arXiv:0905.4585v1 [math-ph] 28 May 2009

k-SYMPLECTIC FORMALISM ON LIE ALGEBROIDS

M. DE LEÓN, D. MARTÍN DE DIEGO, M. SALGADO, AND S. VILARIÑO

Abstract. In this paper we introduce a geometric description of Lagrangian and Hamiltonian classical field theories on Lie algebroids in the framework of k-symplectic geometry. We discuss the relation between Lagrangian and Hamiltonian descriptions through a convenient notion of Legendre transformation. The theory is a natural generalization of the standard one; in addition, other interesting examples are studied, in particular, systems with symmetry and Poisson sigma models.

May 29, 2009

Contents

1. Introduction 1 2. Geometric preliminaries 3 2.1. The tangent bundle of k^1-velocities of a manifold 3 2.2. k-vector fields and integral sections 3 2.3. The cotangent bundle of k^1-covelocities of a manifold 4 3. Lie algebroids 5 3.1. Lie algebroid: definition 5 3.2. Exterior differential 6 3.3. Morphisms 6 3.4. The prolongation of a Lie algebroid over a fibration 7 4. Classical Field Theories on Lie algebroids: k-symplectic approach 8 4.1. Lagrangian formalism. 8 4.2. Hamiltonian formalism. 21 4.3. The Legendre transformation and the equivalence between the Lagrangian and Hamiltonian k-symplectic formalism on Lie algebroids 26 5. Examples 30 Acknowledgments 33 References 33

1. Introduction

The notion of Lie algebroid is a generalization of both the concept of a Lie algebra and the concept of an integrable distribution. The idea of using Lie algebroids in Mechanics is due to A. Weinstein [47]. He introduced a new geometric framework for the description of Lagrangian Mechanics. His formulation allows us to describe geometrically, in a unified

2000 Mathematics Subject Classification. 53D99, 53Z05, 70S05.

Key words and phrases. Lie algebroids, k-symplectic field theories, reduction by symmetries. 1

way, different types of dynamical systems; such as those whose lagrangian systems whose phase spaces are Lie groups, Lie algebras, cartesian products of manifolds or quotient manifolds (as it happens, for instance, in the reduction theory, where the reduced phase spaces are not, in general, tangent or cotangent bundles). This approach was followed and completed by other authors in order to study different kinds of problems concerning mechanical systems (a good survey on this subject is [19]).

In this paper we will study an extension of mechanics on Lie algebroids to classical field theories. Classical field theories on Lie algebroids have already been studied in the literature. For instance, the multisymplectic formalism on Lie algebroids was presented in [32, 33]. In [45] a geometric framework for discrete field theories on Lie groupoids has been discussed.

The multisymplectic formalism was developed by Tulczyjews school in Warsaw (see, for instance, [17]), and independently by García and Pérez-Rendón [10, 11] and Goldschmidt and Sternberg [12]. This approach was revised, among others, by Martin [28, 29] and Gotay et al [13] and, more recently, by Cantrijn et al [9].

An alternative way to derive certain types of the field equations is to use the Günther (ksymplectic) formalism. The k-symplectic formalism is the generalization to field theories of the standard symplectic formalism in Mechanics, which is the geometric framework for describing autonomous dynamical systems. In this sense, the k-symplectic formalism is used to give a geometric description of certain kinds of field theories: in a local description, those theories whose Lagrangian and Hamiltonian do not depend on the base coordinates, denoted by (t^1, . . . , t^k) (in many of the cases defining the space-time coordinates); that is, the k-symplectic formalism is only valid for Lagrangians L(q^i, v^i_A) and Hamiltonians H(q^i, p^A_i ) that depend on the field coordinates q^i and on the partial derivatives of the field v^i_A, or the corresponding moment p^A_i . To treat with that general situation we need to extend the formalism using k-cosymplectic geometry, see [24, 25].

Günther’s paper [14] gave a geometric Hamiltonian formalism for field theories. The crucial device is the introduction of a vector-valued generalization of a symplectic form, called a polysymplectic form. One of the advantages of this formalism is that one only needs the tangent and cotangent bundle of a manifold to develop it. In [36] Günther’s formalism has been revised and clarified. It has been shown that the polysymplectic structures used by Günther to develop his formalism could be replaced by the k-symplectic structures defined independently by Awane [2, 3], L. K. Norris [34, 37, 38, 39, 40] and de Leon et al. [20, 22]. So this formalism is also called k-symplectic formalism (see also [21, 23]).

The purpose of this paper is to give a k-symplectic setting to first-order classical field theories on Lie algebroids. In the k-symplectic setting we will present a geometric description of Lagrangian and Hamiltonian classical field theories on Lie algebroids and we will find the relation between the solutions of both formalism when the Lagrangian is hyperregular.

The organization of the paper is as follows. In section 2 we recall some basic elements from the k-symplectic approach to first order classical field theories. In section 3 we recall some basic facts about Lie algebroids an the differential geometry associated to them. In this section we also describe a particular example of Lie algebroid, called the prolongation of a Lie algebroid over a fibration. This Lie algebroid will be necessary for the further developments. In section 4 the k-symplectic formalism is extended to the setting of Lie algebroids. The subsection 4.1 describe the Lagrangian approach and the subsection 4.2 describe the Hamiltonian approach. These formalism are developed in an analogous way to the standard k-symplectic Lagrangian and Hamiltonian formalism. We finish this section defining the Legendre transformation on the context of Lie algebroids and we establish the equivalence between both formalism, Lagrangian and Hamiltonian, when the Lagrangian function is hyperregular. In section 5 we show some examples where the theory can be applied to the Poisson-Sigma model or first order field theories with symmetries.

All manifolds and maps are C^∞. Sum over crossed repeated indices is understood. Along this paper one k-tuple of elements will be denoted by a bold symbol.

2. Geometric preliminaries

In this section we recall some basic elements from the k-symplectic approach to classical field theories. The contents of this section can be found in [14, 36, 41].

2.1. The tangent bundle of k^1-velocities of a manifold. Let τ_Q : T Q → Q be the tangent bundle of Q, where Q is as n-dimensional differentiable manifold. Let us denote by T^1_k Q the Whitney sum T Q⊕^k. . . ⊕T Q of k copies of T Q, with projection τ^k_Q : T^1_k Q → Q, τ^k_Q(v_{1q}, . . . , v_{kq}) = q, where v_{Aq} ∈ T_qQ, A = 1, . . . , k. T^1_k Q can be identified with the manifold J^1_0(R^k , Q) of k^1-velocities of Q, that is, 1-jets of maps σ : R^k → Q with source at 0 ∈ R^k , say J^1_0(R^k , Q) ≡ T Q⊕^k. . . ⊕T Q j^1_{0,q}σ ≡ (v_{1q}, . . . , v_{kq}) where q = σ(0), and v_{Aq} = σ_∗(0)( ∂ ∂t^A | | 0 ). Here (t^1, . . . , t^k) denote the standard coordinates on R^k . T^1_k Q is called the tangent bundle of k^1-velocities of Q (see [35]).

If (q^i) are local coordinates on U ⊆ Q then the induced local coordinates (q^i, v^i), 1 ≤ i ≤ n, on T U = τ^{−1}_Q (U) are expressed by

q^i(v_q) = q^i(q), v^i(v_q) = v_q(q^i)

and the induced local coordinates (q^i, v^i_A), 1 ≤ i ≤ n, 1 ≤ A ≤ k, on T^1_k U = (τ^k_Q)^{−1}(U) are given by q^i(v_{1q}, . . . , v_{kq}) = q^i(q), v^i_A(v_{1q}, . . . , v_{kq}) = v_{Aq}(q^i) . Let f : M → N be a differentiable map, then the induced map T^1_k f : T^1_k M → T^1_k N defined by T^1_k f(j^1_0σ) = j^1_0(f ∘ σ) is called the canonical prolongation of f. Observe that from its definition:

T^1_k f(v_{1q}, . . . , v_{kq}) = (f_∗(q)(v_{1q}), . . . , f_∗(q)(v_{kq})) , where v_{1q}, . . . , v_{kq} ∈ T_qQ, q ∈ Q. 2.2. k-vector fields and integral sections. Let M be an arbitrary manifold.

Definition 2.1. A section X : M −→ T^1_k M of the projection τ^k_M will be called a k-vector field on M.

Since T^1_k M is the Whitney sum T M⊕^k. . . ⊕T M of k copies of T M, we deduce that to give a k-vector field X is equivalent to give a family of k vector fields X_1, . . . , X_k on M obtained by projecting X on each factor. For this reason we will denote a k-vector field by X = (X_1, . . . , X_k).

Definition 2.2. An integral section of the k-vector field X = (X_1, . . . , X_k), passing through a point x ∈ M, is a map ψ : U_0 ⊂ R^k → M, defined on some neighborhood U_0 of 0 ∈ R^k , such that

ψ(0) = x, ψ_∗(t) ( ∂ ∂t^A | | t ) = X_A(ψ(t)) , for every t ∈ U_0, 1 ≤ A ≤ k

or, equivalently, ψ satisfies that X ∘ ψ = ψ^{(1)}, where ψ^{(1)} is the first prolongation of ψ to T^1_k M defined by

ψ^{(1)} : U_0 ⊂ R^k −→ T^1_k M

t −→ ψ^{(1)}(t) = j^1_0ψ_t ≡ ( ψ_∗(t) ( ∂ ∂t^1 | | |_t ) , . . . , ψ_∗(t) ( ∂ ∂t^k | | |_t )) , where ψ_t(s) = ψ(t + s).

A k-vector field X = (X_1, . . . , X_k) on M is said to be integrable if there is an integral section passing through every point of M.

Remark 2.3. In the k-symplectic formalism, the solutions of the field equations are described as the integral sections of some k-vector fields. Observe that, in the case k = 1, this definition coincides with the classical definition of integral curve of a vector field. ⋄

In a local coordinate system, if ψ(t) = (ψ^i(t)) then one has

(2.1) ψ^{(1)}(t) = ( ψ^i(t), ∂ψ^i ∂t^A | | |_t ) , 1 ≤ A ≤ k , 1 ≤ i ≤ n , and ψ is an integral section of (X_1, . . . , X_k) if and only if the following equations holds:

(2.2) ∂ψ^i ∂t^A = X^i_A ∘ ψ 1 ≤ A ≤ k, 1 ≤ i ≤ n , being X_A = X^i_A ∂ ∂q^i . 2.3. The cotangent bundle of k^1-covelocities of a manifold. Let Q be a differentiable manifold of dimension n and π_Q : T^∗Q → Q its cotangent bundle. Denote by (T^1_k )^∗Q = T^∗Q⊕^k. . . ⊕T^∗Q the Whitney sum of T^∗Q with itself k times, with projection map π^k_Q : (T^1_k )^∗Q → Q, π^k_Q(α_{1q} , . . . , α_{kq} ) = q.

Observe that the manifold (T^1_k )^∗Q can be canonically identified with the vector bundle J^1(Q, R^k )_0 of k^1-covelocities of the manifold Q, the manifold of 1-jets of maps σ : Q → R^k with target at 0 ∈ R^k and projection map π^k_Q : J^1(Q, R^k )_0 → Q, π^k_Q(j^1_{q,0}σ) = q; that is,

J^1(Q, R^k )_0 ≡ T^∗Q⊕^k. . . ⊕T^∗Q j^1_{q,0}σ ≡ (dσ_1(q), . . . , dσ_k(q)) where σ_A = pr_A ∘ σ : Q −→ R is the A-th component of σ, and pr_A : R^k → R are the canonical projections, 1 ≤ A ≤ k. For this reason, (T^1_k )^∗Q is also called the bundle of k^1-covelocities of the manifold Q.

If (q^i) are local coordinates on U ⊆ Q, then the induced local coordinates (q^i, p_i), 1 ≤ i ≤ n, on T^∗U = (π_Q)^{−1}(U), are given by

q^i(α_q) = q^i(q), p_i(α_q) = α_q ( ∂ ∂q^i | | |_q ) and the induced local coordinates (q^i, p^A_i ), 1 ≤ i ≤ n, 1 ≤ A ≤ k, on (T^1_k )^∗U = (π^k_Q)^{−1}(U) are q^i(α_{1q} , . . . , α_{kq} ) = q^i(q), p^A_i (α_{1q} , . . . , α_{kq} ) = α_{Aq} ( ∂ ∂q^i | | |_q ) . We can endow (T^1_k )^∗Q with a k-symplectic structure given by the family (ω^1, . . . , ω^k; V = ker T π^k_Q) where each ω^A is the 2-form given by ω^A = (π^{k,A}_Q )^∗ω_Q, 1 ≤ A ≤ k , being π^{k,A}_Q : (T^1_k )^∗Q → T^∗Q the canonical projection onto the A^{th}-copy T^∗Q of (T^1_k )^∗Q and ω_Q is the canonical sympletic form on T^∗Q. Therefore, in local coordinates, we have ω^A = dq^i ∧ dp^A_i . (See [2, 3, 36, 41])

3. Lie algebroids

In this section we present some basic facts on Lie algebroids, including results from the associated differential calculus and Lie algebroids morphisms, that will be necessary for the further developments. We refer the reader to [4, 15, 26, 27] for details about Lie groupoids, Lie algebroids and their role in differential geometry.

3.1. Lie algebroid: definition. Let E be a vector bundle of rank m over a manifold Q of dimension n and τ : E → Q be the vector bundle projection. Denoted by Sec(E) the C^∞(Q)-module of sections of τ : E → Q. A Lie algebroid structure ([[·, ·]]_E , ρ_E ) on E is a Lie bracket [[·, ·]]_E : Sec(E) × Sec(E) → Sec(E) on the space Sec(E), together with a bundle map ρ_E : E → T Q, called the anchor map, such that if we also denote by ρ_E : Sec(E) → X(Q) the homomorphism of the C^∞(Q)-modules induced by the anchor map then it is satisfied the following compatibility condition

[[σ_1, fσ_2]]_E = f[[σ_1, σ_2]]_E + (ρ_E (σ_1)f)σ_2 .

Here f is a smooth function on Q, σ_1, σ_2 are sections of E and we have denoted by ρ_E (σ_1) the vector field on Q given by ρ_E (σ_1)(q) = ρ_E (σ_1(q)). The triple (E, [[·, ·]]_E , ρ_E ) is called a Lie algebroid over Q. From the compatibility condition and the Jacobi identity, it follows that the anchor map ρ_E : Sec(E) → X(Q) is a homomorphism between the Lie algebras (Sec(E), [[·, ·]]_E) and (X(Q), [·, ·]).

Some examples of Lie algebroids over Q are:

(i) Real Lie algebras of finite dimension. Let g be a real Lie algebra of finite dimension. Then, it is clear that g is a Lie algebroid over a single point.

(ii) The tangent bundle. Let T Q be the tangent bundle of a manifold Q. Then, the triple (T Q, [·, ·], id_{T Q}) is a Lie algebroid over Q, where id_{T Q} : T Q → T Q is the identity map.

(iii) Another interesting example of a Lie algebroid may be constructed as follows.

Let π : P → Q be a principal bundle with structural group G. Denote by Φ : G × P → P the free action of G on P and by T Φ : G × T P → T P the tangent action of G on T P . Then, one may consider the quotient vector bundle τ_{P |G} : T P/G → Q = P/G and the sections of this vector bundle may be identified with the vector fields on P which are invariant under the action Φ. Using that every G-invariant vector field on P is π-projectable and the fact that the standard Lie bracket on vector fields is closed with respect to G-invariant vector fields, we can induce a Lie algebroid structure on T P/G. The resultant Lie algebroid is called the Atiyah (gauge) algebroid associated with the principal bundle π : P → Q (see [19, 26]).

Along this paper, the Lie algebroid will play the role of a substitute of the tangent bundle of Q. In this way, one regards an element e of E as a generalized velocity, and the actual velocity v is obtained when we apply the anchor map to e, i.e. v = ρ_E (e).

Let (q^i)^n_{i=1} be local coordinates on Q and {e_α}_{1≤α≤m} be a local basis of sections of τ. Given e ∈ E such that τ(e) = q, we can write e = y^α(e)e_α(q) ∈ E_q, thus the coordinates of e are (q^i(e), y^α(e)). Therefore, each section σ is locally given by σ | |_U = yαe_α. In local form, the Lie algebroid structure is determined by a set of local functions ρ^i_α, C^γ_{αβ} on Q. They are determined by the relations

(3.1) ρ_E(e_α) = ρ^i_α ∂ ∂q^i , [[e_α, e_β]]_E = C^γ_{α β}e_γ .

The functions ρ^i_α and C^γ_{αβ} are called the structure functions of the Lie algebroid in the above coordinate system. They satisfy the following relations (as a consequence of the compatibility condition and Jacobi’s identity):

(3.2) ∑ cyclic(α,β,γ) ( ρ^i_α ∂C^ν_{βγ} ∂q^i + C^ν_{αμ}C^μ_{βγ} ) = 0 , ρ^j_α ∂ρ^i_β ∂q^j − ρ^j_β ∂ρ^i_α ∂q^j = ρ^i_γ C^γ_{αβ} ,

which are usually called the structure equations of the Lie algebroid E.

3.2. Exterior differential. The structure of Lie algebroid on E allows us to define the exterior differential of E, d^E : Sec( ⋀_l E^∗) → Sec( ⋀_{l+1} E^∗), as follows

(3.3) d^E μ(σ_1, . . . , σ_{l+1}) = l+1∑ i=1 (−1)^{i+1}ρ_E (σ_i)μ(σ_1, . . . , ^σ_i, . . . , σ_{l+1}) + ∑ i<j (−1)^{i+j} μ([σ_i, σ_j ]_E , σ_1, . . . , ^σ_i, . . . , ^σ_j , . . . σ_{l+1}) , for μ ∈ Sec( ⋀_l E^∗) and σ_1, . . . , σ_{l+1} ∈ Sec(E). It follows that d^E is a cohomology operator, that is, (d^E)^2 = 0.

In particular, if f : Q → R is a real smooth function then d^Ef(σ) = ρ_E (σ)f, for σ ∈ Sec(E). Locally, the exterior differential is determined by

d^Eq^i = ρ^i_αe^α and d^Ee^γ = − 1 2 C^γ_{αβ} e^α ∧ e^β ,

where {e^α} is the dual basis of {e_α}.

The usual Cartan calculus extends to the case of Lie algebroids: for every section σ of E we have a derivation ı_σ (contraction) of degree −1 and a derivation L_σ = ı_σ ∘ d + d ∘ ı_σ (Lie derivative) of degree 0 (for more details, see [26, 27]).

3.3. Morphisms. Let (E, [[·, ·]]_E , ρ_E) and (E^′, [[·, ·]]_E′ , ρ_E′ ) be two Lie algebroids over Q and Q^′ respectively, and suppose that Φ = (Φ, Φ) is a vector bundle map, that is Φ : E → E^′ is a fiberwise linear map over Φ : Q → Q^′. The pair (Φ, Φ) is said to be a Lie algebroid morphism if

(3.4) d^E(Φ^∗σ^′) = Φ^∗(d^{E′} σ^′) , for all σ^′ ∈ Sec( ⋀_l (E^′)^∗) and for all l.

Here Φ^∗σ^′ is the section of the vector bundle ⋀_l E^∗ → Q defined (for l > 0) by

(3.5) (Φ^∗σ^′)_q(e_1, . . . , e_l) = σ^′_{Φ(q)}(Φ(e_1), . . . , Φ(e_l)) , for q ∈ Q and e_1, . . . , e_l ∈ E_q. In particular when Q = Q^′ and Φ = id_Q then (3.4) holds if and only if

[[Φ ∘ σ_1, Φ ∘ σ_2]]_E′ = Φ[[σ_1, σ_2]]_E , ρ_E′ (Φ ∘ σ) = ρ_E (σ), for σ, σ_1, σ_2 ∈ Sec(E) .

Let (q^i) be a local coordinate system on Q and (q̄^i) a local coordinate system on Q^′. Let {e_α} and {ē_ᾱ} be a local basis of section of E and E^′, respectively, and {e^α} and {ē^ᾱ} their dual basis, respectively. The vector bundle map Φ is determined by the relations Φ^∗q̄^ī = ϕ^ī(q) and Φ^∗ē^ᾱ = ϕ^ᾱ_β e^β for certain local functions ϕ^ī and ϕ^ᾱ_β on Q. In this coordinate system Φ = (Φ, Φ) is a Lie algebroids morphism if and only if

(3.6) (ρ_E)^j_α ∂ϕ^ī ∂q^j = (ρ_E′ )^ī_{β̄}ϕ^{β̄}_α , ϕ^{β̄}_γ C^γ_{αδ} = ( (ρ_E )^i_α ∂ϕ^{β̄}_δ ∂q^i − (ρ_E )^i_δ ∂ϕ^{β̄}_α ∂q^i ) + C̄^{β̄}_{θ̄σ̄}ϕ^{θ̄}_αϕ^{σ̄}_δ .

In these expressions (ρ_E )^i_α, C^α_{βγ} are the structure functions on E, and (ρ_E′ )^ī_ᾱ, C̄^ᾱ_{β̄γ̄} are the structure functions on E^′.

3.4. The prolongation of a Lie algebroid over a fibration. (See [8, 15, 19, 30]). In this subsection we describe a particular example of Lie algebroid which will be necessary for the further developments.

Let (E, [[·, ·]]_E, ρ_E ) be a Lie algebroid over a manifold Q and π : P → Q be a fibration. We consider the subset of E × T P T^E_p P = {(e, v_p) ∈ E_q × T_pP | ρ_E(e) = T_pπ(v_p)} , where T π : T P → T Q is the tangent map to π , p ∈ P and π(p) = q.

T^EP = ⋃ p∈P T^E_p P

is a vector bundle over P with projection ~τ_P : T^EP → P given by ~τ_P (e, v_p) = τ_P (v_p) = p , being τ_P : T P → P the canonical projection.

Next, we will see that it is possible to induce a Lie algebroid structure on ~τ_P : T^EP → P . The anchor map ρ^π is given as follows: ρ^π : T^EP → T P, ρ^π(e, v_p) = v_p.

In order to introduce a Lie bracket on Sec(T^EP ), the set of sections of ~τ_P , we first consider a local basis of Sec(T^EP ).

Given local coordinates (q^i, u^ℓ) on P and a local basis {e_α} of sections of E, we can define a local basis {X_α, V_ℓ} of sections of ~τ_P : T^EP → P by

(3.7) X_α(p) = (e_α(π(p)); ρ^i_α(π(p)) ∂ ∂q^i | | |_p) and Vℓ(p) = (0π(p); ∂ ∂u^ℓ | | |_p) . If z = (e, v_p) is an element of T^EP , with e = z^αe_α, then v_p is of the form v_p = ρ^i_αz^{α ∂}_{∂qi} | | p + v^{ℓ ∂}_{∂uℓ} | | p , and we can write

z = z^αX_α(p) + v^ℓV_ℓ(p) .

The anchor map ρ^π applied to a section Z of T^EP with local expression Z = Z^αX_α + V^ℓV_ℓ is the vector field on P whose coordinate expression is

(3.8) ρ^π(Z) = ρ^i_αZ^α ∂ ∂q^i + V^ℓ ∂ ∂u^ℓ ∈ X(P ) .

Now, we will introduce a Lie bracket structure on the space of sections of T^EP . For that, we say that a section Z of T^EP is projectable if there exists a section σ of τ : E → Q and a vector field X ∈ X(P ), which is π-projectable to the vector field ρ(σ) and such that Z(p) = (σ(π(p)), X(p)), for all p ∈ P . For such a projectable section Z, we will use the following notation Z ≡ (σ, X). It is easy to prove that one may choose a local basis of projectable sections of the space Sec(T^EP ).

The Lie bracket of two projectable sections Z = (σ, X) and Z^′ = (σ^′, X^′) is then given by (3.9) [[Z, Z^′]]^π(p) = ([[σ, σ^′]]_E (q), [X, X^′](p)), p ∈ P, q = π(p) .

Since any section of T^EP can be locally written as a linear combination of projectable sections, the definition of the Lie bracket for arbitrary sections of T^EP follows. In particular, the Lie bracket of the elements of the local basis {X_α, V_ℓ} of Sec(T^EP ) is characterized by the following expressions

(3.10) [[Xα, Xβ ]]^π = C^γ_{αβ}Xγ [[Xα, Vℓ]]^π = 0 [[Vℓ, Vφ]]^π = 0 ,

and, therefore, the exterior differential is determined by

(3.11) d^{TEP} q^i = ρ^i_αX^α , d^{TEP} u^ℓ = V^ℓ

d^{TEP} X^γ = − 1 2 C^γ_{αβ}X^α ∧ X^β , d^{TEP} V^ℓ = 0

where {X^α, V^ℓ} is the dual basis to {X_α, V_ℓ}.

The Lie algebroid T^EP is called the prolongation of the Lie algebroid E over the fibration π : P → Q. This Lie algebroid is very important in the k-symplectic formalism on Lie algebroids as we will see in the following section.

4. Classical Field Theories on Lie algebroids: k-symplectic approach

In this section, the k-symplectic formalism for first order classical field theories (see [14, 36, 41]) is extended to the setting of Lie algebroids. Thinking on a Lie algebroid E as a generalization of the tangent bundle of Q, we define the analog of the concept of field solution to the field equations and we study the analog of the geometric structures of the standard k-symplectic formalism.

In this section we will develop the Lagrangian and Hamiltonian k-symplectic formalism on Lie algebroids (see subsections 4.1 and 4.2). Moreover, we also describe the standard Lagrangian and Hamiltonian k-symplectic formalism as a particular case of the formalism developed here.

Along this section we consider a Lie algebroid (E, [[·, ·]]_E , ρ_E ) on the manifold Q. We note this Lie algebroid by E.

4.1. Lagrangian formalism.

4.1.1. The manifold^k⊕ E. The standard k-symplectic Lagrangian formalism is developed on the bundle of k^1-velocities of Q, T^1_k Q, that is the Whitney sum of k copies of T Q. Since we are thinking on a Lie algebroid E as a substitute of the tangent bundle, its natural to think that in this situation, the analog of the bundle of k^1-velocities T^1_k Q is the Whitney sum of k copies of the algebroid E.

We denote by_k ⊕ E = E⊕^k. . . ⊕E, the Whitney sum of k copies of the vector bundle E, with projection map ~τ :^k⊕ E → Q, given by ~τ (e_{1q} , . . . , e_{kq} ) = q.

If (q^i, y^α) are local coordinates on τ^{−1}(U) ⊆ E, then the induced local coordinates (q^i, y^α_A) on ~τ^{−1}(U) ⊆^k⊕ E are given by q^i(e_{1q} , . . . , e_{kq} ) = q^i(q) , y^α_A(e_{1q} , . . . , e_{kq} ) = y^α(e_{Aq} ) .

Remark 4.1. Consider the standard case where E = T Q, ρ_{T Q} = id_{T Q}. If we fix local coordinates (q^i) on Q, then we have the natural basis of Sec(T Q) = X(Q) given by { ∂ ∂q^i }_n i=1 . For this basis of section, obviously we have that C^γ_{αβ} = 0; moreover, the set

Sec (^k⊕ T Q) = Sec (T^1_k Q) is the set X^k(Q) of k-vectors fields on Q. ⋄ 4.1.2. The Lagragian prolongation. For the description of the Lagrangian k-symplectic formalism on lie algebroids we consider the prolongation of a Lie algebroid E over the fibration ~τ :^k⊕ E → Q, that is, (see Section 3.4), (4.1) T^E(^k⊕ E) = {(e_q, v_{bq} ) ∈ E × T (^k⊕ E)/ ρ_E(e_q) = T ~τ(v_{bq} )} ,

where b_q ∈^k⊕ E_q. Taking into account the description of the prolongation T^EP (see for instance, [8, 19, 30]) on the particular case P = E⊕^k. . . ⊕E we obtain:

(i) T^E(^k⊕ E) ≡ E ×_{T Q} T (^k⊕ E) is a Lie algebroid over^k⊕ E with projection ~τ k_{⊕E} : T^E(^k⊕ E) ≡ E ×_{T Q} T (^k⊕ E) −→^k⊕ E and Lie algebroid structure ([[·, ·]]^{~τ} , ρ^{~τ} ) where the anchor map ρ^{~τ} = E ×_{T Q} T (^k⊕ E): T^E(^k⊕ E) → T (^k⊕ E) is the canonical projection over the second factor.

We will refer to this particular Lie algebroid as the Lagrangian prolongation. (ii) If (q^i, y^α_A) denotes a local coordinate system of^k⊕ E then the induced local coordinate system on T^E(^k⊕ E) ≡ E ×_{T Q} T (^k⊕ E) is given by (q^i, y^α_A, z^α, w^α_A)_{1≤i≤n, 1≤A≤k, 1≤α≤m} where (4.2) q^i(e_q, v_{bq} ) = q^i(q) , y^α_A(e_q, v_{bq} ) = y^α_A(b_q) , z^α(e_q, v_{bq} ) = y^α(e_q) , w^α_A(e_q, v_{bq} ) = v_{bq} (y^α_A) .

(iii) The set {X_α, V^A_α } given by

(4.3)

X_α :^k⊕ E → T^E(^k⊕ E) ≡ E ×_{T Q} T (^k⊕ E) b_q → X_α(b_q) = (e_α(q); ρ^i_α(q) ∂ ∂q^i | | |_{bq} )

V^A_α :^k⊕ E → T^E(^k⊕ E) ≡ E ×_{T Q} T (^k⊕ E) b_q → V^A_α (b_q) = (0_q; ∂ ∂y^α_A | | |_{bq} ) , is a local basis of Sec(T^E(^k⊕ E)) the set of sections of ~τ k_{⊕E}. (See (3.7)).

(iv) The anchor map ρ^{~τ} : T^E(^k⊕ E) → T (^k⊕ E) allows us to associate a vector field to each section ξ :^k⊕ E → T^E(^k⊕ E) ≡ E ×_{T Q} T (^k⊕ E) of ~τ k_{⊕E} .

Locally, if ξ writes as follows:

ξ = ξ^αX_α + ξ^α_AV^A_α ∈ Sec(T^E(^k⊕ E)) then the associated vector field has the following local expression, see (3.8),

(4.4) ρ^{~τ} (ξ) = ρ^i_αξ^α ∂ ∂q^i + ξ^α_A ∂ ∂y^α_A ∈ X(^k⊕ E) .

(v) The Lie bracket of two sections of ~τ k_{⊕E} is characterized by the following expressions (see (3.10)):

(4.5) [[X_α, X_β]]^{~τ} = C^γ_{αβ} X_γ [[X_α, V^B_β ]]^{~τ} = 0 [[V^A_α , V^B_β ]]^{~τ} = 0 ,

(vi) If {X^α, V^α_A} is the dual basis of {X_α, V^A_α }, then the exterior differential is locally given by, (see (3.11)),

(4.6) d^{TE( k⊕E)}f = ρ^i_α ∂f ∂q^i X^α + ∂f ∂y^α_A V^α_A , for all f ∈ C^∞(^k⊕ E)

d^{TE( k⊕E)}X^γ = − 1 2 C^γ_{αβ}X^α ∧ X^β , d^{TE( k⊕E)}V^γ_A = 0 .

Remark 4.2. In the particular case E = T Q the manifold T^E(^k⊕ E) turns into T (T^1_k Q). In fact, in this case we consider the prolongation of T Q over τ^k_Q : T^1_k Q → Q. Thus from (4.1) we obtain

(4.7)

T^{T Q}(^k⊕ T Q) = T^{T Q}(T^1_k Q) = {(u_q, v_{wq} ) ∈ T Q × T (T^1_k Q)/u_q = T (τ^k_Q)(v_{wq} )} = {(T (τ^k_Q)(v_{wq} ), v_{wq} ) ∈ T Q × T (T^1_k Q)/ w_q ∈ T^1_k Q} ≡ {v_{wq} ∈ T (T^1_k Q)/ w_q ∈ T^1_k Q} ≡ T (T^1_k Q) ⋄ 4.1.3. The Liouville sections and the vertical endomorphism. On T^E(^k⊕ E) we are going to define two families of canonical objects: Liouville sections and vertical endomorphism which corresponds with the Liouville vector fields and the k-tangent structure on T^1_k Q, when we consider the particular case E = T Q. (See [14, 36, 41]).

Vertical A-lift. (See, for instance [8]). An element (e_q, v_{bq} ) of T^E(^k⊕ E) ≡ E ×_{T Q} T (^k⊕ E) is said to be vertical if (4.8) ~τ_1(e_q, v_{bq} ) = 0_q ∈ E , where ~τ_1 : T^E(^k⊕ E) ≡ E ×_{T Q} T (^k⊕ E) → E, (e_q, v_{bq} ) → ~τ_1(e_q, v_{bq} ) = e_q

is the projection on the first factor E of T^E(^k⊕ E).

The above definition implies that the vertical elements of T^E(^k⊕ E) are of the form (0_q, v_{bq} ) ∈ T^E(^k⊕ E) ≡ E ×_{T Q} T (^k⊕ E)

where v_{bq} ∈ T (^k⊕ E) and b_q ∈^k⊕ E.

Now, taking into account the definition (4.1), which determines the elements of T^E(^k⊕ E), the condition (4.8) means that 0_q = T_{bq} ~τ ( v_{bq} ) , that is, the tangent vector v_{bq} is ~τ-vertical.

In a local coordinate system (q^i, y^α_A) on^k⊕ E, if (e_q, v_{bq} ) ∈ T^E(^k⊕ E) is vertical then e_q = 0_q and v_{bq} = u^α_A ∂ ∂y^α_A | | b_q

∈ T_{bq} (^k⊕ E) .

Definition 4.3. For each A = 1, . . . , k we call the vertical A^{th}-lifting map to the mapping

(4.9) ξ^{VA} : E ×_Q (^k⊕ E) −→ T^E(^k⊕ E) ≡ E ×_{T Q} T (^k⊕ E) (e_q, b_q) −→ ξ^{VA} (e_q, b_q) = ( 0_q, (e_q)^{VA}_{bq} )

where e_q ∈ E, b_q = (b_{1q}, . . . , b_{kq}) ∈^k⊕ E and the vector (e_q)^{VA}_{bq} ∈ T_{bq} (^k⊕ E) is given by

(4.10) (e_q)^{VA}_{bq} f = d ds | |_{s=0}f(b1_q , . . . , bA_q + seq, . . . , bk_q ) , 1 ≤ A ≤ k , for an arbitrary function f ∈ C^∞(^k⊕ E).

From (4.10) we deduce that the local expression of (e_q)^{VA}_{bq} is the following:

(4.11) (e_q)^{VA}_{bq} = y^α(e_q) ∂ ∂y^α_A | |_{bq} ∈ Tb_q (^k⊕ E) , 1 ≤ A ≤ k .

On (4.11) let us observe that the vector (e_q)^{VA}_{bq} ∈ T_{bq} (^k⊕ E) is ~τ -vertical. Then ξ^{VA} (e_q, b_q) is a vertical element of T^E(^k⊕ E).

From (4.3), (4.9) and (4.11) we obtain that ξ^{VA} has the following local expression:

(4.12) ξ^{VA} (eq, bq) = (0q, y^α(eq) ∂ ∂y^α_A | | |_{bq} ) = y^α(eq)V^A_α (bq) , 1 ≤ A ≤ k .

Remark 4.4.

(i) In the standard case, that is, when E = T Q and ρ_{T Q} = id_{T Q}, we have that given e_q ∈ T_qQ and v_q = (v_{1q}, . . . , v_{kq}) ∈ T^1_k Q one has

(e_q)^{VA}_{vq} (f) = d ds | | s=0 f(v_{1q} , . . . , v_{Aq} + se_q, . . . , v_{kq} ) , 1 ≤ A ≤ k , that is, the A^{th}- vertical lift to T^1_k Q of the tangent vector e_q ∈ T_qQ (see for instance, [14, 36, 41]).

(ii) In the particular case k = 1 we obtain that ξ^{V1} ≡ ξ^V : E ×_Q E → T^EE is the vertical lifting map introduced by E. Martínez in [30]. ⋄

The Liouville sections. The A^{th}-Liouville section ~Δ_A is the section of ~τ k_{⊕E} : T^E(^k⊕ E) →^k⊕ E given by

~Δ_A :^k⊕ E → TE(^k⊕ E) ≡ E ×_{T Q} T (^k⊕ E) b_q → ~Δ_A(b_q) = ξ^{VA} (pr_A(b_q), b_q) = ξ^{VA} (b_{Aq}, b_q) , 1 ≤ A ≤ k ,

where b_q = (b_{1q}, . . . , b_{kq}) ∈^k⊕ E y pr_A :^k⊕ E → E is the canonical projection over the A^{th}-copy of E in^k⊕ E.

From the local expression (4.12) of ξ^{VA} and taking into account that y^α(b_{Aq}) = y^α_A(b_{1q}, . . . , b_{kq}) = y^α_A(b_q) we obtain that ~Δ_A has the following local expression

(4.13) ~Δ_A = m∑ α=1 y^α_AV^A_α , 1 ≤ A ≤ k . Remark 4.5. In the standard case, we obtain that each section ~Δ_A turns in the following vector field Δ_A : T^1_k Q → T (T^1_k Q) v_q = (v_{1q}, . . . , v_{Aq}) → (v_{Aq})^{VA}_{vq} that is with the A^{th}-canonical vector field on T^1_k Q. ⋄ In the standard Lagrangian k-symplectic formalism, the canonical vector fields Δ_1, . . . , Δ_k allow us to define the energy function. In analogous way, as we will see in the sequel, we will also define de energy function using the Liouville sections ~Δ_1, . . . , ~Δ_k in the Lie algebroid setting.

Vertical endomorphism on T^E(^k⊕ E). The second important family of canonical geometric elements on T^E(^k⊕ E) is the family of vertical endomorphism ~J^1, . . . , ~J^k. Definition 4.6. For each A = 1, . . . , k we define the A^{th}-vertical endomorphism on T^E(^k⊕ E) ≡ E ×_{T Q} T (^k⊕ E) as the mapping

(4.14) ~J A : TE(^k⊕ E) → TE(^k⊕ E) (e_q, v_{bq} ) → ~J^A(e_q, v_{bq} ) = ξ^{VA} (e_q, b_q) , where e_q ∈ E, b_q = (b_{1q}, . . . , b_{kq}) ∈^k⊕ E and v_{bq} ∈ T_{bq} (^k⊕ E).

Lemma 4.7. Let {X_α, V^A_α } be a local basis of Sec(T^E(^k⊕ E)) and let {X^α, V^α_A} be its dual basis.

Using this local basis, we obtain that the local expression of ~J^A is given by the following expression:

(4.15) ~J^A = m∑ α=1 V^A_α ⊗ X^α , 1 ≤ A ≤ k .

(Proof ) From (4.3) and (4.12) we obtain

~J A(X_α(b_q)) = ξVA (e_α(q), b_q) = yβ(e_α(q))VA_β (b_q) = VA_α (b_q) , ~J A(VB_α (b_q)) = ξVA (0_q, b_q) = 0_{bq} ,

for each A, B = 1, . . . , k, α = 1 . . . , m, where b_q ∈^k⊕ E is an arbitrary element of^k⊕ E.

Remark 4.8.

(i) When one writes the definition of ~J^1, . . . , ~J^k in the particular case E = T Q and ρ = id_{T Q} one obtains the canonical k-tangent structure J^1, . . . , J^k on T^1_k Q.

(ii) In the particular case k = 1 we obtain the vertical endomorphism S on T^E(T Q), that is, on the prolongation of the Lie algebroid E over τ_Q : T Q → Q. This endormorphsim S was defined by E. Martínez in [31]. ⋄ 4.1.4. Second order partial differential equations. In the standard k-symplectic Lagrangian formalism one obtains the solutions of the Euler-Lagrange equations as integral sections of certain second order partial differential equations (sopde) on T^1_k Q .

In order to introduce the analogous objet in the k-symplectic approach on Lie algebroids, now we are going to analyze the concept of sopde in the standard case. In this case a sopde ξ is a section of the maps τ^k_{T 1k Q} : T^1_k (T^1_k Q) → T^1_k Q (v_{1wq} , . . . , v_{kwq} ) → w_q and T^1_k (τ^k_Q ): T^1_k (T^1_k Q) → T^1_k Q

(v_{1wq} , . . . , v_{kwq} ) → (T_{wq} (τ^k_Q)(v_{1wq} ), . . . , T_{wq} (τ^k_Q)(v_{kwq} )) , where τ^k_Q : T^1_k Q → Q denotes the canonical projection of the tangent bundle of k^1- velocities.

Returning to our case, we know that: (i)^k⊕ E and T^E(^k⊕ E) play the role of T^1_k Q and T (T^1_k Q), respectively; (ii) T^1_k (T^1_k Q) is the Whitney sum of k copies of T (T^1_k Q). Then it is natural to think that the Whitney sum of k copies of T^E(^k⊕ E), that is,

(T^E)^1_k(^k⊕ E): = T^E(^k⊕ E)⊕^k. . . ⊕T^E(^k⊕ E) , will play the role of T^1_k (T^1_k Q).

Now, the natural question is: what are the maps playing the role of τ^k_{T 1k Q} and T^1_k (τ^k_Q), when one considers Lie algebroids?

Now we consider the following maps:

~τ^k_{⊕E} : (T^E)^1_k(^k⊕ E) ≡ T^E(^k⊕ E)⊕^k. . . ⊕T^E(^k⊕ E) →^k⊕ E ((a_{1q}, v_{1bq} ), . . . , (a_{kq}, v_{kbq} )) → b_q and ~τ^k_1 : (T^E)^1_k(^k⊕ E) ≡ T^E(^k⊕ E)⊕^k. . . ⊕T^E(^k⊕ E) →^k⊕ E ((a_{1q}, v_{1bq} ), . . . , (a_{kq}, v_{kbq} )) → (a_{1q}, . . . , a_{kq}) .

These two maps play the role of τ^k_{T 1k Q} and T^1_k (τ^k_Q), respectively. In fact, when E = T Q there exists a difeomorphism between T (T^1_k Q) and T^{T Q}(T^1_k Q) given by, (see remark 4.2), T (T^1_k Q) ≡ T^{T Q}(T^1_k Q) = (T Q) ×_{T Q} T (T^1_k Q) ≡ T (T^1_k Q) v_{wq} ≡ (T_{wq} (τ^k_Q)(v_{wq} ), v_{wq} ) . Thus

• The map ~τ^k_{k⊕T Q} : (T^{T Q})^1_k(T^1_k Q) ≡ T^1_k (T^1_k Q) → T^1_k Q corresponds to τ^k_{T 1k Q} : T^1_k (T^1_k Q) → T^1_k Q since ~τ^k_{T 1k Q}((T_{wq} (τ^k_Q)(v_{1wq} ), v_{1wq} ), . . . , (T_{wq} (τ^k_Q)(v_{kwq} ), v_{kwq} )) = w_q = τ^k_{T 1k Q}(v_{1wq} , . . . , v_{kwq} ) .

• The map ~τ^k_1 : (T^{T Q})^1_k(T^1_k Q) ≡ T^1_k (T^1_k Q) → T^1_k Q identifies with T^1_k (τ^k_Q): T^1_k (T^1_k Q) → T^1_k Q since ~τ^k_1 ((T_{wq} (τ^k_Q)(v_{1wq} ), v_{1wq} ), . . . , (T_{wq} (τ^k_Q)(v_{kwq} ), v_{kwq} )) = (T_{wq} (τ^k_Q)(v_{1wq} ), . . . , T_{wq} (τ^k_Q)(v_{kwq} )) = T^1_k (τ^k_Q)(v_{1wq} , . . . , v_{kwq} ) .

Remark 4.9. For simplicity we denote by (a_q, v_{bq} ) an element ((a_{1q}, v_{1bq} ), . . . , (a_{kq}, v_{kbq} )) of (T^E)^1_k(^k⊕ E) ≡ T^E(^k⊕ E)⊕^k. . . ⊕T^E(^k⊕ E) where a_q : = (a_{1q}, . . . , a_{kq}) ∈^k⊕ E and v_{bq} : = (v_{1bq} , . . . , v_{kbq} ) ∈ T^1_k (^k⊕ E). ⋄ Now we are in conditions to introduce the object which plays the role of a sopde when we consider an arbitrary Lie algebroid E. This object is also called sopde Definition 4.10. A second order partial differential equation (sopde for short) on^k⊕ E is a map ξ :^k⊕ E → (T^E)^1_k(^k⊕ E) which is a section of ~τ^k_{⊕E} and ~τ^k_1 .

Since (T^E)^1_k(^k⊕ E) is the Whitney sum T^E(^k⊕ E)⊕^k. . . ⊕T^E(^k⊕ E) of k copies of T^E(^k⊕ E), we deduce that to give a section ξ of ~τ^k_{⊕E} is equivalent to give a family of k sections, ξ_1, . . . , ξ_k, of the Lagrangian prolongation T^E(^k⊕ E), obtained by projecting ξ on each factor.

Next, we are going to characterize a sopde. Definition 4.11. The set

(4.16)

Adm(E) = {(a_q, v_{bq} ) ∈ (T^E)^1_k(^k⊕ E) | ~τ^k_1 (a_q, v_{bq} ) = ~τ^k_{k⊕E} (a_q, v_{bq} )}

= {(a_q, v_{bq} ) ∈ (T^E)^1_k(^k⊕ E) | a_q = b_q} . is called the set of admissible points.

Proposition 4.12. Let ξ = (ξ_1, . . . , ξ_k) :^k⊕ E → (T^E)^1_k(^k⊕ E) be a section of ~τ^k_{⊕E} . The following statements are equivalent:

(i) ξ takes values in Adm(E) .

(ii) ξ is a sopde, that is, ~τ^k_1 ∘ ξ = id k_{⊕E} . (iii) ~J^A(ξ_A) = ~Δ_A for all A = 1, . . . , k.

(Proof ) From (4.16) it is easy to prove that (i) and (ii) are equivalent. The equivalence between (i) and (iii) is a direct consequence of the definitions of ~J^A, ~Δ_A and ξ^{VA} .

Using (iii) in Proposition 4.12 one easily deduce that the local expression of a sopde ξ = (ξ_1, . . . , ξ_k) is the following ξ_A = y^α_AX_α + (ξ_A)^α_B V^B_α

where (ξ_A)^α_B ∈ C^∞(^k⊕ E).

Proposition 4.13. Let ξ = (ξ_1, . . . , ξ_k) :^k⊕ E → (T^E)^1_k(^k⊕ E) be a section of ~τ^k_{⊕E}. Then

(ρ^{~τ} (ξ_1), . . . , ρ^{~τ} (ξ_k)):^k⊕ E → T^1_k (^k⊕ E)

is a k-vector field on^k⊕ E. Let us remember that

ρ^{~τ} : T^E(^k⊕ E) ≡ E ×_{T Q} T (^k⊕ E) → T (^k⊕ E)

denote the anchor map of the Lie algebroid T^E(^k⊕ E).

(Proof ) It is a direct consequence of (vi) in Section 4.1.2. In local coordinate we obtain

(4.17) ρ^{~τ} (ξ_A) = ρ^i_αy^α_A ∂ ∂q^i + (ξ_A)^α_B ∂ ∂y^α_B ∈ X(^k⊕ E) .

Definition 4.14. A map η : R^k →^k⊕ E es called an integral section of the sopde ξ, if η is an integral section of the k-vector field (ρ^{~τ} (ξ_1), . . . , ρ^{~τ} (ξ_k)), associated to ξ, that is,

(4.18) (ρ^{~τ} (ξ_A))(η(t)) = η_∗(t) ( ∂ ∂t^A | |_t ) , 1 ≤ A ≤ k , If η is written locally as η(t) = (η^i(t), η^α_A(t)), then from (4.17) we deduce that (4.18) is locally equivalent to the identities,

(4.19) ∂η^i ∂t^A | | |_t = η^α_A(t)ρ^i_α(~τ (η(t)) , ∂η^β_B ∂t^A | | |_t = (ξA)^β_B (η(t)) ,

where ~τ :^k⊕ E → Q is the canonical projection.

4.1.5. Lagrangian formalism. Let L :^k⊕ E → R be a function which we will call Lagrangian function.

In this section, we will develop a intrisic and global geometric framework, which allows us to write the Euler-Lagrange equations on a Lie algebroid, associated with the Lagrangian function L. In first place we are going to introduce some geometric elements associated with a Lagrangian L.

Poincaré-Cartan sections. We now introduce the Poincaré-Cartan 1-sections Θ^A_L :^k⊕ E −→ (T^E(^k⊕ E))^∗ b_q −→ Θ^A_L (b_q) where Θ^A_L (b_q) is defined by

Θ^A_L (b_q) : (T^E(^k⊕ E))_{bq} −→ R

Z_{bq} = (e_q, v_{bq} ) −→ (Θ^A_L )_{bq} (Z_{bq} ) = (d^{TE( k⊕E)}L)_{bq} (( ~J^A)_{bq} (Z_{bq} )) .

Using the expression (4.6) of d^{TE( k⊕E)}f with f = L we obtain: (4.20) (Θ^A_L )(b_q)Z_{bq} = (d^{TE( k⊕E)}L)_{bq} ( ( ~J^A)_{bq} Z_{bq} ) = ( ρ^{~τ} ( ( ~J^A)_{bq} Z_{bq} )) L , where b_q ∈^k⊕ E, Z_{bq} ∈ [T^E(^k⊕ E)]_{bq} y ρ^{~τ} (( ~J^A)_{bq} Z_{bq} ) ∈ T_{bq} (^k⊕ E).

The Poincaré-Cartan 2-sections Ω^A_L :^k⊕ E → (T^E(^k⊕ E))^∗ ∧ (T^E(^k⊕ E))^∗, 1 ≤ A ≤ k are defined as follows:

Ω^A_L : = −d^{TE( k⊕E)}Θ^A_L , 1 ≤ A ≤ k , that is,

(4.21)

Ω^A_L (ξ_1, ξ_2) = −dΘ^A_L (ξ_1, ξ_2) = [ρ^{~τ} (ξ_2)](Θ^A_L (ξ_1)) − [ρ^{~τ} (ξ_1)](Θ^A_L (ξ_2)) + Θ^A_L ([[ξ_1, ξ_2]]^{~τ} ) ,

where ξ_1, ξ_2 ∈ Sec(T^E(^k⊕ E)) and (ρ^{~τ} , [[·, ·]]^{~τ} ) denotes the Lie algebroid structure of T^E(^k⊕ E) defined in section 4.1.2.

Next, we will establish the local expressions of Θ^A_L and Ω^A_L .

Consider {X_α, V^B_α } a local basis of sections of Sec(T^E(^k⊕ E)) and {X^α, V^α_B } its dual basis. Then from (4.4), (4.15) y (4.20) we obtain (4.22) Θ^A_L = ∂L ∂y^α_A X^α , 1 ≤ A ≤ k . From de local expressions (4.3), (4.4), (4.5), (4.21) and (4.22) we have for each A = 1, . . . , k, (4.23) Ω^A_L = 1 2 ( ρ^i_β ∂^2L ∂q^i∂y^α_A − ρ^i_α ∂^2L ∂q^i∂y^β_A + C^γ_{αβ} ∂L ∂y^γ_A ) X^α ∧ X^β +

∂^2L ∂y^β_B ∂y^α_A X^α ∧ V^β_B .

Remark 4.15.

(i) En the particular case k = 1 we obtain the Poincaré-Cartan forms of the Lagrangian Mechanics on Lie algebroids. See, for instance [8, 31].

(ii) When E = T Q and ρ_{T Q} = id_{T Q}, then Ω^A_L (X, Y ) = ω^A_L (X, Y ) , 1 ≤ A ≤ k where X, Y are two vector fields on T^1_k Q and ω^1_L, . . . , ω^k_L denote the Lagrangian 2-forms of the standard k-symplectic formalism defined by ω^A_L = −d(dL ∘ J^A), being d the usual differential. ⋄

The energy function. The energy function E_L :^k⊕ E → R defined by the Lagrangian L is E_L = k∑ A=1 ρ^{~τ} (Δ_A)L − L , and from (4.4) and (4.13) one deduce that E_L is locally given by

(4.24) E_L = k∑ A=1 y^α_A ∂L ∂y^α_A − L . Morphisms. For studying the concept of Euler-Lagrange equations and their solutions on Lie algebroids, we need to show a new point of view of the solutions for the standard Euler-Lagrange equations, which allows us to think a solution as a particular set of Lie algebroid morphisms.

In the standard Lagrangian k-symplectic formalism, a solution of the Euler-Lagrange equation is a field ϕ : R^k → Q such that its first prolongation ϕ^{(1)} : R^k → T^1_k Q satisfies the Euler-Lagrange field equations, that is, k∑ A=1 ∂ ∂t^A | | t ( ∂L ∂v^i_A | | ϕ^{(1)}(t) ) = ∂L ∂q^i | | ϕ^{(1)}(t) . Let us observe that the map ϕ naturally induces the following Lie algebroid morphism T R^{k T ϕ} � τ_{Rk} � T Q τ_Q � R^k_ϕ � Q

If we consider the canonical basis of section of τ_Rk , { ∂ ∂t^1 , . . . , ∂ ∂t^k } , then the first

prolongation ϕ^{(1)} of ϕ, can be written as follows:

ϕ^{(1)}(t) = (T_tϕ( ∂ ∂t^1 | |_t), . . . , Ttϕ( ∂ ∂t^k | |_t)) .

Returning to the case of Lie algebroids, the analog of a field solution of the Euler- Lagrange equations is now a Lie algebroid morphism Φ = (Φ, Φ) between T R^k and E

T R^{k Φ} � τ_{Rk} � E τ � R^k_Φ � Q

Taking a local basis {e_A}^k_{A=1} of local sections of T R^k , one can define a map ~Φ : R^k →^k⊕ E associated to Φ and given by ~Φ : Rk →^k⊕ E ≡ E⊕ k. . . ⊕E t → (Φ(e_1(t)), . . . , Φ(e_k(t))) .

Let (t^A) and (q^i) be a local coordinate system on R^k and Q, respectively. Let {e_A} be a local basis of sections of τ_Rk and {e_α} be a local basis of sections of E, we denote by {e^A} and {e^α} the dual basis. Then Φ is determined by the relations Φ(t) = (ϕ^i(t)) and

Φ^∗e^α = ϕ^α_Ae^A for certain local functions ϕ^i and ϕ^α_A on R^k . Thus, the associated map ~Φ is locally given by ~Φ(t) = (ϕ^i(t), ϕ^α_A(t)).

In this case, the conditions of Lie algebroid morphism (3.6) are written as

(4.25) ρ^i_αϕ^α_A = ∂ϕ^i ∂t^A , 0 = ∂ϕ^α_A ∂t^B − ∂ϕ^α_B ∂t^A + C^α_{βγ} ϕ^β_B ϕ^α_A .

Remark 4.16. In the standard case where E = T Q the above morphism conditions reduce to

ϕ^i_A = ∂ϕ^i ∂t^A and ∂ϕ^i_A ∂t^B = ∂ϕ^i_B ∂t^A . Therefore, in the standard case, by considering morphisms we are just considering the first-order prolongation of the fields ϕ : R^k → Q. ⋄

The Euler-Lagrange equations. Consider a given regular Lagrangian function L:^k⊕ E → R. The field equations are obtained as follows:

We look for the solutions ξ = (ξ_1, . . . , ξ_k) of the equation

(4.26) k∑ A=1 ı_{ξA} Ω^A_L = d^{TE( k⊕E)}E_L .

Notice that each ξ_A is a section of the Lagrangian prolongation T^E(^k⊕ E) and thus, ξ is a section of (T^E)^1_k(^k⊕ E) = T^E(^k⊕ E)⊕^k. . . ⊕T^E(^k⊕ E) →^k⊕ E.

Using a local coordinate system (q^i, y^α_A) on^k⊕ E an a local basis {e_α} of Sec(E), each ξ_A is locally given by ξ_A = ξ^α_AX_α + (ξ_A)^α_C V^C_α .

Then, using this local expression and from (4.6), (4.23) and (4.24) we obtain that the equation (4.26) is locally expressed as follows: ξ^β_A ( ρ^i_α ∂^2L ∂q^i∂y^β_A − ρ^i_β ∂^2L ∂q^i∂y^α_A + C^γ_{βα} ∂L ∂y^γ_A ) − (ξ_A)^β_B

∂^2L ∂y^β_B∂y^α_A = ρ^i_α ( y^β_A ∂^2L ∂q^i∂y^β_A − ∂L ∂q^i ) , ξ^α_A ∂^2L ∂y^β_B∂y^α_A = y^α_A ∂^2L ∂y^β_B∂y^α_A .

Since L is regular, that is the matrix (^{∂2L}_{∂yαA∂yβB} ) is regular, the above equations can be written as follows

(4.27) y^β_Aρ^i_β ∂^2L ∂q^i∂y^α_A + (ξ_A)^β_B

∂^2L ∂y^α_A∂y^β_B = ρ^i_α ∂L ∂q^i + y^β_AC^γ_{βα} ∂L ∂y^γ_A , ξ^α_A = y^α_A .

Therefore ξ is a sopde.

Let ~Φ : R^k →^k⊕ E the associated map to a Lie algebroid morphism Φ: T R^k → E.

If ~Φ(t) = (ϕ^i(t), ϕ^α_A(t)) is an integral section of the sopde ξ solution of (4.26) then from the condition (4.19) of integral section and the equations (4.27) we obtain ∂ϕ^i ∂t^A | |_t

∂^2L ∂q^i∂y^α_A | |_{~Φ(t)} + ∂ϕ^β_B ∂t^A | |_t

∂^2L ∂y^α_A∂y^β_B | |_{~Φ(t)} = ρ^i_α ∂L ∂q^i | |_{~Φ(t)} + ϕ^β_AC^γ_{βα} ∂L ∂y^γ_A | |_{~Φ(t)} , ∂ϕ^i ∂t^A | | t = ρ^i_αϕ^α_A(t) , 0 = ∂ϕ^α_A ∂t^B | |_t − ∂ϕ^α_B ∂t^A | |_t + C^α_{βγ} ϕ^β_B(t)ϕ^γ_A(t)

where the later equation is a consequence of the morphism condition (4.25). The above equations can be written as follows:

(4.28) k∑ A=1 ∂ ∂t^A ( ∂L ∂y^α_A | | |_{~Φ(t)} ) = ρ^i_α ∂L ∂q^i | | |_{~Φ(t)} + ϕ^β_C C^γ_{βα} ∂L ∂y^γ_C | | |_{~Φ(t)} ∂ϕ^i ∂t^A | | t = ρ^i_αϕ^α_A(t) , 0 = ∂ϕ^α_A ∂t^B | | |_t − ∂ϕ^α_B ∂t^A | | |_t + C^α_{βγ} ϕ^β_B (t)ϕ^γ_A(t) .

Notice that if E is the standard Lie algebroid T Q then the above equations are the classical Euler-Lagrange equations in field theories for the Lagrangian L : T^1_k Q → R. Thus, in the sequel, (4.28) will be called the Euler-Lagrange equations for field theories on Lie algebroids. Remark 4.17.

(i) The equations (4.28) are obtained by E. Martinez from a variational approach in the multisymplectic framework, see [33].

(ii) If one rewrite the above equations in the particular case, k = 1, one obtain the Euler-Lagrange equations on Lie algebroids given by Weinstein in [47].

(iii) When E = T Q, the equations (4.28) coincides with the Euler- Lagrange equations of the Günther formalism, [36]. ⋄ The results of this section can be summarized in the following

Theorem 4.18. Let L : R^k →^k⊕ E be a regular Lagrangian and ξ_1, . . . , ξ_k be k sections of ~τ k_{⊕E} : T^E(^k⊕ E) →^k⊕ E such that k∑ A=1 ı_{ξA} Ω^A_L = d^{TE( k⊕E)}E_L .

Then:

(i) ξ = (ξ_1, . . . , ξ_k) is a sopde.

(ii) Let ~Φ : R^k →^k⊕ E be the map associated with a Lie algebroid morphism between T R^k and E. If ~Φ is an integral section of ξ, then it is a solution of the Euler- Lagrange equations for field theories on Lie algebroids (4.28).

Remark 4.19. If we rewrite this section in the particular case k = 1, we reobtain the Lagrangian Mechanics on a Lie algebroid. (See section 3.1 in [8] or section 2.2 in [19]). ⋄

As a final remark in this subsection, it is interesting to point out that the standard Lagrangian k-symplectic formalism is a particular case of the Lagrangian formalism on Lie algebroids, when E = T Q, the anchor map ρ_{T Q} is the identity on T Q and the structure constants are C^γ_{αβ} = 0.

In this case we have:

• The manifold^k⊕ E identifies with T^1_k Q, T^{T Q}(T^1_k Q) with T (T^1_k Q) and (T^{T Q})^1_k(T^1_k Q) with T^1_k (T^1_k Q).

• The energy function E_L : T^1_k Q → R is given by E_L = k∑ A=1 Δ_A(L) − L where Δ_A

are the canonical vector field on T^1_k Q. We have explained how to obtain this vector fields in Remark 4.5 .

• A section ξ :^k⊕ E → (T^E)^1_k(^k⊕ E) correspond to a k-vector field ξ = (ξ_1, . . . , ξ_k) on T^1_k Q, that is, ξ is a section of τ^k_T 1_{k Q} : T^1_k (T^1_k Q) → T^1_k Q.

• A sopde ξ is a k-vector field on T^1_k Q which is a section of T^1_k (τ^k_Q ) : T^1_k (T^1_k Q) → T^1_k Q.

• Let f be a function on T^1_k Q then d^{TT Q(T 1k Q)}f(Y ) = df(Y ) , where df denotes the standard differential and Y is a vector field on T^1_k Q.

• It is satisfies that Ω^A_L (X, Y ) = ω^A_L (X, Y ), A = 1, . . . , k where ω^A_L , A = 1, . . . , k are the Lagrangian 2-forms of the standard k-symplectic formalism given by ω^A_L = −d(dL ∘ J^A).

• Thus, in the standard k-symplectic Lagrangian formalism, the equation (4.26) can be written as follow: k∑ A=1 ı_{ξA} ω^A_L = dE_L , that is, this equation is the geometric Euler-Lagrange equations in the standard k-symplectic Lagrangian formalism.

• In the standard case a map ϕ : R^k → Q induces a Lie algebroid morphism (T ϕ, ϕ) between T R^k and T Q. In this case, the associated map ~Φ of this morphism is the first prolongation ϕ^{(1)} of ϕ given by

~Φ(t) = (T ϕ( ∂ ∂t^1 | | |_t), . . . , T ϕ( ∂ ∂t^k | | |_t)) .

Let us observe that ~Φ = ϕ^{(1)} (see 2.2).

Thus, from the Theorem 4.18 and the above remarks, we deduce the following corollary which summarizes the standard Lagrangian k-symplectic formalism, see [14, 36, 41].

Corollary 4.20. Let L : T^1_k Q → R be a regular Lagrangian and ξ = (ξ_1, . . . , ξ_k) a k-vector field on T^1_k Q such that_k ∑ A=1 i_{ξA} ω^A_L = dE_L . Then:

(i) ξ is a sopde

(ii) If ~Φ ≡ ϕ^{(1)} is an integral section of the k-vector field ξ, then it is a solution of the Euler-Lagrange field equations in the standard Lagrangian k-symplectic field theories given by k∑ A=1 ∂ ∂t^A | | |_t ( ∂L ∂v^i_A | | |_{~Φ(t)} ) = ∂L ∂q^i | | |_{~Φ(t)} , v^i_A(~Φ(t)) = ∂(q^i ∘ ~Φ) ∂t^A | | |_t .

4.2. Hamiltonian formalism. In this subsection we will develop the Hamiltonian ksymplectic formalism on Lie algebroids, in an analogous way that in the standard case Let (E, [[·, ·]]_E, ρ_E ) be a Lie algebroid over a manifold Q. For the Hamiltonian approach we consider the dual bundle, τ^∗ : E^∗ → Q of E.

4.2.1. The manifold^k⊕ E^∗. The standard k-symplectic Hamiltonian formalism develops on the bundle (T^1_k )^∗Q of k^1-covelocities of Q, that is, the Whitney sum of k copies of T^∗Q. Passing to Lie algebroids E as a substitute of the tangent bundle, its natural to think that the analog of (T^1_k )^∗Q is the Whitney sum over Q of k copies of the dual space E^∗.

We denote by_k ⊕ E^∗ = E^∗⊕^k. . . ⊕E^∗ , the Whitney sum of k copies of the vector bundle E^∗, the projection map ~τ^∗ :^k⊕ E^∗ → Q, given by ~τ^∗(a^∗_{1q} , . . . , a^∗_{kq} ) = q

If (q^i, y_α) are local coordinates on (τ^∗)^{−1}(U) ⊆ E^∗, then the induced local coordinates (q^i, y^A_α ) on (~τ^∗)^{−1}(U) ⊆^k⊕ E^∗ are given by q^i(a^∗_{1q} , . . . , a^∗_{kq} ) = q^i(q) , y^A_α (a^∗_{1q} , . . . , a^∗_{kq} ) = y_α(a^∗_{Aq} ) .

4.2.2. The Hamiltonian prolongation. For the description of the Hamiltonian k-symplectic formalism on Lie algebroids we consider the prolongation of a Lie algebroid E over the fibration ~τ^∗ :^k⊕ E^∗ → Q, that is, (see Section 3.4),

(4.29) T^E(^k⊕ E^∗) = {(e_q, v_b∗_q ) ∈ E × T (^k⊕ E^∗)/ ρ_E (e_q) = T (~τ^∗)(v_b∗_q )} .

Taking into account the description of the prolongation T^EP , (see for instance, [8, 19, 30] or section 3.4 in this paper), on the particular case P = E^∗⊕^k. . . ⊕E^∗ we obtain:

(i) T^E(^k⊕ E^∗) ≡ E ×_{T Q} T (^k⊕ E^∗) is a Lie algebroid over^k⊕ E^∗ with projection

~τ k_{⊕E ∗} : T^E(^k⊕ E^∗) ≡ E ×_{T Q} T (^k⊕ E^∗) −→^k⊕ E^∗

and Lie algebroid structure ([[·, ·]]^{~τ ∗} , ρ^{~τ ∗} ) where the anchor map

ρ^{~τ ∗} = E ×_{T Q} T (^k⊕ E^∗): T^E(^k⊕ E^∗) → T (^k⊕ E^∗) is the canonical projection over the second factor.

We refer to this Lie algebroid as the Hamiltonian prolongation.

(ii) If (q^i, y^A_α ) denotes a local coordinate system of^k⊕ E^∗ then the induced local coordinate system on T^E(^k⊕ E^∗) ≡ E ×_{T Q} T (^k⊕ E^∗) is given by (q^i, y^A_α , z^α, w^A_α )_{1≤i≤n, 1≤A≤k, 1≤α≤m} where

(4.30) q^i(e_q, v_b∗_q ) = q^i(q) , y^A_α (e_q, v_b∗_q ) = y^A_α (b^∗_q) , z^α(e_q, v_b∗_q ) = y^α(e_q) , w^A_α (e_q, v_b∗_q ) = v_b∗_q (y^A_α ) .

(iii) The set {X_α, V^α_A} given by

(4.31)

X_α :^k⊕ E^∗ → T^E(^k⊕ E^∗) ≡ E ×_{T Q} T (^k⊕ E^∗) b^∗_q → X_α(b^∗_q ) = (e_α(q); ρ^i_α(q) ∂ ∂q^i | | |_{b∗q} )

V^α_A :^k⊕ E^∗ → T^E(^k⊕ E^∗) ≡ E ×_{T Q} T (^k⊕ E^∗) b^∗_q → V^α_A(b^∗_q ) = (0_q; ∂ ∂y^A_α | | b^∗_q ) , is a local basis of Sec(T^E(^k⊕ E^∗)) the set of sections of ~τ k_{⊕E ∗} . (See (3.7)).

(iv) The anchor map ρ^{~τ ∗} : T^E(^k⊕ E^∗) → T (^k⊕ E^∗) allows us to associate a vector field to each section ξ :^k⊕ E^∗ → T^E(^k⊕ E^∗) of ~τ k_{⊕E ∗} .

Locally, if ξ writes as follows:

ξ = ξ^αX_α + ξ^A_α V^α_A ∈ Sec(T^E(^k⊕ E^∗)) then the associated vector field has the following local expression, see (3.8),

(4.32) ρ^{~τ ∗} (ξ) = ρ^i_αξ^α ∂ ∂q^i + ξ^A_α ∂ ∂y^A_α ∈ X(^k⊕ E^∗) .

(v) The Lie bracket of two sections of ~τ k_{⊕E ∗} is characterized by the following expressions (see (3.10)):

(4.33) [[X_α, X_β]]^{~τ ∗} = C^γ_{αβ} X_γ [[X_α, V^β_B ]]^{~τ ∗} = 0 [[V^α_A, V^β_B ]]^{~τ ∗} = 0 , (vi) If {X^α, V^A_α } is the dual basis of {X_α, V^α_A}, then the exterior differential is determined by, (see (3.11)),

(4.34) d^{TE( k⊕E ∗)}f = ρ^i_α ∂f ∂q^i X^α + ∂f ∂y^A_α V^A_α , for all f ∈ C^∞(^k⊕ E^∗)

d^{TE( k⊕E ∗)}X^γ = − 1 2 C^γ_{αβ}X^α ∧ X^β , d^{TE( k⊕E ∗)}V^A_γ = 0 .

Remark 4.21. In the particular case E = T Q the manifold T^E(^k⊕ E^∗) turns into T ((T^1_k )^∗Q).The proof is similar to remark 4.2. ⋄

4.2.3. The vector bundle T^E(^k⊕ E^∗)⊕^k. . . ⊕T^E(^k⊕ E^∗). In the standard k-symplectic Hamiltonian formalism one obtains the solutions of the Hamilton equations as integral sections of certain k-vector fields on (T^1_k )^∗Q, that is, certain sections of τ^k_{(T} 1_{k )}∗_Q : T^1_k ((T^1_k )^∗Q) → (T^1_k )^∗Q .

Thinking on a Lie algebroid E as a substitute of the tangent bundle, we know that T^E(^k⊕ E^∗) plays the role of T ((T^1_k )^∗Q). Thus it is natural to choose the Whitney sum of k copies of T^E(^k⊕ E^∗), that is, the manifold (T^E)^1_k(^k⊕ E^∗): = T^E(^k⊕ E^∗)⊕^k. . . ⊕T^E(^k⊕ E^∗) plays the role of T^1_k ((T^1_k )^∗Q) = T ((T^1_k )^∗Q)⊕^k. . . ⊕T ((T^1_k )^∗Q) .

We denote by ~τ^k_{⊕E ∗} : (T^E)^1_k(^k⊕ E^∗) →^k⊕ E^∗ the canonical projection given by ~τ^k_{⊕E ∗} (Z^1_b∗_q , . . . , Z^k_b∗_q ) = b^∗_q ,

where Z^A_b∗_q = (a_{Aq}, v_{Ab}∗_q ) ∈ T^E(^k⊕ E^∗), A = 1, . . . , k.

Now, we consider a section ξ of ~τ^k_{⊕E ∗} . Next we will prove that there exist a k-vector field on^k⊕ E^∗ associated to each section ξ.

Notice that to give a section ξ :^k⊕ E^∗ → (T^E)^1_k(^k⊕ E^∗)) = T^E(^k⊕ E^∗)⊕^k. . . ⊕T^E(^k⊕ E^∗) of ~τ^k_{⊕E ∗} is equivalent to give k sections, ξ_1, . . . , ξ_k of the Hamiltonian prolongation T^E(^k⊕ E^∗), obtained by projection ξ on each factor T^E(^k⊕ E^∗). Proposition 4.22. Let ξ = (ξ^1, . . . , ξ^k) be a section of ~τ^k_{⊕E ∗} . Then

(ρ^{~τ ∗} (ξ_1), . . . , ρ^{~τ ∗} (ξ_k)):^k⊕ E^∗ → T^1_k (^k⊕ E^∗) is a k-vector field on^k⊕ E^∗. Let us remember that the mapping ρ^{~τ ∗} is the anchor map of the Lie algebroid T^E(^k⊕ E^∗).

(Proof ) Is a direct consequence of (4.32) and the above remark.

4.2.4. Hamiltonian formalism. Let (E, [[·, ·]]_E, ρ_E ) be a Lie algebroid on a manifold Q and H :^k⊕ E^∗ → R be a Hamiltonian function.

In this subsection we will develop the k-symplectic Hamiltonian formalism on Lie algebroids. Morevover, we also describe the standard k-symplectic Hamiltonian formalism as a particular case of the formalism developed here.

First, we define certain type of sections of the dual of the Hamiltonian prolongation T^E(^k⊕ E^∗), which play the role of the Liouville forms in the standard case. The Liouville sections. We are called Liouville 1-sections to the sections of the bundle (T^E(^k⊕ E^∗))^∗ →^k⊕ E^∗ defined as follow: Θ^A :^k⊕ E^∗ −→ (T^E(^k⊕ E^∗))^∗

b^∗_q −→ Θ^A_b ∗_q 1 ≤ A ≤ k , where Θ^A_b ∗_q is the function given by

(4.35)

Θ^A_b ∗_q : (T^E(^k⊕ E^∗))_b ∗_q −→ R (e_q, v_b ∗_q ) −→ Θ^A_b ∗_q (e_q, v_b ∗_q ) = b^∗_{Aq} (e_q) , for each e_q ∈ E, b^∗_q = (b_1^∗_q, . . . , b_k^∗_q) ∈^k⊕ E^∗ and v_b ∗_q ∈ T_b ∗_q (^k⊕ E^∗).

Now we define the 2-sections Ω^A :^k⊕ E^∗ → (T^E(^k⊕ E^∗))^∗ ∧ (T^E(^k⊕ E^∗))^∗, 1 ≤ A ≤ k by Ω^A = −d^{TE( k⊕E ∗)}Θ^A , where d^{TE( k⊕E ∗)} denotes the exterior differential on the Lie algebroid T^E(^k⊕ E^∗), see (4.34).

Next we will write the local expression of the sections Θ^A and Ω^A. Let {X_α, V^β_B } be a local basis of Sec(T^E(^k⊕ E^∗)) and {X^α_A, V^B_β } its dual basis. Then from (4.31) we have

(4.36) Θ^A = m∑ β=1 y^A_β X^β , 1 ≤ A ≤ k . Thus, from (4.32), (4.33), (4.34) and (4.36) we obtain the local expression of Ω^A, that is, (4.37) Ω^A = ∑ β X^β ∧ V^A_β + 1 2 ∑ β,γ,δ C^δ_{βγ} y^A_δ X^β ∧ X^γ , 1 ≤ A ≤ k .

Remark 4.23.

(i) In the particular case k = 1 the Liouville sections introduced here are the Liouville sections on Mechanics on Lie algebroids, see E. Martinez, [8, 31].

(ii) When E = T Q and ρ_{T Q} = id_{T Q}, then Ω^A(X, Y ) = ω^A(X, Y ) , 1 ≤ A ≤ k where X, Y are vector fiels on (T^1_k )^∗Q and ω^1, . . . , ω^k are the canonical 2-forms of the standard k-symplectic Hamiltonian formalism. ⋄ The Hamilton equations.

Theorem 4.24. Let H :^k⊕ E^∗ → R be a Hamiltonian and

ξ = (ξ_1, . . . , ξ_k) :^k⊕ E^∗ → (T^E)^1_k(^k⊕ E^∗) ≡ T^E(^k⊕ E^∗)⊕^k. . . ⊕T^E(^k⊕ E^∗) a section of ~τ^k_{k⊕E ∗} , or equivalently, k sections of the Hamiltonian prolongation, T^E(^k⊕ E^∗), such that

(4.38) k∑ A=1 ı_{ξA} Ω^A = d^{TE( k⊕E ∗)}H .

If ψ : R^k →^k⊕ E^∗ is an integral section of ξ, then ψ is a solution of the following system of partial differential equations

(4.39) ∂ψ^i ∂t^A = ρ^i_α ∂H ∂y^A_α and k∑ A=1 ∂ψ^A_α ∂t^A = − ( C^δ_{αβ} ψ^B_δ ∂H ∂y^B_β + ρ^i_α ∂H ∂q^i ) .

Remark 4.25. In the particular case E = T Q and ρ = id_{T Q}, the equations (4.2.4) are the Hamilton field equations. Therefore these equations (4.2.4) are called the Hamilton equations on Lie algebroids. ⋄

(Proof ) Let

ξ = (ξ_1, . . . , ξ_k) :^k⊕ E^∗ → (T^E)^1_k(^k⊕ E^∗) be a section of ~τ^k_{k⊕E ∗} such that (4.38) holds.

Consider {X_α, V^β_B }, a local basis of sections of ~τ k_{⊕E ∗} : T^E(^k⊕ E^∗) →^k⊕ E^∗, then each ξ_A, A = 1, . . . , k can be written as follow:

(4.40) ξ_A = ξ^α_AX_α + (ξ_A)^B_α V^α_B ,

From (4.34), (4.37) and (4.40) we obtain that (4.38) is locally expressed as follow

(4.41) ξ^α_B = ∂H ∂y^B_α k∑ A=1 (ξ_A)^A_α = − ( C^δ_{αβ} y^C_δ ∂H ∂y^C_β + ρ^i_α ∂H ∂q^i )

Next, let ψ : R^k →^k⊕ E^∗, ψ(t) = (ψ^i(t), ψ^A_α (t)) be an integral section of ξ, that is, ψ is an integral section of (ρ^{~τ ∗} (ξ), . . . , ρ^{~τ ∗} (ξ)) the k-vector field on^k⊕ E^∗ associated to ξ. Thus the following expressions holds:

(4.42) ξ^β_Aρ^i_β = ∂ψ^i ∂t^A , (ξ_A)^B_β = ∂ψ^B_β ∂t^A . Finally, from (4.41) and (4.42) we deduce that ψ satisfies the following system of partial differential equations. ∂ψ^i ∂t^A = ∂H ∂y^A_α ρ^i_α and k∑ A=1 ∂ψ^A_α ∂t^A = − ( C^δ_{αβ} ψ^A_δ ∂H ∂y^A_β + ρ^i_α ∂H ∂q^i ) .

Remark 4.26.

(i) When E = T Q and ρ_{T Q} = id_{T Q} the equation (4.38) is the geometric version of the Hamilton field equation in the standard k-symplectic formalism. This fact will be explain after.

(ii) In the particular case k = 1, this theorem summarized the Hamiltonian Mechanics on Lie algebroids, see section 3.2 in [8] or section 3.3 on [19]. ⋄ As a final remark in this subsection, it is interesting to point out that the standard Hamiltonian k-symplectic formalism is a particular case of the Hamiltonian formalism on Lie algebroids. In this case E = T Q and ρ_E = id_{T Q} as we have comment in the point (i) of the remark 4.26. We have:

• The manifold^k⊕ E^∗ is identified with (T^1_k )^∗Q; T^{T Q}((T^1_k )^∗Q) with T ((T^1_k )^∗Q); and (T^{T Q})^1_k((T^1_k )^∗Q) with T^1_k ((T^1_k )^∗Q).

• A section ξ :^k⊕ E^∗ → (T^E)^1_k(^k⊕ E^∗) corresponds to a k-vector field ξ = (ξ_1, . . . , ξ_k) on (T^1_k )^∗Q, that is, ξ is a section of τ^k_{(T} 1_{k ) ∗Q} : T^1_k ((T^1_k )^∗Q) → (T^1_k )^∗Q.

• Let f be a function defined on (T^1_k )^∗Q then (d^{TE( k⊕E ∗)}f)(Y ) = df(Y ) where df denotes the usual differential and Y is a vector field on (T^1_k )^∗Q.

• It is satisfies that Ω^A(X, Y ) = ω^A(X, Y ) (A = 1, . . . , k) where ω^A, A = 1, . . . , k are the canonical k-symplectic 2-forms on (T^1_k )^∗Q.

• Thus, in the standard Hamiltonian k-symplectic formalism the equation (4.38) writes as follow:_k ∑ A=1 ı_{ξA} ω^A = dH . As consequence of the Theorem 4.24 and the five above remarks, we reobtain the standard Hamiltonian k-symplectic formalism, which can be summarized in the following Corollary 4.27. Let H : (T^1_k )^∗Q → R be a Hamiltonian formalism and ξ = (ξ_1, . . . , ξ_k) be a k-vector field on (T^1_k )^∗Q such that k∑ A=1 ı_{ξA} ω^A = dH . If ψ : R^k → (T^1_k )^∗Q, ψ(t) = (ψ^i(t), ψ^A_i (t)) is an integral section of ξ, then is a solution to the Hamilton field equation in the standard k-symplectic formalism, that is,

(4.43) k∑ A=1 ∂ψ^A_i ∂t^A | | |_t = − ∂H ∂q^i | | |_{ψ(t)} , ∂ψ^i ∂t^A | | |_t = ∂H ∂p^A_i | | |_{ψ(t)} , i = 1 . . . , n . 4.3. The Legendre transformation and the equivalence between the Lagrangian and Hamiltonian k-symplectic formalism on Lie algebroids. In this section we introduce the Legendre transformation on the k-symplectic framework on Lie algebroids and we establish the equivalence between the Lagrangian and Hamiltonian formulation when we consider a hyperregular Lagrangian, This fact extends the analogous results of the standard case.

Let L :^k⊕ E → R be a Lagrangian function and Θ^A_L :^k⊕ E → [T^E(^k⊕ E)]^∗ , (A = 1, . . . , k) be the Poincaré-Cartan 1-sections associated with L, which was defined in (4.20). Definition 4.28. We introduce the Legendre transformation associated with L as the smooth map Leg :^k⊕ E →^k⊕ E^∗ defined by Leg(b_{1q} , . . . , b_{kq} ) = ( [Leg(b_{1q} , . . . , b_{kq} )]^1, . . . , [Leg(b_{1q} , . . . , b_{kq} )]^k ) where [Leg(b_{1q} , . . . , b_{kq} )]^A(e_q) = d ds L(b_{1q} , . . . , b_{Aq} + se_q, . . . , b_{kq} ) | |_{s=0} , being e_q ∈ E_q.

En other words, for each A we can write (4.44) [Leg(b_{1q} , . . . , b_{kq} )]^A(e_q) = Θ^A_L (b_{1q} , . . . , b_{kq} )(Z) ,

where Z is a point in the fiber of (T^E(^k⊕ E))_{bq} , over the point

b_q = (b_{1q} , . . . , b_{kq} ) ∈^k⊕ E such that ~τ_1(Z) = e_q being ~τ_1 : T^E(^k⊕ E) = E ×_{T Q} T (^k⊕ E) → E is the projection over the first factor. Therefore Z is of the form Z = (e_q, v_{bq} ).

The map Leg is well-defined and its local expression is Leg(q^i, y^α_A) = (q^i, ∂L ∂y^α_A ) . From this local expression it is easy to prove that the Lagrangian L is regular if an only if Leg is a local diffeomorphism.

Remark 4.29. When E = T Q the Legendre transformation defined here coincides with the Legendre transformation introduced by Günther in [14]. ⋄ The Legendre transformation, Leg, induce a map

T^ELeg : T^E(^k⊕ E) ≡ E ×_{T Q} T (^k⊕ E) → T^E(^k⊕ E^∗) ≡ E ×_{T Q} T (^k⊕ E^∗) defined as follow T^ELeg(e_q, v_{bq} ) = ( e_q, (Leg)_∗(b_q)(v_{bq} ) ) , where e_q ∈ E_q, b_q ∈^k⊕ E y (e_q, v_{bq} ) ∈ T^E(^k⊕ E) ≡ E ×_{T Q} T (^k⊕ E). Notice that the following diagram is commutative k ⊕ E Leg �

~τ � � � � � k ⊕ E^∗ ~τ^∗ � � � � Q and thus T^ELeg is well-defined.

If we consider local coordinates on T^E(^k⊕ E) (resp. T^E(^k⊕ E^∗)), see (4.2) and (4.30), the local expression of TLeg is

(4.45) T^ELeg(q^i, y^α_A, z^α, w^β_B) = (q^i, ∂L ∂y^α_A , z^α, z^αρ^i_α ∂^2L ∂q^i∂y^γ_C + w^β_B ∂^2L ∂y^γ_C ∂y^β_B ) . Theorem 4.30. The pair (T^ELeg, Leg) is a morphism between the Lie algebroids (T^E(^k⊕ E), ρ^{~τ} , [[·, ·]]^{~τ} ) and (T^E(^k⊕ E^∗), ρ^{~τ ∗} , [[·, ·]]^{~τ ∗} ). Moreover, if Θ^A_L and Ω^A_L (respectively, Θ^A and Ω^A) are the Poincaré-Cartan 1-sections and 2-sections associated with L:^k⊕ E → R (respectively, the Liouville 1-sections and 2-sections on T^E(^k⊕ E^∗)), then (4.46) (T^ELeg, Leg)^∗Θ^A = Θ^A_L , (T^ELeg, Leg)^∗Ω^A = Ω^A_L , 1 ≤ A ≤ k .

(Proof ) Firstly we have to prove that (T^ELeg, Leg) is a Lie algebroid morphism.

T^E(^k⊕ E)^T

ELeg �

~τ_{k⊕E} � T^E(^k⊕ E^∗) ~τ_{k⊕E ∗} � k ⊕ E Leg �^k ⊕ E^∗ Suppose that (q^i) are local coordinates on Q, that {e_α} is a local basis of Sec(E) and denote by {X_α, V^A_α } (respectively, {Y_α, U^α_A}) the corresponding local basis of sections of ~τ k_{⊕E} : T^E(^k⊕ E) →^k⊕ E (respectively, ~τ k_{⊕E ∗} : T^E(^k⊕ E^∗) →^k⊕ E^∗).

Then, using (3.5), (4.6) and (4.45), by a straightforward computation we deduce that

(4.47) (T^ELeg, Leg)^∗(Y^α) = X^α , (T^ELeg, Leg)^∗(U^A_α ) = d^{TE( k⊕E)} ( ∂L ∂y^α_A ) , for each α = 1, . . . , m and A = 1, . . . , k where {X^α, V^α_A} and {Y^α, U^A_α } denotes the dual basis of {X_α, V^A_α } and {Y_α, U^α_A} respectively.

Thus, taking into account this identities, from (4.6) and (4.34) we conclude that

(T^ELeg, Leg)^∗(d^{TE( k⊕E ∗)}f) = d^{TE( k⊕E)}(f ∘ Leg) (T^ELeg, Leg)^∗(d^{TE( k⊕E ∗)}Y^α) = d^{TE( k⊕E)}((T^ELeg, Leg)^∗Y^α) (T^ELeg, Leg)^∗(d^{TE( k⊕E ∗)}U^A_α ) = d^{TE( k⊕E)}((T^ELeg, Leg)^∗U^A_α ) ,

for all function f ∈ C^∞(^k⊕ E^∗) and for all α and A.

Consequently, the pair (T^ELeg, Leg) is a Lie algebroid morphism Next we will check that (T^ELeg, Leg)^∗Θ^A = Θ^A_L holds. From (3.5), (4.35) and (4.44) we obtain:

[(T^ELeg, Leg)^∗Θ^A]_{bq} (e_q, v_{bq} ) = Θ^A_{Leg(bq )}(e_q, (Leg)_∗(b_q)(v_{bq} )) = [Leg(b_q)]^A(e_q) = Θ^A_L (b_q)(e_q, v_{bq} ) .

Finally, since (T^ELeg, Leg) is a Lie algebroid morphism and taking into account the last identity we deduce that: (T^ELeg, Leg)^∗Ω^A = Ω^A_L .

Remark 4.31. In the particular case k = 1 this theorem corresponds with the Theorem 3.12 of [19].

In the case E = T Q and ρ_{T Q} = id_{T Q} this theorem establishes the relation between the Lagrangian and Hamiltonian forms in the standard k-symplectic approach. ⋄ Next, we will assume that L is hyperregular, that is, Leg is a global diffeomorphism. In this case we may consider the Hamiltonian function H :^k⊕ E^∗ → R defined by H = E_L ∘ (Leg)^{−1}, where E_L es the Lagrangian energy associated with L given by (4.24). Here (Leg)^{−1} is the inverse of the Legendre transformation k ⊕ E^∗ Leg^{−1} �

H � � � � � � k ⊕ E E_L � R Lemma 4.32. If the Lagrangian L is hyperregular then T^ELeg is a diffeomorphism (Proof ) The condition L hyperregular means that Leg is a global diffeomorphism, that is, there exists its inverse map Leg^{−1} :^k⊕ E^∗ →^k⊕ E.

We define the inverse map to T^ELeg as the mapping (T^ELeg)^{−1} : T^E(^k⊕ E^∗) → T^E(^k⊕ E) given by (T^ELeg)^{−1}(a_q, v_b ∗_q ) = ( a_q, (Leg^{−1})_∗(b^∗_q )(v_b ∗_q ) ) , where a_q ∈ E, b^∗_q ∈^k⊕ E^∗ and (a_q, v_b ∗_q ) ∈ T^E(^k⊕ E^∗) ≡ E ×_{T Q} T (^k⊕ E^∗).

Therefore, T^ELeg is a diffeomorphism.

The following theorem establishes the equivalence between the Lagrangian and Hamiltonian k-symplectic formulation on Lie algebroids.

Theorem 4.33. Let L be a hyperregular Lagrangian. There is a bijective correspondence between the set of maps η : R^k →^k⊕ E such that η is an integral section of a solution ξ_L of the geometric Euler-Lagrange equations (4.26) and the set of maps ψ : R^k →^k⊕ E^∗ which are integral sections of some solution ξ_H of the geometric Hamilton equations (4.38).

(Proof ) The proof is similar to the standard case, see [46]. An outline of the proof is the following:

Let ξ_L = (ξ^1_L, . . . , ξ^k_L) :^k⊕ E → (T^E)^1_k(^k⊕ E) be a solution of the geometric Euler- Lagrange equations on Lie algebroids (4.26), then ξ_H = (ξ^1_H , . . . , ξ^k_H ) where each ξ^A_H = T^ELeg ∘ ξ^A_L ∘ (Leg)^{−1} is a solution of (4.38).

Moreover, if η : R^k →^k⊕ E is an integral section of ξ_L = (ξ^1_L, . . . , ξ^k_L), then Leg ∘ η : R^k →^k⊕ E^∗ is an integral section of ξ_H = (ξ^1_H , . . . , ξ^k_H ) being ξ^A_H = T^ELeg ∘ ξ^A_L ∘ (Leg)^{−1}.

The converse is proved in a similar way.

Remark 4.34. If we rewrite the results of this subsection in the particular case k = 1 we obtain the equivalence between the Lagrangian an Hamiltonian Autonomous Mechanics on Lie algebroids, see for instance [8].

When E = T Q and ρ_{T Q} = id_{T Q}, we obtain the equivalence between the Lagrangian and Hamiltonian formulation in the standard k-symplectic framework, see [46] ⋄

5. Examples

Harmonic mappings. ([6, 5, 44, 48]) Here, we consider harmonic mappings ϕ : R^2 → G with values in an arbitrary Lie group G with bi-invariant metric ⟨·, ·⟩. In the continuous case (see [44]), the harmonic mapping Lagrangian is given by

(5.1) L(ϕ, ϕ_x, ϕ_y) = 1 2 ⟨ϕ^{−1}ϕ_x, ϕ^{−1}ϕ_x⟩ + 1 2 ⟨ϕ^{−1}ϕ_y, ϕ^{−1}ϕ_y⟩ , where ⟨·, ·⟩ is the Killing form on g and ϕ_x, ϕ_y denotes the partial derivatives of ϕ respect to the local coordinates (x, y) of R^2 . The associated field equations are τ(ϕ) = 0 where τ(ϕ) is the tension of ϕ, defined as τ(ϕ)^i = h^{AB} ( ∂^2ϕ^i ∂t^A∂t^B − Γ^C_{AB} ∂ϕ^i ∂t^C + C^i_{jk} ∂ϕ^j ∂t^A ∂ϕ^k ∂t^B ) , i = 1, . . . , dim G , where h_{AB} are the components of a metric on R^2 , with Christoffel symbols Γ^C_{AB} and C^i_{jk} are the Christoffel symbols of the bi-invariant metric on G. In our case, h_{AB} is of course just the flat Euclidian metric.

We will only treat the case of the harmonic maps that take values in G = SO(3), embedded in gl(3), in which case the Killing form ⟨·, ·⟩ is just the trace ⟨ξ, η⟩ = − trace(ξη) . Let us observe that in this case, the Lagrangian (5.1) is represented as a function L : T SO(3) ⊕ T SO(3) → R defined on T^1_2 (SO(3)).

Taking into account that T^1_2 (SO(3)) ∼= SO(3)×so(3)×so(3), we make the identifications

T^1_2 (SO(3))/SO(3) ∼= so(3) × so(3)

and we consider the projection l of L to so(3) × so(3) given by

l(ξ_1, ξ_2) = − 1 2 trace(ξ^2_1 ) − 1 2 trace(ξ^2 ) , ξ_1, ξ_2 ∈ so(3) .

Let {E_1, E_2, E_3} be a basis of so(3), then ξ_i = y^α_i E_α, i = 1, 2 and thus, l is locally given by l(y^α_1 , y^α_2 ) = 3∑ α=1 ( (y^α_1 )^2 + (y^α_2 )^2 ) . Since a Lie algebra is a example of a Lie algebroid we can apply the theory developed in Section 4.1 and thus the Euler-Lagrange (4.28) equations are given, in this case, by ∂y^α_1 ∂t^1 + ∂y^α_2 ∂t^2 = 0 ∂y^α_A ∂t^B − ∂y^α_B ∂t^A + C^α_{β γ} y^β_B y^γ_A = 0

(α = 1, 2, 3; A = 1, 2)

Poisson sigma model. Consider a Poisson manifold (Q, Λ). Then the cotangent bundle T^∗Q has a Lie algebroid structure, where the anchor is ρ: T^∗Q → T Q β → Λ(β, ·) and the bracket is [α, β] = ı_{ρ(α)}dβ − ı_{ρ(β)}dα − dΛ(α, β) . In local coordinates, the bivector Λ has the local expression Λ = 1 2 Λ^{ij} ∂ ∂q^i ∧ ∂ ∂q^j . We can consider the Lagrangian for the sigma Poisson model as a function defined on T^∗Q ⊕ T^∗Q. Thus if (q^i, p^i_1, p^i_2) denotes the local coordinates on T^∗Q ⊕ T^∗Q, the local expression of the Lagrangian is (see [32]) L = − 1 2 Λ^{ij}p^1_i p^2_j .

A long but straightforward calculation shows that the Euler-Lagrange equation (4.28) are in this case 1 2 Λ^{ij} ( ∂p^2_i ∂t^1 − ∂p^1_i ∂t^2 + ∂Λ^{kl} ∂q^i p^1_kp^2_l ) = 0 , ∂q^i ∂t^A + Λ^{ij}p^A_j = 0 , ∂p^2_i ∂t^1 − ∂p^1_i ∂t^2 + ∂Λ^{kl} ∂q^i p^1_kp^2_l = 0 ,

In view of the morphism condition, we see that the first equation vanishes. Thus the field equations are just ∂q^i ∂t^A + Λ^{ij}p^A_j = 0 , ∂p^2_i ∂t^1 − ∂p^1_i ∂t^2 + ∂Λ^{kl} ∂q^i p^1_kp^2_l = 0 ,

where a solution is a field ϕ : R^2 → T^∗Q ⊕ T^∗Q, locally given by

ϕ(t) = (q^i(t), p^1_i (t), p^2_i (t)).

Consider the 1-forms on R^2 given by P_j = p^1_j dt^1 + p^2_j dt^2 (j = 1, . . . , n), then the above equations can be written as

dϕ^j + Λ^{jk}P_k = 0 dP_j + 1 2 Λ^{kl}_{, j} P_k ∧ P_L = 0 ,

that is the conventional form of the field equations for the Poisson-sigma model [43]

Remark 5.1. Poisson sigma models were originally introduced by Schaller, Strobl, [42], and Ikeda [16] so as to unify several two-dimensional models of gravity and to cast them into a common form with Yang-Mills theories. ⋄

Systems with symmetry. We consider a principal bundle π : Q̄ −→ Q = Q̄/G. Let A : T Q̄ −→ g be fixed principal connection with curvature B : T Q̄ ⊕ T Q̄ −→ g. The connection A determines an isomorphism between the vector bundles T Q̄/G → Q and T Q ⊕ ~g −→ Q where ~g = (Q̄ × g)/G is the adjoint bundle (see [7]):

[v_{q̄}] ↔ T_{q̄}π(v_{q̄}) ⊕ [(q̄, A(v_{q̄}))]

where v_{q̄} ∈ T_{q̄}Q̄. The connection permits us to obtain a local basis of sections of Sec(T Q̄/G) = X(Q) ⊕ Sec(~g) as follows. Let e be the identity element of the Lie group G and assume that there are local coordinates (q^i), 1 ≤ i ≤ dim Q and that {ξ_a} is a basis of g. The corresponding sections of the adjoint bundle are the left invariant vector fields ξ^L_a :

ξ^L_a (g) = T_eL_g(ξ_a)

where L_g : G −→ G is the left translation by g ∈ G. If A ( ∂ ∂q^i_{(q,e)} ) = A^a_i ξ_a

then corresponding horizontal lift on the trivialization U × G are the vector fields ( ∂ ∂q^i )_h = ∂ ∂q^i − A^a_i ξ^L_a The set {( ∂ ∂q^i )_h , ξ^L_a }

are by construction G-invariant and therefore, they constitute a local basis of sections {e_i, e_a} of Sec(T Q̄/G) = X(Q)⊕Sec(~g). Denote by (q^i, y^i, y^a) the induced local coordinates of T Q̄/G. If C^c_{ab} are the structure constants of the Lie algebra B ( ∂ ∂q^i_{(q,e)} , ∂ ∂q^j_{(q,e)} ) = B^a_{ij} ξ_a where B^c_{ij} = ∂A^c_i ∂q^j − ∂A^c_j ∂q^i − C^c_{ab}A^a_i A^b_j . then the structure functions of the Lie algebroid T Q̄/G → Q are determined by the following relations (see [19]):

[[e_i, e_j]]_T¯_{Q/G} = −B^c_{ij} e_c [[e_i, e_a]]_T¯_{Q/G} = C^c_{ab}A^b_i e_c [[e_a, e_b]]_T¯_{Q/G} = C^c_{ab}e_c

ρ_T¯_{Q/G}(e_i) = ∂ ∂q^i ρ_T¯_{Q/G}(e_a) = 0 .

Now, consider a Lagrangian function L :^k⊕ T Q̄/G −→ R then the Euler-lagrange field equations are: d dt^A ( ∂L ∂y^i_A ) = ∂L ∂q^i + B^c_{ij} y^j_C ∂L ∂y^c_C − C^c_{ab}A^b_i y^a_C ∂L ∂y^c_C d dt^A ( ∂L ∂y^a_A ) = C^c_{ab}A^b_i y^i_C ∂L ∂y^c_C − C^c_{ab}y^b_C ∂L ∂y^c_C 0 = ∂y^i_A ∂t^B − ∂y^i_B ∂t^A 0 = ∂y^c_A ∂t^B − ∂y^c_B ∂t^A − B^c_{ij} y^i_By^j_A + C^c_{ab}A^b_i y^i_B y^a_A + C^c_{ab}y^b_Ay^a_B

In the case when Q is a single point, that is Q̄ = G then T Q̄/G = g and then the Lagrangian is defined as a function L :^k⊕ g −→ R and then the previous equations are reduced now to d dt^A ( ∂L ∂y^a_A ) = −c^c_{ab}y^b_C ∂L ∂y^c_C 0 = ∂y^c_A ∂t^B − ∂y^c_B ∂t^A + C^c_{ab}y^b_Ay^a_B

which are a local expression of Euler-Poincaré equations, see for instance [6] and [32].

Acknowledgments

This work has been partially supported by MICIN (Spain) Grant MTM2008-00689, MTM 2007-62478, project “Ingenio Mathematica” (i-MATH) No. CSD 2006-00032 (Consolider-Ingenio 2010) and S-0505/ESP/0158 of the CAM.

References

[1] R.A. Abraham, J.E. Marsden. Foundations of Mechanics. (Second Edition), Benjamin- Cummings Publishing Company, New York, (1978).

[2] A. Awane. k-symplectic structures. J. Math. Phys. 33 (1992), 4046-4052. [3] A. Awane, M. Goze. Pfaffian systems, k-symplectic systems. Kluwer Academic Publishers , Dordrecht (2000).

[4] A. Cannas da Silva, A. Weinstein. Geometric models for noncommutative algebras. Amer.

Math. Soc., Providence, RI, (1999); xiv+184 pp.

[5] M. Castrillón López, T. S. Ratiu. Reduction in principal bundles: covariant Lagrange- Poincaré equations. Comm. Math. Phys. 236 (2003), no. 2, 223–250.

[6] M. Castrillón López, P. L. García Pérez, T. S. Ratiu. Euler-Poincaré reduction on principal bundles. Lett. Math. Phys. 58 (2001), no. 2, 167-180.

[7] H. Cendra, J. E. Marsden, T.S. Ratiu. Lagrangian reduction by stages. Mem. Amer. Soc.

152 (2001), no. 722.

[8] J. Cortés, M.de León, J.C. Marrero, D. Martín de Diego, E. Martinez. A survey of.

Lagrangian mechanics and control on Lie algebroids and groupoids. Int. J. Geom. Methods Mod. Phys. 3 (2006), no. 3, 509-558.

[9] F. Cantrijn, A. Ibort, M. de León. On the geometry of multisymplectic manifolds. J. Austral.

Math. Soc. (Series A). 66 (1999), 303-330.

[10] P.L. García and A. Pérez-Rendón. Symplectic approach to the theory of quantized fields. I.

Comm. Math. Phys. 13 (1969), 24-44.

[11] P.L. García and A. Pérez-Rendón, Symplectic approach to the theory of quantized fields. II.

Arch. Rat. Mech. Anal. 43 (1971), 101-124.

[12] H. Goldschmidt, S. Sternberg. The Hamilton-Cartan formalism in the calculus of variations.

Ann. Inst. Fourier 23 (1973), 203-267.

[13] M.J. Gotay, J. Isenberg, J.E. Marsden, R. Montgomery. Momentum maps and classical relativistic fields I: Covariant Theory. arXiv:physics/9801019v2 (1999).

[14] C. Günther. The polysymplectic Hamiltonian formalism in field theory and calculus of variations I: The local case. J. Differential Geom. 25 (1987), 23-53.

[15] P.J. Higgins, K. Mackenzie. Algebraic constructions in the category of Lie algebroids. J. of Algebra 129 (1990), 194-230.

[16] N. Ikeda. Two dimensional gravity and nonlinear gauge theory. Ann. Phys. 235 (1994) 435-464. [17] J. Kijowski, W. Tulczyjew. A symplectic framework for field theories. Lecture Notes in Physics, 107, Springer-Verlarg, New York, 1979.

[18] J. Klein. Espaces variationelles et mécanique. Ann. Inst. Fourier 12 (1962),1-124. [19] M. de León, J.C. Marrero, E. Martínez. Lagrangian submanifolds and dynamics on Lie algebroids, J. Phys. A: Math. Gen. 38 (2005), R241-R308.

[20] M. de León, I. Méndez, M. Salgado. Regular p-almost cotangent structures. J. Korean Math.

Soc. 25 n 2 (1988), 273-287.

[21] M. de León, I. Méndez, M. Salgado. p-almost tangent structures. Rend. Circ. Mat. Palermo Serie II XXXVII (1988), 282-294.

[22] M. de León, I. Méndez, M. Salgado. p-almost cotangent structures. Boll. Un. Mat. Ital. A (7) 7 (1993), no. 1, 97-107.

[23] M. de León, I. Méndez, M. Salgado. Integrable p-almost tangent structures and tangent bundles of p^1-velocities. Acta Math. Hungar. 58 (1-2) (1991), 45-54.

[24] M. de León, E. Merino, J.A. Oubiña, P.R. Rodrigues, M. Salgado. Hamiltonian systems on k-cosymplectic manifolds. J. Math. Phys. 39 (2) (1998), 876–893.

[25] M. de León, E. Merino, M. Salgado. k-cosymplectic manifolds and Lagrangian field theories.

J. Math. Phys. 42 (5) (2001), 2092-2104.

[26] K. Mackenzie. Lie groupoids and Lie algebroids in differential geometry. London Math. Soc. Lect.

Note Series 124 (Cambridge Univ. Press) (1987).

[27] K. Mackenzie. Lie algebroids and Lie pseudoalgebras. Bull. London Math. Soc. 27 (1995) 97-147. [28] G. Martin. Dynamical structures for k-vector fields. Internat. J. Theoret. Phys. 27 (5) (1988), 571–585.

[29] G. Martin. A Darboux theorem for multi-symplectic manifolds. Lett. Math. Phys. 16 (2) (1988), 133–138.

[30] E. Martínez. Geometric formulation of Mechanics on Lie algebroids. In Proceedings of the VIII Fall Workshop on Geometry and Physics, Medina del Campo, 1999, Publicaciones de la RSME, 2 (2001), 209-222. ,Mart-2001b [31] E. Martínez. Lagrangian mechanics on Lie algebroids. Acta Appl. Math. 67 (2001), no. 3, 295-320.

[32] E. Martínez. Classical field theory on Lie algebroids: multisymplectic formalism.

http://arxiv.org/abs/math/0411352 [33] E. Martínez. Classical field theory on Lie algebroids: variational aspects. J. Phys. A 38 (2005), no. 32, 7145-7160.

[34] M. McLean; L. K. Norris. Covariant field theory on frame bundles of fibered manifolds. J.

Math. Phys. 41 (10) (2000), 6808-6823.

[35] A. Morimoto. Liftings of some types of tensor fields and connections to tangent p^r-velocities.

Nagoya Qath. J. 40 (1970) 13-31.

[36] F. Munteanu, A. M. Rey, M. Salgado. The Günther’s formalism in classical field theory:

momentum map and reduction. J. Math. Phys. 45 (5) (2004) 1730-1751.

[37] L.K. Norris. Generalized symplectic geometry on the frame bundle of a manifold, Proc. Symp.

Pure Math. 54, Part 2 (Amer. Math. Soc., Providence RI, 1993), 435-465.

[38] L.K. Norris. Symplectic geometry on T^∗M derived from n-symplectic geometry on LM. J. Geom.

Phys. 13 (1994), 51-78.

[39] L.K. Norris. Schouten-Nijenhuis Brackets. J. Math. Phys. 38 (1997), 2694-2709. [40] L. K. Norris. n-symplectic algebra of observables in covariant Lagrangian field theory. J. Math.

Phys. 42 (10) (2001), 4827-4845.

[41] N. Román-Roy, M. Salgado, S. Vilariño. Symmetries and conservation laws in the Günther k-symplectic formalism of field theory. Rev. Math. Phys. 19 (2007), no. 10, 1117-1147.

[42] P. Schaller, T. Strobl. Poisson structure induced (topological) field theories. Mod. Phys. Lett., A), (1994), 3129-3136.

[43] T. Strobl. Gravity from Lie algebroid morphisms. Comm. Math. Phys. 246 (2004), no. 3, 475- 502.

[44] J. Vankerschaver. Euler-Poincaré reduction for discrete field theories. J. Math. Phys. 48 (2007), no. 3, 032902, 17 pp.

[45] J. Vankerschaver, F. Cantrijn. Discrete Lagrangian Field Theories on Lie Groupoids. J.

Geom. Phys. 57(2), 665-689 (2007).

[46] S. Vilariño. New contributions to the study of the k-symplectic and k-cosymplectic formalism.

(Spanish). Publicaciones del Departamento de Xeometría e Topoloxía. 114. University of Santiago de Compostela. 2009. http://www.gmcnetwork.org/files/thesis/svilarino.pdf [47] A. Weinstein. Lagrangian mechanics and groupoids. Mechanics day (Waterloo, ON, 1992), 207- 231, Fields Inst. Commun., 7, Amer. Math. Soc., Providence, RI, 1996.

[48] J. C. Wood. Harmonic maps into symmetric spaces and integrable systems, Harmonic maps and integrable systems. (Braunschweig), Aspects Math., E23, Vieweg, 1994, pp. 2955.

M. de León: Instituto de Ciencias Matemáticas (CSIC-UAM-UC3M-UCM), Consejo Superior de Investigaciones Científicas, Serrano 123, 28006 Madrid, Spain E-mail address: mdeleon@imaff.cfmac.csic.es

D. Martín de Diego: Instituto de Ciencias Matemáticas (CSIC-UAM-UCM-UC3M), C/ Serrano 123, 28006 Madrid, Spain

E-mail address: d.martin@imaff.cfmac.csic.es

Modesto Salgado: Departamento de Xeometría e Topoloxía, Facultade de Matemáticas, Universidade de Santiago de Compostela, 15782-Santiago de Compostela, Spain E-mail address: modesto@zmat.usc.es

Silvia Vilariño: Departamento de Xeometría e Topoloxía, Facultade de Matemáticas, Universidade de Santiago de Compostela, 15782-Santiago de Compostela, Spain E-mail address: silvia.vilarino@usc.es