΔA^2 = ⟨δA^†δA⟩ and {ΔB_i^2 = ⟨δB^†_i δB_i⟩} are related by the inequality (III.4), (III.5).

1. Momentum and position in quantum mechanics

Consider the momentum and position operators p_i = p_i(t) and x_i = x_i(t), then [p_i, x_j ] = −iℏδ_{ij} , [p_i, p_j] = 0, [x_i, x_j ] = 0, (III.13) ⟨p^2_i ⟩⟨x^2_j ⟩ ≥ ℏ^2 4 δ_{ij} , (III.14) if only two operators are measured simultaneously.

This means that the momentum and position in a particular direction i = j are not independent and so their simultaneous measurements interfere with one another up to an uncertainty determined by the reduced Plank constant ℏ. On the other hand, the simultaneous measurements of position and momentum projections in two orthogonal directions i ≠ j do not affect one another.

If the observables in more than two directions are considered simultaneously, then one would need to use the inequality (III.4), (III.5) in full.

2. Energy Bound

Let A = H(t), H^† = H be the Hamiltonian for a physical system whose space of observables includes the set {B_i(t)} of hermitian/antihermitian operators. Then ⟨H^2⟩ ≥ ℏ^2 4 ⟨Ḃ_i⟩M^{−1}_{ij} ⟨Ḃ_j ⟩, M_{ij} = 1 2 ⟨{B_i, B_j }⟩ = 1 2 ⟨B_iB_j + B_j B_i⟩, [H, B_i] = −iℏ( dB_i dt − ∂B_i ∂t ) ≡ −iℏḂ_i, (III.15) where h(B_i)^2 =^{ℏ2}_4 ⟨Ḃ_i⟩M^{−1}_{ij} ⟨Ḃ_j ⟩ may be regarded as the lower bound for a canonical “excitation/thermal” energy associated with the system of observables {B_i} during a simultaneous measurement in the state ϕ = ⟨ ⟩. The larger h(B_i) the more excited the system {B_i} will be in the state ϕ = ⟨ ⟩ and vice versa. If energy is required or involved in the measurement of {B_i} and we try to simultaneously measure {B_i} to arbitrarily high accuracies, then we will need perhaps unattainably high energy in order to do so if ⟨Ḃ_i⟩ ≠ 0. This is due to the following inequality for uncertainties.

ΔH^2 = ⟨δH^2⟩ ≥ ℏ^2 4 ⟨Ḃ_i⟩m^{−1}_{ij} ⟨Ḃ_j ⟩, m_{ij} = 1 2 ⟨{δB_i, δB_j }⟩ = 1 2 ⟨δB_iδB_j + δB_j δB_i⟩.(III.16) Conversely, if it is not possible to simultaneously measurement the B_i to arbitrarily high accuracies due to a lower bound on ⟨Ḃ_i⟩, then this will imply the existence of a lower bound δB_0 on B_i.

3. Non-commutative Space-time

Studies in quantum gravity suggest that there needs to be a finite lower limit to the separation between two events in space-time that can allow for the two events to be distinguishable by experiment. To introduce this minimum length in a canonical way (III.13),(III.14),(III.15) one encounters non-commutativity among position operators q^μ in different directions μ = 0, 1, 2..., n [5][6]. In the case of a Moyal space-time ([x_μ, x_ν ] = iθ_{μν} = −iθ_{νμ} = constant), if only two operators are measured simultaneously, then ⟨x^2_μ⟩⟨x^2_ν ⟩ ≥ 1 4 θ_{μν}^2. (III.17)

Again, if the observables in more than two directions are considered simultaneously, then one would need to use the inequality (III.4), (III.5) in full.

It is worthwhile to mention that the extended dot-product of the following section should not be confused with the usual dot-product in R^n used in the previous sections. From here onward any dot-product will be the extended dot-product unless specified otherwise.

D. Decomposition and basis

While in the state ϕ, let’s define a dot-product · (to simplify notation) and the kernel ker a of a ∈ A as follows. · : A × A → C , (a, b) → ·(a, b) = a · b = b · a := 1 2 ϕ(a^∗b + b^∗a). ker a = {c ∈ A, a · c = c · a = 0}. (III.18) Then we can decompose a ∈ A in the state ϕ in terms of {b_i} thus a = a^⊥ + a^‖ ≡ a|_{ker{bi}} + a|_{{bi}} ≡ Proj_{ker{bi}}(a) + Proj_{{bi}}(a), (III.19) where a^‖ = a|_{{bi}} = Proj_{{bi}}(a) = b_i (b_i · b_j )^{−1} b_j · a, a^⊥ = a|_{ker{bi}} = Proj_{ker{bi}}(a) = b̃_μ (b̃_μ · b̃_ν )^{−1} b̃_ν · a, ker{b_i} = ker b_1 ∩ ker b_2 ∩ ... ∩ ker b_p = Span{b̃_μ}, det(b̃_μ · b̃_ν ) > 0. (III.20) That is, {b̃_μ} is any linearly independent set in ker{b_i} that spans (is a basis for) ker{b_i}. The linearly independent set {b_i} forms a basis for A in the state ϕ if ker{b_i} = {0_A}.

If we denote the projector onto the {b_i} plane by P , then the mirror image (or reflection) a_{rfl} of a about the {b_i} plane is a_{rfl} = −a^⊥ + a^‖ = {−(I− P ) + P } · a = (2P − I) · a , (2P − I) · (2P − I) = I ⇒ a_{rfl} · a_{rfl} = a · a (III.21)

E. Orthogonalization

Consider the basis set B_k = {b_i, i = 1, 2..., k} = {b_1, b_2, ..., b_k} and similarly label the following sequence of k subsets as B_i = {b_1, b_2, ..., b_i}, i = 1, 2, ..., k. Then as before, P_i = Proj_{Bi−1} = b_α(b_α · b_β)^{−1}b_β, α, β = 1, 2, ..., i − 1 is the projector unto the “(i − 1)-plane” spanned by the set B_i. The sequence of projectors (P_i) has the following basic properties:

P_i · P_j = P_i, i ⩽ j P_j , i ⩾ j ≡ θ(j − i)P_i + δ_{ij} P_i + θ(i − j)P_j . P_i · b_j = b_j = { b_j · P_i for i > j } ≡ P_i · b_j = b_j + δ_{ij} P_i · b_i + θ(j − i)P_i · b_j (III.22) One can therefore check that the new set of objects O_k = {o_i, i = 1, 2, 3..., k} is orthogonal (o_i · o_j = 0 for i ≠ j), where o_i = (I− P_i) · b_i, i = 1, 2, ...k. P_1 = 0, o_1 = (I− P_1) · b_1 = b_1, o_2 = (I− P_2) · b_2 = (I− b_1 1 b_1 · b_1 b_1) · b_2 = b_2 − b_1 b_1 · b_2 b_1 · b_1 , ... o_k = (I− P_k) · b_k. o_i · o_j = b_i · (I− P_i) · (I− P_j ) · b_j . (III.23) We can then obtain the orthonormal set Ô_k = {ô_i, i = 1, 2, ..., k, ô_r · ô_s = δ_{rs}} ô_i = o_i √ o_i · o_i = (I− P_i) · b_i √ b_i · (I− P_i) · b_i . (III.24) See appendix A for an application of orthonormalization.

IV. DIFFERENTIAL CALCULUS: HYPERSURFACES IN A

The (linear) geometry of any space is determined by the (linear) functionals on the algebra of fields on the space. Here we replace the R^n of section II with a C^∗-algebra A.

A. Projected derivative

Consider a locally parametrized proper subset (with parameters x ∈ R^n ) V ≃ {b(x)} ⊂ A of the C^∗-algebra A = {a} , where ≃ means “locally isomorphic to”. Here, x ∈ R^n may be thought of as local coordinates on a parameter space U ≃ R^n of V. V may also be thought of as the value space or image of a map b : U → A. Consider the partial derivative- or “coordinate”-basis {b_α =^{∂b(x)}_{∂xα} = ∂_αb(x)} for the tangent space T_x(U) to U at the point x. That is, T_x(U) = Span{b_α} = {t = t̃^αb_α}. Now take a curve C : [0, 1] → U, τ → x(τ) on U. Then, in V, the tangent vector T to C at x is T = db(x(τ)) dτ = b_α ẋ^α ∈ T_x(U), ẋ^α = dx^α(τ) dτ . (IV.1) However, the second derivative^{d2b}_{dτ 2} =^{dT}_{dτ} is not tangent to U. Thus we need to define a parallel ( projected or intrinsic) derivative^∇_{dτ} if we assume that for any vector V , only the component of V that points along U is of interest to us. It could be the case that only the parallel component of any given vector is important to us when we live exclusively in U. With the projector P = b_α(b_α · b_β)^{−1}b_β = b_αg^{−1}_{αβ} b_β = b_αg^{αβ} b_β, P · P = P, P · b_α = b_α · P = b_α, ⇒ P · t = t ∀t ∈ T_x(U), (IV.2) we can define the projected differential ∇ = P ∘ d as follows.

∇ : A → A, a → ∇a = P · da = b_αg^{αβ} b_β · da ⇒ ∇b_α = b_β Γ^β_α, Γ^α_ρ = g^{αβ} b_β · db_ρ = g^{αβ} b_β · b_ρ′_ρ dx^{ρ′} = Γ^α_ρ′_ρ dx^{ρ′} , b_ρ′_ρ = ∂^2_ρ′_ρb, (IV.3) ∇b = P · db = b_αg^{αβ} b_β · db = b_αg^{αβ} b_β · b_α dx^α = b_α dx^α ≡ db. ∇^2b = ∇T dt = ∇(b_αdx^α) = P · d(b_αdx^α) = b_α Ddx^α, Ddx^α = Γ^α_ρ dx^ρ + d^2x^α. (IV.4) Assuming that the state ϕ = const in U and with a_1 · a_2 = a_2 · a_1, the Christoffel symbol Γ defined in (IV.3) can be written as Γ^α_ρ′_ρ := g^{αβ} b_β · b_ρ′_ρ = 1 2 g^{αβ} (∂_ρ′ g_{βρ} − ∂_βg_ρ′_ρ + ∂_ρg_ρ′_β). (IV.5) [ Aside: It may also be useful to note that for any T ∈ T (U) = ⋃ z∈U T_z(U), ∇T = P · dT = d(P · T ) − dP · T = dT − dP · T (IV.6)

This explicitly shows the role of the projector P in determining the difference between the derivative d and the projected derivative ∇. ]

B. Projected differential ∇ on products

Because of the projector P in ∇ = P ∘ d, ∇ does not satisfy the Leibnitz rule with the algebra product ⋆ in A, which is inherited by both the parametrized subset V and the tangent space T_x(U). That is, ∀t, t_1, t_2 ∈ T_x(U), P · t = t, P · (t_1t_2) = t̃^αt̃^βP · (b_αb_β) ≠ t_1t_2 ⇒ ∇(t_1t_2) ≠ ∇t_1 t_2 + t_1∇t_2. (IV.7) Next, we try applying ∇ on tensor products.

1. Tensor algebra

We will collect all tangent spaces and cotangent spaces (spaces of linear functionals on the tangent spaces) together to give the tangent and cotangent bundles T (U) = ⋃ p∈U T_p(U), T^∗(U) = ⋃ p∈U T^∗_p (U) respectively.

T^∗(U) = Span{b^α}, b^α(b_β ) = b^α · b_β := δ^α_β ⇒ b^α ∈ g^{αβ} b_β + ker b_α = (b_α · b_β)^{−1}b_β + ker b_α. (IV.8) We consider the tensor algebras T_A, T_{T (U)} of A, T (U) with corresponding dual tensor algebras T_A∗ ≡ T^∗_A, T_T ∗_{(U)} ≡ T^∗_{T (U)} for A^∗, T^∗(U). Then ∇ will satisfy the Liebnitz rule on a tensor since the projector P will inherit a tensor product structure from T_A.

We define the tensor algebra T_S of any set S = Span{s_α} = {s = s̃^αs_α} as follows.

{s_α}^{⊗n} = {s_α} ⊗ {s_α}^{⊗n−1} = {s_{α1...αn} = s_{α1} ⊗ s_{α2} ⊗ ... ⊗ s_{αn} } S^{⊗k} = Span({s_α}^{⊗k}) = {s̃^{α1...αk} s_{α1...αk} }, T_S = ∞ ⊕∑ k=0 S^{⊗k} = C ⊕ S ⊕ S^{⊗2} ⊕ ... (IV.9)

Then the action of ∇ becomes graded through the projector as follows. ∇T = P^{⊗ R(T )} · dT, P^{⊗R(T )} = P ⊗ P^{⊗ R(T )−1}, ∇(T_1 ⊗ T_2) = (P^{⊗R(T1)} ⊗ P^{⊗R(T2 )}) · d(T_1 ⊗ T_2) = (P^{⊗R(T1 )} ⊗ P^{⊗R(T2 )}) · (dT_1 ⊗ T_2 + T_1 ⊗ dT_2) = P^{⊗R(T1 )} · dT_1 ⊗ P^{⊗R(T2)} · T_2 + P^{⊗R(T1 )} · T_1 ⊗ P^{⊗R(T2)} · dT_2 = ∇T_1 ⊗ T_2 + T_1 ⊗ ∇T_2 ∀T_1, T_2 ∈ T (U) or T^∗(U), (IV.10) where R(T ) refers to the tensorial rank of T .

The tensor product ⊗ and direct sum ⊕ have the same meaning as those for matrices, for example, a tensored positive linear functional Φ ∈ T^∗_A ≡ T_A∗ acts on the tensor algebra T_A as follows.

Φ : T_A → C , t_1 ⊗ t_2 ⊗ ... → Φ(t_1 ⊗ t_2 ⊗ ...) = ϕ_1(t_1) ϕ_2(t_2) ... (IV.11) ≡ (ϕ_1 ⊗ ϕ_2 ⊗ ...)(t_1 ⊗ t_2 ⊗ ...). (IV.12) That is, Φ behaves like the trace Tr over tensor products of matrices. We model the action of the cotangent spaces T^∗(U), T_T ∗_{(U)} ≡ T^∗_{T (U)} on the tangent spaces T (U), T_{T (U)} along these lines.

Φ(t) = Φ̃_{α1α2...}(b^{α1} ⊗ b^{α2} ⊗ ...) (t̃^{β1β2...}b_{β1} ⊗ b_{β2} ⊗ ...) = Φ̃_{α1α2...}t̃^{β1β2...}(b^{α1} ⊗ b^{α2} ⊗ ...)(b_{β1} ⊗ b_{β2} ⊗ ...) = Φ̃_{α1α2...}t̃^{β1β2...} b^{α1} (b_{β1} )b^{α2} (b_{β2} )... = Φ̃_{α1α2...}t̃^{β1β2...}δ^{α1}_{β1} δ^{α2}_{β2} ... = Φ̃_{α1α2...}b̃^{α1α2...} (IV.13) We can also introduce a metric tensor g whose components are g_{αβ} = b_α · b_β, g = g_{αβ} b^α ⊗ b^β, d(b^α · b_β) = 0 = db^α · b_β + b^α · db_β = (P · db^α) · b_β + b^α · (P · db_β), ∇b^α · b_β = −b^α · ∇b_β = −Γ^ρ_β b^α · b_ρ = −Γ^α_β = −Γ^α_ρ b^ρ · b_β ⇒ ∇b^α = −Γ^α_β b^β. (IV.14)

C. Tensorial derivative ∂

It is possible to define the derivative in such a way that it increases the rank of the tensor by 1. This derivative will satisfy a “symmetrized” form of the Leibnitz rule if the tensor product is “symmetrized”. A totally symmetric tensor product will satisfy the usual Leibnitz rule. We assume that the tensor product is associative.

∂ = b^α ⊗ ∇_α : T^∗(U)^{⊗p} → T^∗(U)^{⊗ 1+p}, ∂T = b^α ⊗ ∇_αT = b^α ⊗ P^{⊗R(T )} · ∂_αT = P · b^α ⊗ P^{⊗R(T )} · ∂_αT, = P^{⊗ 1+R(T )} · (b^α ⊗ ∂_αT ).

∂(T_1 ⊗ T_2) = b^α ⊗ ∇_α(T_1 ⊗ T_2) = b^α ⊗ ∇_αT_1 ⊗ T_2 + b^α ⊗ T_1 ⊗ ∇_αT_2 = ∂T_1 ⊗ T_2 + b^α ⊗ T_1 ⊗ ∇_αT_2. (IV.15)

Therefore, for V = b_αṼ^α,

∂V = b^α ⊗ b_β (∂_αṼ^β + Γ^β_{αδ}Ṽ^δ) = b^α ⊗ b_β D_αṼ^β , ∂^2V = b^α ⊗ b^β ⊗ b_γ D_αD_βṼ^γ , (IV.16)

and so on.

D. Higher derivatives: Force, Curvature, ...

The first projected derivative of the tangent- (or velocity-) vector has the meaning of acceleration as in classical mechanics, meanwhile the second projected derivative of the velocity vector describes “intrinsic” curvature of U.

Therefore, “straight” lines or geodesics on U correspond to

Γ^α_ρ dx^ρ + d^2x^α = 0, ẍ^α = −g^{αβ} b_β · ḃ_ρ ẋ^ρ = f^α_ρ ẋ^ρ, ẋ^α = dx^α dτ = dt dτ dx^α dt = γ dx^α dt , γ = c √ g_{αβ}^{dxα}_{dt}^{dxβ}_{dt} ,

dτ = 1 c ds = 1 c √ g_{αβ} dx^αdx^β , (IV.17) where c is the speed of light in vacuum.

If ϕ is the Gibbs state ω : a → ω(a) =^{Tr(a e−βH )}_{Tr e−βH} , β =^1_{kT} of statistical mechanics for example, then a particle in a thermal bath in equilibrium at temperature T will experience a fictitious field of force (in unit of frequency s^{−1})

f^α_β = − g^{αρ} b_ρ · ḃ_β = − (ω(b^†_αb_ρ + b^†_ρb_α))^{−1} ω(b^†_ρḃ_β + ḃ^†_βb_ρ). ḃ_α = db^α dτ = dt dτ db_α dt = γ ( ∂b_α ∂t + i ℏ [H, b_α] ), γ = c √ g_{αβ}^{dxα}_{dt}^{dxβ}_{dt} , (IV.18)

where b_α may be taken to be the quantum mechanical momentum and position operators or the creation and anihilation operators constructed from them, or simply phase space coordinates. For a quantum field particle, the quantum fields and their derivatives will need to be used instead.

Strings and membranes put in a thermal bath will equally experience similar kinds of forces. Remarks:

• The set of real, symmetric, positive-determinant metrics of g-type {g} on U is at least as large as the set of positive linear functional A^∗_+. The remainder of the linear functionals A^∗/A^∗_+ also produce corresponding metrics of their own which may neither be real nor symmetric nor positive-determinant.

• Torsion effects would be present if one includes the anti-symmetric piece^1_2 ϕ(a^∗_1a_2 − a^∗_2a_1) of the dot product, so that a_1 · a_2 = ϕ(a^∗_1a_2) ≠ a_2 · a_1 = ϕ(a^∗_2a_1), since the metric would no longer be symmetric. The latter dot product is complex, implying a complex non-symmetric metric but we can consider a class of real non-symmetric dot-products: a_1 ·_λ a_2 = ϕ(λa^∗_1a_2 + λ̄a∗_2a_1), λ ∈ C . For applications of torsion, see references such as [7, 8].

E. Quantum Fields in Space-time

The (linear) geometry of space-time is determined by the (linear) functionals on the algebra(s) of the fields defined on the space-time.

Suppose V = {A(x), x ∈ U} is the value space of a given quantum field A defined in space-time U. If one then imagines the value space V as being a subspace of the covering space (or inclusive algebra) A of all the quantum field values of type A(x), then we can imagine space-time U to be curved as a result of the quantum field A : U → V ⊆ A, x → A(x). The metric will be the dot-product of the derivatives of the quantum field A and the derivative is the projected derivative ∇ = P ∘ d. That is, G = G_A = (g_{αβ} ) = (A_α · A_β) = (∂_αA · ∂_β A), P = P_A = A_αg^{αβ} A_β.

If two quantum fields A, B are present in space-time U, then one can consider the following two situations:

1. A is dynamical and B is non-dynamical

An external or applied (non-dynamical or condensed) quantum field B, as a background field, would affect the dynamics of a quantum field A by modifying the curvature of space-time through the metric G = G_A ⊕ G_B and projected derivative ∇ = P ∘ d with the projector P = P_A + P_B .

2. Both A and B are dynamical

In this case, we imagine the covering algebra C to be locally isomorphic to (written as ≃) a direct product of the covering algebras A, B of the fields considered separately. That is, C ≃ A × B. The value space V also has the local direct product structure V ≃ V_A × V_B, where V_A = {A(x), x ∈ U} and V_B = {B(x), x ∈ U}. The projected derivative is again given by ∇ = P ∘ d = (P_A + P_B ) ∘ d = ∇_A + ∇_B.

F. Some examples

These examples are for illustrative purposes only and so need not be taken too seriously.

1. Let A = R^n_q = (R^n , ∗) = {x = (x^1, x^2, ..., x^n) ≡ diag(x^1, x^2, ..., x^n) : R^n → R^n , x^ix^j ≡ x^i ∗q^j = q^{ij} x^jx^i, q^{ji} =^1_{qij} } be a q-deformed version of the R^n considered in the preliminaries section (II).

Then V = V_{q(θ)} = {⃗x : U → R^n , (x^ix^j)(u) ≡ (x^i ∗ x^j )(u) := x^i(u)e^{i2} ←− ∂ ∂uα θ^{αβ −→∂}_{∂uβ} xj(u)} may be regarded as a realization for a parametrized subspace of R^n_q , with q = q(θ) = e^i2^{←−∂ ∧−→∂} = e^{i2} ←− ∂ ∂uα θ^{αβ −→∂}_{∂uβ} . The parameter space U or hypersurface may be chosen to be isomorphic to the

Moyal plane M = {û = (û^1, û^2..., û^p), u^α = û^α(u), û^α ∈ V_{q(θ)}, û^α ∗ û^β − û^β ∗ û^α = iθ^{αβ} = −iθ^{βα} }. That is, U ≃ {u = (u^1, u^2..., u^p), u^α = û^α(u), û ∈ M }. (IV.19)

In the case where the θ^{αβ}’s are constant, the set B = {⃗x_α =^{∂⃗x}_{∂uα} } is a basis for the tangent space since partial derivatives commute. The metric is

G = (g_{αβ} ) = (⃗x_α · ⃗x_β) = 1 2n ∑ i (x^i_α ∗ x^i_β + x^i_β ∗ x^i_α), ⃗x_α = ∂_α⃗x = ∂⃗x ∂u^α . P = g^{αβ}⃗x_α ⊗ ⃗x_β ≡ ⃗x_αg^{αβ}⃗x_β ≡ (x^i_αg^{αβ} x^j_β). (IV.20) The rest of the analysis continues in a straightforward manner. For a review of quantum fields on the Moyal plane, see [9] for example.

2. We may take A = {a = ad_X : £ → £, X ∈ £} = ad_£ to be the adjoint representation of some Lie algebra £. ad_X (Y ) = [X, Y ], a^∗ = a^†, where d is the dimension of the representation. We then choose ϕ(a) =^1_d Tr a =^1_d Tr ad_X . Therefore, a · b =^1_2^1_d Tr (a^∗b + b^∗a) =^1_2^1_d Tr (ad_X^∗ ∘ ad_Y + ad_Y^∗ ∘ ad_X ) = I g(X, Y ) would be the Cartan-Killing form on £. 3. If A = GL(n, C ), the set of all complex invertible n × n matrices (regarded as invertible linear maps from C^n to C^n ), then a parametrized subset V could be a representation of any of the continuous (Lie) groups such as SL(n, C ), O(n, C ), U(n, C ), etc. U = {λ ∈ R^{dim(V)}} would be the parameter space of the Lie group. a^∗ = a^†, ϕ(a) =^1_{dim(V)} Tr a. For example, let = SL(n, C ) = {g(λ), det g = 1} be generated by the basis elements {J_α = J(λ) = ∂ ln g ∂λ^α ≡ g −1∂_αg, TrJ_α =^{∂α det g}_{det g} = 0, α = 1, 2, ..., 2n^2 − 2)}. Then since Tr[J_α, J_β ] = 0, we may be able to write [J_α, J_β] ≡ −(∂_αJ_β − ∂_βJ_α) = f^ρ_{αβ}(λ) J_ρ up to transformations of the form J_ρ → h^{−1}J_ρh. Choose V = Ad_{SL(n,C )} = {Ad_g, g ∈ SL(n, C ), Ad_g : SL(n, C ) → SL(n, C ), h → g^{−1}hg}, adjoint representation of SL(n, C ), then we can use the projector P = ad_{Jα} g^{αβ} ad_{Jβ} , ad_X Y = [X, Y ], g_{αβ} = 1 2 1 2n^2 − 2

Tr (ad_{Jα}^∗ ad_{Jβ} + ad_{Jβ}^∗ ad_{Jα} ) = 1 2 1 2n^2 − 2

(f̄^γ_{αρ}f^ρ_{γβ} + f̄^γ_{βρ}f^ρ_{γα}) (IV.21) to construct the projected derivative on U, T_λ(U) = span(B) = span{b_α = ad_{Jα} , [b_α, b_β ] = f^ρ_{αβ} b_ρ} = {X}, [ad_X , ad_Y ] = ad_{[X,Y ]}. ∇X = P · dX (IV.22)

[ A remark about multi-variable calculus: If A = GL(n, C ), a subspace of C^{n2} or R^{2n2} consisting of the algebra of invertible complex n × n matrices, then with a · b =^1_{2n} Tr(a^†b + b^†a) =^1_{2n} (a_{ij}b_{ij} + b_{ij}a_{ij} ) =^1_{2n} (a_{ij} b_{ij} + a_{ij} b_{ij}), one can consider functions F(A, C ) = {f : A → C } on A and use the usual multi-variable calculus. That is,

df(a) = da · ∂ ∂a f(a) = 1 2n (da_{ij} ∂ ∂a_{ij} + da_{ij} ∂ ∂a_{ij} )f(a) ≡ da_I ∂ ∂a_I f(a), (IV.23)

where the overline in ā_{ij} denotes complex conjugation of the element(s) a_{ij} of the matrix a. Therefore, we have for a multi-variable function f : A^m = A × A^{m−1} → C that df(a_1, ..., a_m) = da^1_{I1} ...da^m_{Im} ∂ ∂a^1_{I1} ... ∂ ∂a^m_{Im} f(a^1, ..., a^m). (IV.24)

That is, a dot product in GL(n, C ) corresponds to the usual dot product on C^{n2} or R^{2n2} . Similarly, the Euclidean integration measure in GL(n, C ) is dμ(GL) = n∏ ij da_{ij}da_{ij} = d^{2n2} a. (IV.25)

A subspace of GL(n, C ) is V = SL(n, C ) (invertible matrices with determinant= 1). dim GL(n, C ) = 2n^2, dim SL(n, C ) = 2n^2 − 2. Let λ_α, α = 1, 2..., 2n^2 − 2 parametrize SL(n, C ) in GL(n, C ). Then B = {a_α(λ) =^{∂a(λ)}_{∂λα} } spans the tangent space T_λ(U), where U is the parameter space of SL(n, C ). The induced Euclidean integration measure is

dμ(SL) = det_{αβ} ( n∑ ij ∂a_{ij} ∂λ^α ∂a_{ij} ∂λ^β ) d^{2n2 −2}λ (IV.26)

and it may be written as dμ(U) = det_{αβ} ( n∑ ij ∂a^{−1}_{ij} ∂λ^α ∂a_{ji} ∂λ^β ) d^Dλ (IV.27)

for a unitary subgroup U ⊂ GL(n, C ) of dimension D. The remark also goes for GL(n, R) and SL(n, R). ]

4. Hamiltonian system: Let A = {a : [0, 1] × R^{2n} → C } ≡ {a = (a_t, t ∈ [0, 1]), a_t : R^{2n} → C } be the algebra of complex functions on [0, 1] × R^{2n} . Then a Hamiltonian system V in A with Hamiltonian H ∈ A is defined by giving the following differentiation rule.

For any map f : [0, 1] × D → C , (t, p, q) → f(t, p, q), df dt = ∂f ∂t + {H, f}_{pb}. {a, bc}_{pb} = {a, b}_{pb}c + b{a, c}_{pb}. (IV.28) Therefore, unless the Hamiltonian H is restricted somehow, there will be at least as many Hamiltonian systems as there are elements of A since every element of A can be considered as a Hamiltonian. The parameter space here may be chosen to be U = {p ∈ R^n } ≃ {q ∈ R^n }. We may also define the state ϕ(f) ≡ F [q] = ∫ t∈[0,1] dt f(t, p(t), q(t)), f^∗ = f̄. (IV.29) The classical case {a, b}_{pb} =^{∂a}_{∂p}^{∂b}_{∂q} −^{∂b}_{∂p}^{∂a}_{∂q} may be extended as follows: replace the canonical variables x = (p, q) with x_∗ = (p_∗, q_∗), where

(p, q) → (p_∗, q_∗) = (pe^{12 (} ←− ∂ ∂p −→ ∂ ∂q −^{←−∂}_{∂q}^{−→∂}_{∂p} ), qe^1_2 (^{←−∂}_{∂p}^{−→∂}_{∂q} −^{←−∂}_{∂q}^{−→∂}_{∂p} )) ≡ (pe^1_2 ←−∂ ∧−→∂ , qe^1_2 ←−∂ ∧−→∂ ).(IV.30) Then f(t, p, q) → f_∗ = f(t, p_∗, q_∗) := ∫ d^np̃d^nq̃ f̃(t, p̃, q̃) e^{i(p̃p∗+q̃q∗)} (Weyl ordering choice), ḟ_∗ = df^∗ dt = d dt f(t, p_∗(t), q_∗(t)) := ∂f_∗ ∂t + [H_∗, f_∗] = ∂f_∗ ∂t + H_∗f_∗ − f_∗H_∗, d(f_∗g_∗) dt = [H_∗, f_∗g_∗] = [H_∗, f_∗] g_∗ + f_∗ [H_∗, g_∗] = df_∗ dt g_∗ + f_∗ dg_∗ dt . (IV.31) The ∗ operation is a particular case of π in the equation π(f)π(g) = π(f∗g), where (f∗g)(x) = f(x)e^12^{←−∂ ∧−→∂} g(x). In the undeformed case, the tangent space is spanned by {b_i = q̇_i = {H, q_i}_{P B} =^{∂H}_{∂pi} } and so the projector unto the tangent space is P = b_i(b_i · b_j)^{−1}b_j . (IV.32) Similarly, in the deformed case, the tangent space is spanned by {b_i = q̇_{∗i} = [H_∗, q_{∗i}]} and one also has a projector P onto the tangent space.

The projector P can then be used to define a projected differential ∇ = P ∘ d as before. 5. A = {Φ : G → C , θ → Φ(θ)} could be the algebra of functions of Grassman variables G = {θ} meanwhile V = {Φ_x} would be the value set(s) of (reducible or irreducible) superfield(s) Φ : R^n → A, x → Φ_x. The operation^∗ is the usual complex (or hermitian) conjugation^†. We take Grassman integrals (integration over Grassman variables) to be linear functionals ϕ’s on A. The parameter space would then be U = {x} = M^n. That is ϕ(Φ) = ∫ dθ Φ_x(θ).

One can also investigate effects of non-commutativity in supersymmetry such as in [10].

6. A could be the space of all random variables. V ⊂ A be the value space of quantizable fields {φ} of any classical field theory whose dynamics is based on an action principle with an action S = S[{φ}]. U would be space-time, ϕ would be a quantum measure such as the path integral measure and a^∗ = a^† : ϕ(a) = 1 N ∫ D{φ} a e^{iℏ S[{φ}]}, N = ∫ D{φ} e^{iℏ S[{φ}]}. (IV.33)

We may as usual take the components of the partial derivatives {∂_μφ} (which are parallel to the momentum of the fields as a Noether current corresponding to translational invariance) as a basis for the tangent space T (U). However, the components of any of the “conserved”(or Noether) currents (which are associated with the symmetries of the action S[{φ}] ) may be used as a basis for a physically realizable tangent space T_{ph}(U). Here, f({φ}) =^1_N e^iℏ^{S[{φ}]} may be regarded as a joint probability density function (jpdf) for the random variables {φ}, and so one can define conditional probability density functions (cpdf’s) and hence conditional states corresponding to the cpdf’s. A similar procedure can be followed for other statistical field theories as well.

7. We can also consider the parametrization (parameters include rest mass m, electric charge e, speed of light in vacuum c, the reduced Plank constant ℏ, Newton’s gravitational constant G, Boltzmann constant k = k_B and so on) and or dynamics of universes based on or at our own universe.

We may interpret the metric g as a means of communication between vectors pointing in different directions, concerning how the vectors need to fit together in order to generate variously skewed frames of various sizes on which various shapes can then be constructed. Let A = {φ : x ∈ M → φ(x)} be the space of all quantum fields that can be localized in space-time M. The value space of physically realizable quantum fields is given by V = {φ_x(u), u = (u^1, u^2, ...) := (m, e, c, ℏ, G, k, ...), x ∈ D ⊂ M}, where the parameter space U = {u} is the set of all possible values that the physical constants can assume in various universes. We will take a basis for parallel displacement along the parameter space U to be B = {φ_I ≡ φ_{αx} =^{∂φx}_{∂uα} , x ∈ D, α = 1, 2, ...}. The quantum field φ : x ∈ D ⊂ M → φ(x) is supported in the finite region D of space-time.

If gauge invariance is desired, eg. for a universe in a background gauge field with potential A, then we may extend the operation^∗ thus: φ^∗_x = φ^†_x Pe^{ie} ∫_{x̂} x A, (x̂^μφ)_x = x^μφ_x, ϕ(φ_x) = ⟨0|T (φ_x)|0⟩, (IV.34) where P, T denote path ordering and time-ordering respectively, x̂ is a position operator, A is differential 1-form gauge field and ϕ is the vacuum state of the quantum field theory. The metric g_{IJ} ≡ g_{αx βy} = ϕ(φ^∗_{αx}φ_{βy}) = ⟨0|T (φ^†_{xα}Pe^{ie} ∫_y x Aφ_{βy})|0⟩ ≡ φ_I · φ_J , (IV.35) is therefore a causal and gauge-invariant “propagator”. The corresponding projector can the n be written down, P = φ_I g^{IJ} φ_J = φ_I g^{−1}_{IJ} φ_J ≡ φ_I (φ_I · φ_J )^{−1}φ_J .

G. Analytic continuation and Einstein gravity

Analytic continuation, introduced for the dynamical aspect of space-time, is achieved through a Lagrange multiplier. The differential d̂ used in this section IV G is the exterior differential and the product is the exterior product.

Consider space-time U ≃ {x} and represent all the fields in some region D ⊂ U by a grand field A and denote its local value space as V ≃ {A(x)}. A ⊇ V is then the grand algebra, of all fields supported in the region D ⊂ U. The linear functionals on A should contribute in determining the geometry of D and hence that of U by analytic continuation.

We will denote the local metric, connection and curvature due to the grand field A by g^A, ω and Ω respectively. We also denote the analytically continued local metric, connection and curvature by g, Γ and R respectively.

Then the curvature 2-forms Ω^α_β and R^α_β satisfy the 2nd Bianchi identity simultaneously in D ⊂ U. ^∇_Aω^α_β = d̂ω^α_β + ω^α_ρΩ^ρ_β − ω^ρ_βΩ^α_ρ = 0 (IV.36) = (P̄e^− ∫ γ ω d̂ Pe^∫γ^ω)Ω, ^∇R^α_β = d̂R^α_β + Γ^α_ρR^ρ_β − Γ^ρ_β R^α_ρ = 0 = (P̄e^− ∫ γ Γ d̂ Pe^∫γ^Γ)R, (IV.37) where P and P̄ denote path ordering and reverse path ordering (Appendix B) respectively. Therefore in U, Ω and R may be related through a Lagrange multiplier λ.

R̃^α_β = λ^{αμ}_{βν} Ω̃^ν_μ + C^α_β, (IV.38) R̃^α_β = (Pe^∫γ^Γ R)^α_β = (Pe^∫γ^Γ)^α_μ (P̄e^{− ∫}γ^Γ)^ν_β R^μ_ν , Ω̃^α_β = (Pe^∫γ^ω R)^α_β = (Pe^∫γ^ω)^α_μ (P̄e^{− ∫}γ^ω)^ν_β Ω^μ_ν , (IV.39)

where λ is a 4-array of closed 0-forms (constant functions) and C is a 2-array of closed 2-forms (d̂λ = 0, d̂C = 0). The major point here is that meanwhile Ω̃ has support only in D ⊂ U, R̃ and C can be supported anywhere in U.

Let’s consider (IV.38) to be a substitute for Einstein’s field equations of gravity (precise correspondence is a matter of the choice of contours γ). Then we see that in the absence of matter fields, Ω = 0, the curvature 2-form R can be locally related to a closed 2-form C by a local transformation (rotation) Λ = Pe ∫ γ Γ as indicated by the 2nd Bianchi identity (IV.36), (IV.37).

V. CONCLUSION

We have reviewed linear projection geometry on a C^∗-algebra A using the Cauchy-Schwartz inequality for positive linear functionals on A as a natural tool for that purpose. The physics of statistical and quantum measurements was mentioned. We also reviewed calculus on hypersurfaces in A, where linear projection geometry played an important role. Finally, we discussed how a field supported in a certain region D of space-time U can produce curvature in the support D and that this curvature could then be analytically continued to all of U with the help of the 2nd Bianchi identity. This analytic continuation was intended to make contact with Einstein’s field equations for gravity.

Acknowledgements

This work was supported by the US Department of Energy under grant number DE-FG02- 85ER40231. The author is grateful to Prof. A. P. Balachandran for the ideas that made this work possible.

APPENDIX A: IN AN ORTHONORMAL FRAME

We wish to see how the connection 1-form Γ and curvature 2-form R look in an orthonormal basis for the tangent space.

Assume that we have a local orthonormal frame (a basis {b_α} can be orthonormalized, section III E, to give a basis {b̂_α} such that g_{αβ} = b̂_α · b̂_β = δ_{αβ} ). Then since P = b_αg^{αβ} b_β, dg_{μν} = db_α · b_β + b_α · db_β = db_α · b_β + b_α · db_β = ∇b_α · b_β + b_α · ∇b_β = Γ^ρ_α b_ρ · b_β + Γ^ρ_βb_α · b_ρ = Γ^ρ_α g_{ρβ} + Γ^ρ_βg_{αρ} = Γ_{βα} + Γ_{αβ} = b_β · db_α + b_α · db_β , R_{αβ} = g_{αρ}R^ρ_β = g_{αρ}(dΓ^ρ_β + Γ^ρ_γ Γ^γ_β), (A.1) we have P̂ = b̂_αδ^{αβ}b̂_β = b̂_αb̂_α, Γ̂^α_β = Γ̂_{αβ} = −Γ̂_{βα} = b̂_α · db̂_β , R̂^α_β = R̂_{αβ} = dΓ̂_{αβ} + Γ̂_{αγ}Γ̂_{γβ} = −R̂_{αβ}. (A.2) Therefore, in 2 dimensions in particular, R is exact in an orthonormal basis and the lone non-zero component of R (respectively Γ) is R̂_{12} (respectively Γ̂_{12}) ; R̂_{12} = dΓ̂_{12} = db̂_1 · db̂_2 = ( ∂ b̂_1 ∂u^1 · ∂b̂_2 ∂u^2 − ∂b̂_1 ∂u^2 · ∂b̂_2 ∂u^1 )du^1du^2. (A.3)

APPENDIX B: PATH ORDERING

Consider a p-form f and a 1-form A on a space D related by the following first order differential equation. d̂f = Af. (B.1) Then we have a solution of the form f = f(x, γ_x) = Pe ∫ γx AC(x), (B.2)

where γ = γ_x : [τ_0, τ] ⊂ R → D, s → γ(s), γ(τ) = x, is any curve that ends at x, P denotes path ordering and C is a closed p-form, d̂C = 0.

Pe ∫ γx A = 1 + ∞∑ k=1 ∫ [τ_0,τ ]^k 1 k! P(A_1A_2...A_k), P(A_1A_2...A_k) = A^θ_{(12...k)} ≡ ∑ σ∈S_k A^θ_{σ(1)σ(2)...σ(k)} , A^θ_{12...k} = θ_{12...k}A_1A_2...A_k, A_i ≡ A(γ(s_i)) = A_α(γ(s_i)) d̂γ^α(s_i), i = 0, 1, ..., k, θ_{12...k} = ∏ i<j θ(s_i − s_j) = θ(s_1 − s_2)θ(s_1 − s_3)..θ(s_1 − s_k)θ(s_2 − s_3)..θ(s_2 − s_k)...θ(s_{k−1} − s_k), (B.3) where S_k is the permutation group and θ is the Heaviside function.

Also, one may write the path ordered integral as a product integral [11], Pe ∫ γx A = τ∏ s=τ_0 e^{A(d̂s)} := lim_{Δs→0}( ∞∏ k=1 e^{A(Δ̂sk)})|_{s1=τ0, s∞=τ} ,

A(d̂s) = A_i(γ(s)) dγ^i(s) ds ds, ∑ k Δs_k = τ − τ_0. (B.4) When γ is a closed curve γ(τ) = γ(τ_0) = x, then with the help of Stokes’ theorem,

Pe ∮ γx A = ∏ Int(γ) e^{DA(d̂u1,d̂u2)} = ∏ u^a=(u^1,u^2)∈[τ^0,τ ]^2 e^{DA(d̂u1,d̂u2)|Int(γ)} , DA = d̂A + A^2 ≡ F_{ij}d̂x^id̂x^j,

DA(d̂u^1, d̂u^2) = F_{ij} ∂(x^i, x^j ) ∂(u^1, u^2) du^1du^2 = F_{12}du^1du^2 (B.5) where Int(γ) is any interior (see appendix C), in D, of the closed curve γ.

APPENDIX C: POINT SET TOPOLOGY

A topological space T_S = {o, o ⊆ S} over a set S is a subset of the power set (set of all subsets) of S that is invariant under union ∪ and intersection ∩.

∪, ∩ : T^n_S = T_S × T^{n−1}_S → T_S , (o_1, o_2, ..., o_n) → ∪_io_i, ∩_i o_i. (C.1) T_S is an algebra where union ∪ and intersection ∩ are play the role of addition + and multiplication ∗ respectively.

The elements of T_S are referred to as open sets. A closed set is the complement C(o) of some o ∈ T_S define thus: o ∪ C(o) = S, o ∩ C(o) = ∅ ≡ { }. (C.2) Let’s denote the complementary or dual (or closed) topology by C(T_S ) = {C(o), o ∈ T_S }. The interior A^o ≡ Int(A) of any A ⊂ S is the union ∪ of all open subsets of A and the closure Ā ≡ Cls(A) of any A ⊂ S is the intersection ∩ of all closed supersets of A. The boundary B(A) of A may be defined implicitly by Ā = A^0 ∪ B(A). (C.3) A is open iff A = A^0 and A is closed iff A = Ā.

[1] Theodore Frankel. The Geometry of Physics (Cambridge University Press 1997). [2] Shahn Majid. Foundations of Quantum Group Theory (Cambridge University Press 1995). [3] Mikio Nakahara. Geometry, Topology and Physics (IOP Publishing Ltd 1990). [4] Reinhold Bertlemann. Anomalies in Quantum field theory (Oxford University Press 1996). [5] Achim Kempf, Gianpiero Mangano, Robert B. Mann. Hilbert space representation of minimal length uncertainty relation (phys. Rev. D, vol 52, No 2, 15 Jul. 1995).

[6] Achim Kempf, Gianpiero Mangano. Minimal length uncertainty relation and ultraviolet regularization (phys. Rev. D, vol 55, No 12, 15 Jun. 1997).

[7] Alberto Saa. Einstein-Cartan theory of gravity revisited ( arXiv:gr-qc/9309027v1). [8] J. W. Moffat. Nonsymmetric Gravitational Theory ( arXiv:gr-qc/9411006v3) [9] Earnest Akofor, A. P. Balachandran, Anosh Joseph. Quantum Fields on the Groenewold- Moyal Plane ( arXiv:0803.4351v2 [hep-th]), Int.J.Mod.Phys. A23:1637-1677 (2008).

[10] Babar A. Qureshi. Twisted Supersymmetry, Fermion-Boson Mixing and Removal of UV-IR Mixing ( arXiv:hep-th/0602040) [11] 1) Robert L. Karp, Freydoon Mansouri. Product Integral Formalism and Non-Abelian Stokes Theorem ( arXiv:hep-th/9910173v1), 2)Kenneth G. Wilson. Confinement of Quarks (Phys. Rev D. Vol 10. #8)