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We analyse the recent high energy e+e - data from PETRA in the context of QCD. Our analysis takes into account single 
and double gluon bremsstrahlung, the weak decays of the bottom and charm quarks, and the Q2.dependence of the frag- 
mentation functions in the spirit of QCD. An attempt is made to extract the QCD coupling constant as(Q2). 

The recent high energy e+e - experiments at PETRA 
[1 ] have conformed the three-jet structure expected in 
the gluon bremsstrahlung picture of  Quantum Chromo- 
dynamics, QCD [2]. In fact, theoretical predictions 
about jet broadening and the associated effects in the 
various jet distributions abound in the literature [2 -4 ]  
and preceded the experimental confirmation. The pres- 
ent data e+e - data are in broad qualitative agreement 
with these predictions. The purpose of  this note is to 
report an analysis that aims at a detailed quantitative 
comparison of  QCD effects with the experimental mea- 
surements in e+e - annihilation. The motivation is that 
there are several confluent effects due to heavy quark 
thresholds in e+e - annihilation. A reliable quantitative 
estimate of  pure QCD effects in e+e - annihilation can- 
not bypass this complication. An equally important ef- 
fect is that the detector acceptance, selection criterion, 
efficiencies and the radiative corrections cannot be im- 
plemented if a detailed Monte-Carlo program is not 
available. A first attempt towards this goal was made in 
ref. [4] and a Monte-Carlo program based on this work 
already exists * 1. Our analysis differs from the pres- 

1 Work supported in part by the Bundesministerium •r 
Forschung und Technologic, Fed. Repo Germany. 

,1 A Monte Carlo program based on ref. [4] has been written 
by H.G. Sander. 

ently available model [4] * 1 in at least three important 
theoretical inputs. 

(i) We take into account O(a 2) contributions due 
to the QCD processes e+e - ~ q?qgg, q?qq?q (q = u, d, s, 
c, b), in addition to the O(as) process e+e - ~ q~g con- 
sidered earlier [ 2 - 4 ] .  

(ii) The production and decays of  heavy quarks 
(charm and bot tom) in e÷e - annihilation are imple- 
mented in our analysis. The associated PT-broadening 
effects as well as mass effects in hard gluon bremstrah- 
lung off  the heavy quarks were neglected in ref. [4].  

(iii) In addition to the gluon bremsstrahlung, QCD 
also predicts a Q2-evolution of  quark and gluon frag- 
mentation functions [5]. We include these effects in 
our analysis. 

Since quarks and gluons are confined, what one ob- 
serves are their fragmentation products. The fragmen- 
tation procedure that we have adopted is very similar 
in spirit to the one adopted by Feynman and Field 
(FF) [6] for the quark jets. To recapitulate, ordinary 
hadrons are produced as a result of  a quark polarizing 
the vacuum giving rise to a hadronic cascade. The frag- 
mentation q ~ h + q '  is effected through a primordial 
fragmentation function 

fhq(z) = 1 -- a + 3a(1 -- z) 2, 

z = (E +Pll)h/(E +Pll)q • (1) 
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The produced hadrons are given a transverse momen- 
tum, which is locally compensated and is described by 
a distribution 

g(p2)  = (2o2) - le-P~/2o2 . (2) 

a and o are adjustable (energy-independent) param- 
eters. Eqs. (1) and (2) lead to a differential distribu- 
tion 

o -  1 dZo/dp2 dz ~ fhq(z)g(p2) , (3) 

giving rise to a scale-invariant hadronic description and 
a two-jet development of the final states in e+e - anni- 
hilation. The incorporation of heavy quarks (charm, 
bottom and top) within this framework is rather 
straightforward and has been described in detail else- 
where [7]. In the weak decay of the b we assume the 
dominance of the b ~ c transition. 

To extract the charm quark fragmentation function, 
we have made a fit to the low energy data 5.0 GeV 
~<Ecm ~< 9.4 GeV from DORIS and SPEAR yielding 
[71 

fH (ZD) ~ (1 -- ZD) d, 0 ~< d ~< 1. (4) 

The quality of these data does not warrant a more 
precise determination off(zD).  For the bot tom quark 
fragmentation, we assume f(zB) ~ const. Since o(bb)/ 
Otota 1 ~ 1/11, the analysis is very insensitive to this in- 
put. For the gluon fragmentation we have assumed the 
two-step process 

g ~ qC t ~ hadrons. (5) 

This of course is a convenient artifact to implement 
the non-perturbative hadronization process of the 
gluons in a Monte-Carlo approach, since there is no 
evidence yet for pure gluonic hadron states. The pro- 
duction of q?:l in reaction (5) is at the moment similar 
to the qC: 1 pair pair creation in the FF quark jet model. 
We describe the step g ~ qcl in (4) by a primordial 
gluon fragmentation function,fq(z),analogous to the 
quark fragmentation function fgh (z). Moreover, as a 
first approximation we assume the same p2-distribu- 
tion [i.e. eq. (2)] for the quarks in reaction (5). 

In describing the gluon hadronization process we 
have not taken into account the branching 

g -+ gg ~ hadrons, (6) 

since, for the hard non-collinear gluons such a branch- 
ing is part of the O(a 2) process e+e - -+ q~gg [8] 

which we have taken into account separately. The func- 
tion fq  (z) is a trial function which has to be extracted 
from the data. A possible choice in this framework is 
the g ~ qft splitting function derived by Altarelli and 
Parisi [9] 

f~g (Z) = Z 2 + (1 -- z) 2 , (7) 

where z = Eq/Eg. 
In including the quark mass effect in the O(as) pro- 

cess e + e - ~  q~lg, we have used the matrix element cal- 
culated by Ioffe [10]. The O(a 2) processes e+e - 
-+ qCqgg, qC:lq? t involving massless and massive quarks 
were studied in ref. [8] and the interested reader is 
referred to this work for details and the theory of the 
four-jet processes. 

The Q2-evolution of the quark and gluon fragmenta- 
tion functions is also a definite prediction of any scale- 
broken field theory for strong interactions, including 
QCD [5,11 ]. In fact the QCD effects as measured in the 
deep-inelastic scattering expei'iments measure just such 
a Q2-dependence. A more systematic study of the Q2. 
effects in e+e-annihilation would be to study the 
Q2-evolution of the quark and gluon jets. Recently 
there have been several attempts in this direction in- 
corporating the Q2-evolution of the PT-dependence 
[12] as well. For the sake of this analysis we incorpor- 
ate the Q2-dependence of the fragmentation functions 
only. 

First note that in a scale-invariant theory, the inclu- 
sive hadron energy distribution Q2 do/dx scales, Q2 
x do/dx ~ Dh(x) .  In QCD, the fragmentation function 
Dh(x) is Q2-dependent.Typically one gets the Q2. q 
evolution equations for the nth (x-)moments of the 
fragmentation functions, 

1 

(C)-- f Q2)dx 
0 

- D nt~2: [Ots(Q2)/Ots(Q2)l AN (8) - q~Z0j 

where A N are calculable anomalous dimensions. The 
fragmentation function Dqh(x, Q2) is then obtained by 
inverting the moment equations. In a quark and gluon 
cascade picture it is the primordial distribution that 
feels the Q2-dependence. This comes about in a natur- 
al way in a probabilistic interpretation of the quark 
and gluon branching [13]. In the Feynmann-Field 
model, however, the Q2-evolution of a jet is determined 
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from the iterative transitions q -+ h + q'. Consequently, 
we have incorporated the Q2-dependence in the primor- 
dial fragmentation function fqh(z, Q2). We are then led 
to the following Q2-dependent forms for the primor- 
dial quark fragmentation functions [5] : 

e0.69ffG 
fhq(Z) = I -- a + 3a(l -- z) 2 + r(~+ I) (-in z) a 

X I I - a +  6a(1 - z)2 z)31 (9) 

determined from ffhq(z) dz = 1), for the u, d (with e 

and s quarks. For the charm and bottom quarks assum- 
ing a fragmentation function 

f~ ( z )  = (1 - z) d , (10) 

leads to the Q2-evoluted form 

P(d + l) ¢Hc..IQ ~.~, Q2) =f~(z,  QweO.69SG._lnza2, c , r ( d  + 1 +a)  

where 

a = 4GS,  G = ~ s ,  

S= In [ln (Q2/A2)/ln(Q2/A2)] . (11) 

The Q2-dependence o f f , ( z )  and fh(z)  depletes the 
large-z region, thereby increasing the particle multiplic- 
ity and the total PT of the jet since p~et ~ (n) (PT)" 

Before presenting a comparison of our model with 
the experimental data, it is worthwhile to discuss the 
relative contributions of the three- and four-jet events. 
The cross sections for the processes e+e ~qqg, q?:lgg 
and q~tq~l are singular in the limit Eg, Eq ~ 0 or 
COS 0qG ~ 0. A sensible way is to define these cross 
sections with cuts on variables such that the soft and 
collinear configurations a~e excluded [14]. We have 
chosen cuts on thrust and acoplanarity distributions 
to define the physical three- and four-jet processes, 
respectively*2. For T >  T O the q?:tg process is then a 

#~ We have used a thrus t  cut-off  T O = 0.95 to define the  three 
jet  cross section e+e-~  qOg and an acoplanari ty cut-off  
A0= 0.05 to define the  four-jet cross section e+e - ~ qc]gg + 
q~lq~l. This  gives, respectively, 0.29 and 0.05 for the  rela- 
tive rates a t E c m  = 30 GeV and A = 0.35 GeV. For  other  
values o f  A, the  cross sections can be obta ined using eq. 
(15). For mass effects see ref. [15]. 

part of the two-jet process and similarly for A < A  0, 
the q?:lgg and q~lq?:t processes are to be considered as 
part of the two and three jets. The integrals (i.e. the 
three- and four-jet rates) 

To 1 
f do _ do d T ~ (qqg), f dA ~ (q~lqq + qglgg), 
2/3 Ao 

are then absolute predictions of QCD. It is also clear 
that the distributions in the allowed domain of A and 
T values are independent of the precise value of the 
cuts. Thw two-jet fraction, which also depends on a s, 
is then determined by 

O2jets/Oto t = 1 -- a3jets/ato t -- O4jets/Oto t . (12) 

For Oto t, we have used the O(a 2) corrected form re- 
cently derived in ref. [16]. 

To extract A we still use the lowest order formula 

%(02) = 4n//30 In (02/A2) ,  (13) 

where/3o = 11 - 2nf]3, nf = 5 (number of flavours). 
We propose to extract a s (Q2) by analysing the in- 

elusive distributions in thrust, spherocity, oblateness ,a 
or the p~-distributions, which are less sensitive to the 
fragmentation details, but depend more on the value of 
Oq entering the primordial PT-distribution. Oq can be 
obtained by analysing the low energy data. For extract- 
ing %(Q2), one could select a sample with enriched 
fraction of gluon events by stringently cutting, for ex- 
ample, high thrust, low oblateness events. At higher 
energies one could use a cut on acoplanarity as well to 
get an enriched q?lgg sample of events. One could then 
look either at the oblateness versus acoplanarity or 
thrust versus acoplanarity distribution (or any other 
such Dalitz distribution) and extract a value of % by 
comparing the integrated events below the cuts with 
the corresponding experimental measurements. One 
could also look at various single differential distribu- 
tions and extract %. A cross check of the %(Q2) value 
so determined will not only test perturbative QCD but 
also the detailed dynamical model we have built. An 
energy-independent determination of A is then a con- 
sistency check of the theory. 

First, we discuss the determination of the param- 

, 3  For  the  definit ion o f  oblateness see Barber et al. [ l l .  For  
the  def 'mition o f  (P~)in and (P~)out  see Brandelik et al. 
[11. 
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eters concerning the fragmentation properties of the 
quarks. The parameters a, Qo and the power d in the 
charm and bottom fragmentation functions can be 
fixed by fitting the inclusive hadron energy distribu- 
tion and the measured average charge multiplicity. We 
find that the value a = 0.7 and a pseudoscalar to vector 
ratio, rpv = 2 : 1 is in good agreement with (rich) mea- 
sured at Ecm = 3.6 GeV, as well as with the inclusive 
hadron energy distributions*4. Above charm thresh- 
old, 4.0 GeV ~<Ecm ~< 9.4 GeV, good fit to both (rich) 
and Q2 do/dx distribution is obtained if one assumes 
in addition f a ( z )  = (1 -- z) d with 0 ~<d ~< 1/2. We use 
fH(z)  = constant for the charm quark fragmentation 
function. There is a correlation between Oq and the 
quark fragmentation parameters. We find that the FF 
choice a --- 0.77, Oq = 0.247 GeV, rpv = 1, and the 
charm fragmentation function fDc (z ) = 1 - z gives a 
somewhat larger value for (nch) and leads to a softer 
Q2 do/dx distribution as compared to the data. Simi- 
larly, at higtier energies an acceptable fit to (nch) is 
obtained for the range 10 GeV ~< Qo ~< 15 GeV. The 
resulting charge multiplicity distribution is shown in 
fig. 1 and compared with the experimental data [18] 
in the range 3.0 GeV ~< Ecm <~ 31.6 GeV. The theore- 
tical curve corresponds to the values Oq = 0.3 GeV, 
Q0 = 15 GeV and A = 0.6 GeV. The effect of varying 
Oq and A in the range 0.26 GeV ~< Oq ~< 0.32 GeV 

*4 A similar value for the ratio rpv is obtained in ref. [17] by 
analysing the inclusive p-product ion in pp interactions 
which gives a rp -1 ratio of  0.45. A value o f r p v  - 1 and a 
= 0.77 is still within one standard deviation of  the data. 
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Fig. 1. A comparison of  our model  with the charged multiplic- 
ity measurements. The JADE collaboration points  refer to 
the observed charged multiplicity. 

and 0.3 GeV ~< A ~< 1.0 GeV results in (nch) which is 
still within 1 o of the measured values. The inclusive 
distributions da/dT, do/dp 2, do/dO, da/ds and do/dA 
are not very sensitive to the choice of Qo, a, rpv and 
fDc(Z ) within the above mentioned ranges, though 
these distributions are sensitive to Oq and the QCD 
coupling constant as(Q2 ). 

Next, we determine Oq. For this purpose we use 
both the low energy PT-distribution from SPEAR and 
DORIS [19] and the TASSO (p2T)ou t distributions*2, 
as well as the MARK-J thrust distribution for the nar- 
row jet as measured at PETRA. In fig. 2 we show the 
distribution o -  1 da/d (p2)out and a -  1 do/d (p2)i , .  A 
fit to the o -1  da/d(p2)out distribution for thelow 
energy data (13.0 GeV and 17.0 GeV) gives 0.28 GeV 
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Fig. 2. A comparison of  our model  with the distributions a -1 
X da /d(P~) in  and o -1 da /d(P~)ou  t measured by the TASSO 
collaboration. The data points have been corrected forgeomet-  
rical acceptance and detection efficiency. (i) Ecm = 13 and 
17.0 GeV, Crq = 0.3 GeV, (ii) 27.4 GeV ~ Ecru ~ 31.6 GeV. 
(a) Crq = 0.35 GeV, (b) aq = 0.32 GeV, (c) Oq = 0.30 GeV, (d) 
Oq = 0.26 GeV for the o -1 do/d(P~)ou t distributions. The 
curves for the cr -1 do/d(P~r)in distribution are drawn for aq 
= 0.3 GeV. Radiative corrections are taken into account. 
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~< aq~< 0.3 GeV. In fig. 2 we again determine Oq by 
fitting the a - 1  do/d(p2)out distribution for the high 
energy data 27.4 GeV ~<Ecm ~ 31.6 GeV. The value 
of  Oq is now correlated with the value of  A, since the 
selection criterion for the plane to define the in and 
out distributions leads to a configuration in which the 
gluon and the quark (or antiquark) are on average 
(25 -30 )% out of  the plane. We again find a range for 
Oq, 0.28 GeV ~< Oq ~< 0.30 GeV, correlated with A in 
the range 1.2 GeV > A > 0.3 GeV. In fig. 2 we show 
the distributions for the choice (a) oq = 0.35 GeV, (b) 
Oq = 0.32 GeV, (c) Oq = 0.30 GeV and (d) Oq = 0.26 
GeV. The value of  aq in the range 0.28 GeV ~ Oq 
~< 0.30 GeV is in agreement with the low energy PT 
and thrust distributions [7],  as well as with the distribu- 
t ion o -  1 do/dTN for the narrow jet  as measured by the 
MARK-J collaboration [20].  We show a comparison of  
our model  with their data in fig. 3a, which corresponds 
to o a = 0.3 GeV. 

Having fixed the parameters determining the non- 
perturbative aspects of  the quark jets,  we a t tempt  to 
extract  the QCD coupling constant as(Q 2) (or equiva- 
lently A). To this end, we have chosen the distribution 
o - l da /d (p2 ) in  measured by the TASSO collaboration 
[21] and the oblateness distribution for the broad jet ,  
measured by the MARK-J collaboration. First,  the 
distribution o - 1  da/d(p2)in . In fig. 2 we compare 
this distr ibution with our model  calculations for the 
choice A = 0.35 GeV, 0.6 GeV and 1.2 GeV, with A 
= 0.6 GeV our best fit. To determine the value of  A, 
we make a cut on the do/d(p2)in distribution at (p2) i  n 
= 0.5 GeV 2 and compare the number of  events surviv- 
ing the cut as a function of  a s (Q2). The value of  
as(Q2 ) (or A) so determined is like o - 1  da/d(p2)out 
correlated with Oq resulting in the range 0.3 GeV 
~< A ~< 1.2 GeV for Oq in the range 0.30 GeV ~> aq 
~> 0.28 GeV. The region of  the allowed (within + 1 o) 
a s versus o a domain gives 0.20 ~< ~o(Q2) ~< 0.25 at 
(Q2)1/2 = 30 GeV. corresponding to 0.5 GeV ~< A 
~< A ~< 1.2 GeV. In fig. 3b we show the comparison 
with the MARK-J measurement of  o -  1 do/dOB for 
the choice as(Q 2) = 0.23 and a n = 0.3 GeV. This dis- 
tr ibution gives a value as(Q 2) = 0.23 -+ 0.02, which 
agrees with the determinat ion of  as(Q2 ) from the 
TASSO data. The value of  as(Q2 ) so determined 
is very weakly dependent  on the gluon fragmentation 
function f~tg (z). 

Summarizing, we have shown that the perturbative 
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Fig. 3. (a) A comparison of our model with the thrust distribu- 
tion of the narrow jet, a -1 do/dT N measured by the MARK-J 
collaboration, corresponding to aq = 0.3 GeV. The theoreti- 
cal curve is obtained after passing it through the MARK-J de- 
tector. The lower curve corresponds to selecting events with 
O B > 0.3. (b) A comparison of our model with the oblate- 
ness distribution a -1 do/d() B for the broad jet as measured 
by the MARK-J collaboration. The curve corresponds to 
Crq = 0.3 GeV and as(Q 2) = 0.23 at Ecm = 30 GeV. 

QCD predictions are in very good quantitative agree- 
ment with the e+e - data, if  one includes all the non- 
perturbative and weak decay effects relevant for such 
an analysis * s. The value of  a s determined from the 
data in the region 27.4 GeV ~<Ecm ~< 31.6 GeV gives 

, s We would like to remark that whereas our calculation takes 
into account the complete O (c~ bremsstrahlung processes 
involving quarks and gluons, we have not included the ef- 
fect of the virtual gluon correction to the process e*e - 

q~lg. This implies at most an uncertainty of O(as) in the 
determination of as(Q2). 
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as(Q2 ) = 0.22 -+ 0.03 for the TASSO data and as(Q 2) 

= 0.23 +- 0.02 f rom the MARK-J  data. 

We are part icularly grateful  to  the members  o f  the 
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measurements .  We would  like to thank our  colleagues 

at D E S Y  for warm discussions. 
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