arXiv:0907.1960v2 [quant-ph] 14 Jul 2009

Are Alice and Rob really protected by statistics as she falls into a black hole?

Eduardo Martín-Martínez^∗ and Juan León^† Instituto de Física Fundamental, CSIC Serrano 113-B, 28006 Madrid, Spain.

(Dated: July 14, 2009)

We analyze Alice and Rob entanglement degradation due to Unruh effect when considering an arbitrary number of accessible modes. A fermion field under single mode approximation (SMA) only has a few accessible levels due to Pauli exclusion principle, in opposition to bosonic fields which have an infinite number of excitable levels. This has been argued to justify entanglement survival in the fermionic case in the SMA infinite acceleration limit. Here we relax SMA. Hence, an infinite number of modes are excited as Rob accelerates even for a fermion field. We will prove that, despite this analogy with the bosonic case, entanglement loss is limited. We will show this comes from fermionic statistics through the characteristic structure it imposes on the infinite dimensional density matrix for Rob. This is independent of the specific entangled state chosen and the number of accessible modes considered. We shall discuss the nature of this surviving entanglement and the insights it gives concerning the black hole information paradox.

PACS numbers: 03.67.Mn, 03.65.-w, 03.65.Yz, 04.62.+v

Studying quantum information in non-inertial settings requires using tools coming from general relativity [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. In particular, the Unruh effect [12, 13] –which consists in the emergence of noise when an accelerated observer is describing Minkowski vacuum using Rindler coordinates –affects the possible entanglement that an accelerated observer Rob would share with an inertial observer Alice. The first question to be answered by theory is how much entanglement degrades due to Rob’s acceleration a.

Some partial answers are in the existing literature [2, 3, 11]. All of them share the shortcomings inherent in the single mode approximation (SMA) [9, 14]. For scalar fields, a Minkowskian maximally entangled state becomes separable in the limit a → ∞, i.e. the Unruh effect completely destroys entanglement. This is a consequence of the excitation of an unbounded number of modes as Rob accelerates. Contrary to this, finite correlations survive the limit a → ∞ when considering fermion fields. Pauli exclusion principle –which bounds the maximum number of possible excited modes– has been argued as the rationale for this [3]. However, that argument is only valid under the (somewhat unphysical) SMA.

We will show that an unbounded number of modes become excited by Unruh effect even for fermion fields if we relax SMA, and so, the above argument ceases to be plausible. Here a fundamental question arises; Does fermionic statistics protect the entanglement? Or is this a mere artifact emerging from the SMA?. In this letter we shall show that such entanglement survival is fundamentally inherent in the Fermi-Dirac statistics, and that it is independent of the number of modes considered, of the maximally entangled state we start from, and even

∗Electronic address: martin@imaff.cfmac.csic.es †Electronic address: leon@imaff.cfmac.csic.es

of the spin of the fermion field studied.

We will proceed step by step for the sake of clarity. First, we will analyze entanglement degradation for two very different kinds of maximally entangled state of a Dirac field (considered under SMA in [11]). We get that, even for the radically different final states obtained in each case, after non-trivial computations entanglement degradation ends up being the same for both. Second, we will investigate degradation for a maximally entangled state of a “spinless fermion” field (considered under SMA in [3]). Here the field and occupation numbers allowed are completely different from the previous cases, hence, the final state is, as well, notably different from them. However, entanglement degradation turns to be exactly the same as in the spin 1/2 cases. Finally, we will trace back this behavior to fermionic statistics (that all the cases share). Specifically, fermionic statistics translates into a peculiar structure in the density matrices for Rob, which is responsible for those striking coincidences. Summarizing, although it is true that now we have an infinite number of excited fermionic modes, statistics counterbalance that effect and allows entanglement preservation even at the limit a → ∞, contrarily to the intuition we would get from the bosonic case. The meaning of this remaining entanglement and its relation with information content of black holes is analyzed in the conclusion.

Here we are considering a discrete number n of different modes of a Dirac field k_1, . . . , k_n, labeling with s_i the spin degree of freedom of each mode, so Minkowski multimode vacuum should be expressed as a squeezed state in Rindler coordinates which is an arbitrary superposition of spins and momenta [11]

|0⟩ = 2n∑ m=0 ∑ s_1 ,...,s_m k_1 ,...,k_m C^m_{s1 ,...,sm,k1,...,km} ξ^{k1 ,...,km}_{s1 ,...,sm} |m̃⟩_I |m̃⟩_{IV} (1) | |ĩ⟩_I | |ĩ⟩_{IV} =|k_1,s_1; . . . ;k_i,s_i⟩_I |−k_1,−s_1; . . . ;−k_i,−s_i⟩_{IV} (2) with |k_1,s_1; . . . ;k_m,s_m⟩_I = c^†_{I,km,sm} . . . c^†_{I,k1,s1} |0⟩_I , the subindex outside the kets notate Rindler space-time region with the same convention as in [11], and the symbol ξ is 0 if {k_i, s_i} = {k_j , s_j } for any i ≠ j and is 1 otherwise, imposing Pauli exclusion principle constraints on the state (quantum numbers of fermions cannot coincide).

Due to the anticommutation relations of the fermionic operators, terms with different orderings are not independent. So, without loss of generality, we could choose not to write all the possible orderings in (1) and just select one possible ordering. In this fashion we will write the elements (2) with the following ordering criterion: Either k_i < k_{i+1}, or k_i = k_{i+1} and then s_i =↑, s_{i+1} =↓.

The coefficients C^m are constrained because the Minkowski vacuum should satisfy a_{k0 ,s0} |0⟩ = 0. This was done in [11] using Bogoliuvob transformations in 2 spatial-temporal dimensions to translate Minkowski operators into Rindler coordinates, obtaining

C^m = C_0e^{imϕ} tan^m r (3)

Where tan r = exp (−πk_0c/a). C^m is independent of s_i and k_i. Therefore, we obtain the vacuum state by substituting (3) in (1) and factoring it out of the k_i, s_i summation. The only parameter not fixed yet is C_0, we can fix it imposing the normalization of the Minkowski vacuum in Rindler coordinates ⟨0 |0⟩ = 1, [2, 3]

C^0 = [_n ∑ m=0 Υ_m tan^{2m} r + 2n∑ m=n+1 Υ_{2n−m} tan^{2m} r ]_{−1/2}

(4) Where, with our ordering choice explained above

Υ_m = ∑ s_1 ,...,s_m k_1 ,...,k_m ξ^{k1 ,...,km} s_1 ,...,s_m = ⌊^m_2 ⌋∑

p=0 ( n − p m − 2p )( n p ) 2^{m−2p} (5)

This expression gives the value of C^0 except for a global phase. Next, the 1-particle state can be worked out translating the Minkowski one particle state |k, s⟩ = a^†_{k,s} |0⟩ into Rindler coordinates |k, s⟩ = 2n−1∑

m=0 A^m ∑ s_1 ,...,s_n k_1 ,...,k_n ξ^{k1,...,kn,k} s_1 ,...,s_n,s |m̃; k, s⟩I |m̃⟩IV (6)

Where A^m = (C^m cos r + C^{m+1}e^{−iϕ} sin r) and the notation |m̃; s, k⟩_I , consequently with (2), means the ordered version of |s_1,k_1; . . . ;s_n,k_n; k, s⟩_I . Notice that since the observer Rob is accelerated, his possible measurements are affected by a Doppler-like effect. A discussion of this effect and how it would affect our study is given in [11].

In the following we will analyze Unruh entanglement degradation in various settings corresponding to different maximally entangled states of fermion fields. First we consider the following state in Minkowskian coordinates |Ψ⟩ = 1 √ 2 ( |0⟩_A |0⟩_R + |k_A, s_A⟩_A |k_R, s_R⟩_R ) (7)

The density matrix for the accelerated observer Rob is obtained tracing over Rindler’s region IV since Rob is causally disconnected from it, obtaining ρ = 1 2 [^{2n}∑ m=0 ( D^m_0 ∑ s_1 ,...,s_m k_1 ,...,k_m ξ^{k1 ,...,km} s_1 ,...,s_m |0⟩A |m̃⟩I ⟨0|A ⟨m̃|I )

+ 2n−1∑

m=0 ( D^m_1 ∑ s_1 ,...,s_m k_1 ,...,k_m ξ^{k1,...,km,kR} s_1 ,...,s_m,s_R |0⟩A |m̃⟩I ⟨kA, sA|A

×⟨m̃; k_R, s_R|_I ) + 2n−1∑

m=0 ( D^m_2 ∑ s_1 ,...,s_m k_1 ,...,k_m ξ^{k1,...,km,kR} s_1 ,...,s_m,s_R |kA, sA⟩A

× |m̃; k_R, s_R⟩_I ⟨k_A, s_A|_A ⟨m̃; k_R, s_R|_I )] + (H.c.)_{non-diag.}(8)

Where (H.c.)_{non-diag.} means Hermitian conjugate of only the non-diagonals terms and

D^m_i = |C_0|^2 tan^{2m} r cos^i r (9) with i = 0, 1, 2. As Rob accelerates, the state becomes mixed with all the available modes (k_1, . . . , k_n) excited. This contrasts with the Minkowskian state (7) where only one Rob’s mode is excited (k_R, s_R). Notice also that the Hilbert space dimension has changed from 2×2 to 2n×2n.

The partial transpose of (8) has a 2×2 and 1×1 blocks structure. Each eigenvalue in the 1 × 1 blocks is nonnegative (since D^m_i ≥ 0), so we are interested in the 2×2 which are the ones that may have negative eigenvalues. These 2 × 2 blocks expressed in the basis { |0⟩_A |m̃; k_R, s_R⟩_I , |s_A, k_A⟩_A |m̃⟩_I }_{2n−1} m=0 (10)

are of the form 1 2 ( D^{m+1}_0 ±D^m_1 ±D^m_1 0 ) (11)

There is no D^m_2 element because it goes with |k_A, s_A⟩_A |m̃; k_R, s_R⟩_I ⟨k_A, s_A|_A ⟨m̃; k_R, s_R|_I which cannot have any element within our block as Pauli exclusion principle imposes k_R, s_R ∉ {k_i, s_i}_{i=1,...,m}.

Each 2 × 2 block of (11) with m ≤ n appears a number of times B_m given by

B_m =

⌊^m_2 ⌋∑

p=0 ( n − p m − 2p )( n p ) 2^{m−2p} − ( 2n − 1 m − 1 ) (12)

where we have defined B_0 ≡ 1. On the other hand, if n < m < 2n, each block appears a number of times B_{2n−m} as it can be checked taking into account how the number of possible pairs grows.

Using (9), the negative eigenvalue of each block can be expressed |λ^−_m| = 1 4 ( |C^0| tan^{m+1} r

)_2 ( 1 − √ 1 + 4 cos^2 r sin^4 r ) (13) where C_0 is given by (4). Therefore, the negativity is expressed as the summation of the negative eigenvalue of each block |λ^−_m| multiplied by the number of times that that block appears in the partially transposed density matrix B_m. Remarkably, despite its apparent complexity, the summation of the series simplifies notably into N = n∑ m=0 B_m|λ^−_m| + 2n−1∑

m=n+1 B_{2n−m}|λ^−_m| = 1 2 cos^2 r (14)

which is independent of the number of modes n that we have considered. This surprising result shows that, even if we consider more than one mode in our field analysis, the degradation of the entanglement due to Unruh effect is the same than considering only one mode [11]. In other words, despite the fact that all the available modes are excited when Rob accelerates (8), the quantum correlations behave as if we were considering only one possible mode for the field. The fermionic nature of the field is the responsible of this structure for the matrix blocks.

If instead of (7) we start from a Bell momentum-spin state in Minkowski coordinates |Ψ⟩ = 1 √ 2 ( | |k^1_A, s^1_A⟩_A | |k^1_R, s^1_R⟩_R + | |k^2_A, s^2_A⟩_A | |k^2_R, s^2_R⟩_R ) (15) the density matrix for Rob takes the form ρ = 2n−1∑

m=0 D^m_2 2 ∑ s_1 ,...,s_m k_1 ,...,k_m ( ξ^{k1 ,...,km,k1R} s_1 ,...,s_m,s^1_R | |k^1_A, s^1_A⟩_A | |m̃; k^1_R, s^1_R⟩_I ⟨k^1_A, s^1_A | |_A

× ⟨ m̃, k^1_R, s^1_R | |_I + ξ^{k1 ,...,km ,k2}R s_1 ,...,s_m,s^2_R | |k^2_A, s^2_A⟩_A | |m̃; k^2_R, s^2_R⟩ × ⟨ k^2_A, s^2_A | |_A ⟨m̃; k^2_R, s^2_R | |_I + ξ^{k1,...,km,k1}R^{,k2}R s_1 ,...,s_m,s^1_R,s^2_R | |k^1_A, s^1_A⟩_A × | |m̃; k^1_R, s^1_R⟩_I ⟨k^2_A, s^2_A | |_A ⟨m̃; k^2_R, s^2_R | |_I ) + (H.c.)_{non-diag.} (16)

Analogously to (8), the partial transpose of (16) has a 2 × 2 and 1 × 1 blocks structure. Again, we are interested in the 2 × 2 blocks –the ones that may have negative eigenvalues.– These blocks expressed in the basis { | |k^1_A, s^1_A⟩_A | |m̃; k^2_R, s^2_R⟩_I , | |s^2_A, k^2_A⟩_A | |m̃, k^1_R, s^1_R⟩_I }_{2n−1} m=0 (17) are of the form 1 2 ( 0 ±D^m_2 ±D^m_2 0 ) (18)

Notice that there is no diagonal elements in the block because the terms that would go in the diagonal are forbidden by Pauli exclusion principle, which imposes that k^1_R, s^1_R; k^2_R, s^2_R ∉ {k_i, s_i}_{i=1,...,m}. This time, each 2 × 2 block of (11) with m ≤ n appears a number of times B^′_m given by

B^′_m = B_m − ( 2n − 2 m − 1 ) (19) where we have defined B^′_0 ≡ 1 and B_m is given by (12). On the other hand, if n < m < 2n, each block appears a number of times B^′_{2n−m}. The the negative eigenvalue of each block is |λ^−_m| = D^m_2 /2 = (|C^0|^2/2)(tan^{2m} r)/(cos^2 r), where C_0 is given by (4). Therefore, the negativity results N = n∑ m=0 B^′_m|λ^−_m| + 2n−1∑

m=n+1 B^′_{2n−m}|λ^−_m| = 1 2 cos^2 r (20)

Strikingly we run into the same simple result as above (14). Even starting from a spin Bell state, the entanglement is degraded by Unruh effect in the same way as in the previous case.

Now we can go one step further neglecting spin keeping the fermionic statistics (like considering Grassman scalar fields). This kind of field is often used under the SMA in the literature [3]. Here we will relax that approximation and we will analyze Unruh decoherence when we allow n different modes. Barring spin, the Minkowski multimode vacuum state would be expressed as |0⟩ = n∑ m=0 ∑ k_1 ,...,k_m ξ_{k1 ,...,km} C^m_{k1 ,...,km} |m̃⟩_I |m̃⟩_{IV} (21) where, in this occasion |m̃⟩_I |m̃⟩_{IV} = |k_1, . . . , k_m⟩_I |−k_1, . . . , −k_m⟩_{IV} . Using the same procedures as for the spin 1/2 case (1) we can prove that all the coefficients are independent of k_i and can be related to C_0 as in (3), C^m = C_0e^{imϕ} tan^m r. We can now fix C_0 imposing the normalization relation ⟨0 |0 ⟩ = 1 giving

C^0 = [_n ∑ m=0 χ_m tan^{2m} r ]_{−1/2} (22)

where χ_m ≡ ∑ k_1,...,k_m ξk1 ,...,km = (_n m ) . The one particle state a^†_k |0⟩ is |k⟩ = n−1∑ m=0 A^m ∑ k_1,...,k_m ξ_{k1 ,...,km ,k} |m̃, k⟩_I |m̃⟩_{IV} (23) where A^m is the same than in (6). The maximally entangled state of the vacuum and one particle in this setting |Ψ⟩ = 1 √ 2 ( |0⟩_A |0⟩_R + |k_A⟩_A |k_R⟩_R ) (24)

leads to the following density matrix for the accelerated observer Rob after tracing over Rindler’s region IV ρ = 1 2 [^n∑ m=0 D^m_0 ∑ k_1 ,...,k_m ξ_{k1 ,...,km} |0⟩_A |m̃⟩_I ⟨0|_A ⟨m̃|_I + n−1∑ m=0 ( D^m_1 ∑ k_1 ,...,k_m ξ_{k1 ,...,km,kR} |0⟩_A |m̃⟩_I ⟨k_A|_A ⟨m̃; k_R|_I + D^m_2 ∑ k_1 ,...,k_m ξ_{k1 ,...,km,kR} |k_A⟩_A |m̃; k_R⟩_I ⟨k_A|_A ⟨m̃; k_R|_I )] + (H.c.)_{non-diag.}

Analogously to (8) and (16), The partial transpose of (25) has a 2 × 2 and 1 × 1 blocks structure. The 2 × 2 blocks expressed in the basis { |0⟩_A |m̃; k_R⟩_I , |k_A⟩_A |m̃⟩_I }_{2n−1} m=0 (25)

would have the form (11) but having C_0 a different value (22) instead of (4). Here, D^m_2 does not appear because Pauli exclusion principle imposes that k_R ∉ {k_i}_{i=1,...,m}. Now, each 2 × 2 block multiplicity is B^{′′}_m = ( n m ) − ( n − 1 m − 1 ) (26)

where we have defined B^{′′}_0 ≡ 1. The negative eigenvalue of each block is given by the same expression (13) but C_0 is now given by (22). At this point, the reader might not be surprised by the resulting negativity N = ∑_n m=0 B^{′′}_m|λ^−_m| = (1/2) cos^2 r which is the same result as in the cases (7) and (15). Again, entanglement degradation due to Unruh effect is the same as considering one mode of a Dirac field [11].

Let us summarize our results so far. We have studied entanglement degradation by Unruh effect beyond the single mode approximation for three different Minkowskian maximally entangled states: 1) Vacuumvacuum plus one-particle-one-particle maximally entangled state of a Dirac field, 2) spin-momentum Bell state for a Dirac field, 3) Vacuum-vacuum plus oneparticle-one-particle maximally entangled state of a spinless fermion field. In spite of the essential differences among these states, the negativity degrades in exactly the same way ∀a. We recall that this is the same degradation obtained under the single mode approximation [3, 11].

In the bosonic case acceleration excites an infinite number of modes, and this completely degrades the entanglement in the limit a → ∞. Although one could expect the same behavior here –as an infinite number of modes is also excited when we let n → ∞– our results show that some entanglement is preserved for a → ∞. More importantly, entanglement degradation coincides for all the different cases considered, with independence of the number of modes n.

This striking result can be traced back to the fanciful block structure of Rob density matrix, which produces the same negativity even when the characteristics of the entangled states (an even the field) change. The culprit of this structure is fermionic statistics, (as we have discussed above (10), (17), (25)) being it responsible of the identical, and somewhat unforeseen, negativity behavior.

One question immediately arises from these results; Are we left with a genuine quantum entanglement or just with the statistical correlations?. Although we have treated Alice and Rob as distinguishable qubits, accelerations excites modes which are indistinguishable from Rob qubit. It is this indistinguishability that counterbalance the growth in the number of excited modes and restricts degradation. Eventually, we end up with a finite negativity between Alice and Rob, which are distinguishable, and hence, this can only be genuine entanglement and not only statistical correlations. This is a global feature of maximally entangled states of fermion fields and not a consequence of the specific cases chosen and the number of modes considered.

So, when a → ∞, N → 1/4, and this happens independently of the number of modes of the field that we are considering, of the starting maximally entangled state, and even of the spin of the field which we study. What all the cases have in common is the fermionic statistics itself, so, widen the margin for Unruh degradation for fermionic fields will not affect entanglement degradation provided we do not erase information from the states [11].

Furthermore, the limit a → ∞ can be understood as considering an observer moving in a trajectory arbitrarily close to the event horizon of an Schwarzschild black hole [2], So even if Alice is free falling into a black hole and Rob stands at the event horizon, a fixed degree of entanglement survives to Unruh decoherence. Apart from the interest of describing the entanglement between accelerated observers, the regularity and universality of our result (N = (1/2) cos^2 r) could be a useful hint in the solution of the information paradox in black holes and deserves further investigation in future works.

This work has been partially supported by the Spanish MCIN Project FIS2008-05705/FIS. E. M-M is partially supported by the CSIC JAE-PREDOC2007 Grant.

[1] H. Terashima and M. Ueda, Phys. Rev. A 69, 032113 (2004).

[2] I. Fuentes-Schuller and R. B. Mann, Phys. Rev. Lett. 95, 120404 (2005).

[3] P. M. Alsing, I. Fuentes-Schuller, R. B. Mann, and T. E.

Tessier, Phys. Rev. A 74, 032326 (2006).

[4] J. L. Ball, I. Fuentes-Schuller, and F. P. Schuller, Phys.

Lett. A 359, 550 (2006).

[5] G. Adesso, I. Fuentes-Schuller, and M. Ericsson, Phys.

Rev. A 76, 062112 (2007).

[6] K. Brádler, Phys. Rev. A 75, 022311 (2007). [7] Y. Ling, S. He, W. Qiu, and H. Zhang, J. of Phys. A 40, 9025 (2007).

[8] Q. Pan and J. Jing, Phys. Rev. D 78, 065015 (2008). [9] P. M. Alsing, D. McMahon, and G. J. Milburn, J. Opt.

B: Quantum Semiclass. Opt. 6, S834 (2004).

[10] G. Steeg and N. C. Menicucci, Phys. Rev. D 79, 044027 (2009).

[11] J. León and E. Martín-Martínez, To appear in Volume 80 issue 1 of Phys. Rev. A (2009), arXiv:0902.4456.

[12] W. G. Unruh, Phys. Rev. D 14, 870 (1976). [13] S. Takagi, Prog. Theor. Phys. Suppl. 88, 1 (1986). [14] P. M. Alsing and G. J. Milburn, Phys. Rev. Lett. 91, 180404 (2003).