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In this second part of our attempt to construct a unitary high-energy description of a
spontaneosly broken non-abelian gauge theory we calculate, for the n—m amplitude in the
multi-Regge limit, the first corrections beyond the leading logarithmic approximation. The
resulting amplitudes come in the form of the reggeon calculus where the number of reggeons in
each ¢-channel is restricted to one or two. We then study the limit where the mass of the vector
particle is taken to zero: for the 22 amplitude we show that this limit exists, not only for the
approximation of the present paper but also for higher-order corrections.

1. Introduction

In a previous paper [1] (henceforth referred to as I) we have started a program
whose aim is the construction of an acceptable high-energy description of sponta-
neously broken non-abelian gauge theories. The main motivation for this came
from the observation [2, 3] that, quite similar to the situation in abelian theories
(QED), the leading logarithmic approximation (LLA) for the vacuum quantum
number exchange channel (pomeron) violates the Froissart bound and, hence, does
not obey s-channel unitarity. An acceptable high-energy theory, therefore, must
necessarily go beyond this approximation, and it is mandatory that unitarity is fully
incorporated. This suggests the use of unitarity from the start: the lagrangian
determines certain tree elements, and all loop corrections are constructed from
discontinuities, i.e., dispersion relations and unitarity equations. In I this method
was introduced and, as the first step, used for the construction of n—m amplitudes
in the leading logarithmic approximation. In the present paper we continue these
calculations and construct the first non-leading corrections to the LLA, as they are
required by unitarity.

The main results of I can be summarized as follows. We have been working in
the SU(2) Higgs model where, after spontaneous symmetry breaking, a global
SU(2) symmetry (called isospin) is left and all vector particles have the same mass
M. The m—n amplitudes in the LLA are found to have simple multi-Regge
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Fig. 1. The n—m amplitude in the leading-logarithmic approximation: (a) the wavy lines denote the
exchange of the reggeized vector particle; (b) the group weight diagram.

behavior (fig. 1): all /~channels have odd signature and carry the quantum number
of the reggeizing vector particle. This generalizes the property of reggeization which
first was established on the level of the Born approximation for the 2 -2 amplitude
by Grisaru et al. [4]. A non-trivial feature of this result for the n— m amplitudes is
the absence of multi-Regge cuts. Signature conservation would not exclude such
cut contributions in one of the internal exchange channels of fig. 1, but, as a result
of rather subtle cancellations, they do not contribute to the LLA. In the final part
of I the unitarity properties of the LLA were demonstrated: all energy discontinui-
ties (for the total energy as well as for all subenergy variables) are in agreement
with unitarity, for example:

diSCS T2a2 = % 2 f dﬂn | T2—>n lgdd signature * (1 1)
n

disc:_b 772—>3 = % z f dQn T2—>n+ ITZ*—m odd signature * (1 2)
n

diSCS TZ—-»3 = % Z f dQn T2—+n T;—»n odd signature * (1 3)
n

On the r.hss. of these equations, however, all t-channels are restricted to odd
signature exchanges or, equivalently, to the quantum number of the vector par-
ticles, which does not allow for the pomeron yet. Egs. (1.1)-(1.3) can be written in
a more compact form. We denote by T the matrix whose elements are the n—m
amplitudes in the LLA (including disconnected contributions):

0! o e
TO = ﬁ H+I’I+i+ﬂ ------ (1.4)

Taking for each n—m amplitude the sum of all its energy discontinuities (for the
23 process 1 +2—a + b + ¢, for example there are the variables s, s,,, 54, and
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S,. and, correspondingly, four discontinuity equations), the results of I can be
summarized in the following matrix equation:

1
ATO = (IO =T ) =3 TOT e (1)
The restriction on the r.hss. of (1.1)-(1.3) and (1.5) signalizes that s-channel
unitarity is satisfied only in a limited sense, and we have to go beyond the LLA for
obtaining complete unitarity.
In order to improve the LLA we make the ansatz (again using matrix notation):

o0
T=>T", (1.6)
n=1
where the first term on the r.h.s., 7%, is just the LLA and the remaining terms 7'
have to be calculated from the requirement that unitarity is fully satisfied:

AT=%(T—T*)=%TT+. (1.7)

Eq. (1.6) is an expansion in powers of the coupling constant g*. In any given order
of perturbation theory the high-energy behavior for, say, the 2 -2 amplitude comes
in the form:

gZ”S[(lnS)"_lfnf.(t) +(Ins)" 2 f, (1) + - - - +fo(’)]
+0(s®)+O(s Hy+--- . (1.8)

The LLA then represents the sum of the first term on the r.h.s. of this expansion:
LLA =3 ¢%s(Ins)" "' f,_(1). (1.9)

The next order correction in (1.6), T*?, consists of the f,_,(¢), T is the sum of the
f._s(2), etc. Equivalently, 7® has one more power of g2 than 7", T® has two
more powers of g2 and so on.

For the computation of 7@, T® ..., we will, as we did in I, again make full use
of the analytic structure of multiparticle amplitudes in the Regge region, i.e.,
employ both ¢~ and s-channel unitarity. This does, a priori, not guarantee that we
will find all pieces of f,_,,f,_5,..., in (1.8). We rather expect that we will find only
that subset of all the non-leading terms which are necessary to just satisfy unitarity.
The results of our calculation should, therefore, be regarded as the minimal subset
of terms in the perturbation expansion that have to be taken into account in order
to obtain a reliable high-energy theory. We can, however, not yet rule out the
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possibility that this is still not enough: in this case our result would be the
first-order approximation to the exact solution. An answer to this question can be
given at earliest, when we know the sum of all terms which we are going to
determine in the following,

Although the construction of a unitary high-energy description of massive
Yang-Mills theory is of interest by itself, the most fascinating problem is certainly
the high-energy behavior of pure Yang-Mills theories, in particular, QCD. We,
therefore, shall try to use our calculations as an intermediate step towards ap-
proaching massless vector theories. The question of whether and how QCD in the
confining phase can be reached in the zero-mass limit of a Higgs model has not
been answered yet. In the context of our calculations this question represents itself
in the following form. Within the approximation we are using, the S-matrix only
depends on the gauge coupling g and the mass M of the vector particle, but not on
the Higgs parameters (the mass of the scalar particle, the Higgs self-coupling)
separately. It is, therefore, first necessary to show that the limit M —0 exists and is
finite. Whether we then can hope to be in the confining phase of QCD or not can
be shown only by performing the summation of all the terms in the expansion
(1.6): as we have outlined elsewhere [5], there is a parameter (b*> which measures
the extension of the scattering hadron transverse to its direction of flight and can
be used as an indication of to what extent the present approach has a chance to
“confine” the wee partons inside the hadrons.

In the present paper we shall construct the first term beyond the LLA in the
expansion (1.6), T@. Since this approximation contains the vacuum exchange
channel, we also address ourselves to the M—0 limit: replacing the external
particles by gg bound states, we shall show that the zero-mass limit exists order by
order in perturbation theory. In view of future work we also present a generaliza-
tion of this proof to larger classes of diagrams (subsets of 7®, T™, .. .). This will
help us (as we shall show elsewhere [6]) to formulate a new technique for summing
all diagrams. In sect. 2 we begin with a few general definitions. Sects. 3 and 4
contain the calculation of 7,2, and T;2,, respectively. In sect. 5 we present a study
of the zero-mass limit, and sect. 6 contains a brief summary and an outlook on
future parts of our program. A few details of our calculations are put into an
appendix.

2. Definitions

We begin with a somewhat more detailed outline of how the elements of the
matrix T® will be constructed. The defining equation is:

AT(Z) = %(T(Z) _ T(2)+ ) =1T(1)T(1)+ (2.1)

2 even signature >

where on the r.h.s. each matrix element has one or more even signature exchange
channels [otherwise we would be back at (1.5)]. The presence of even signature
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implies that 7@ will be down by one power of g? compared with 7): the
signature phase factor e ~“” + 7 with j = 1 + O(g?) when expanded in powers of g,
starts with —2 for odd (7= —) signature but with O(g?) for even (r= +)
signature. Eq. (2.1) can be read as an equation for energy discontinuities, for
example for the element T3,

- T

P 22)

On the r.h.s. the first line is the discontinuity in the total energy s, the second line
represents the discontinuity in the subenergy s,., the third line in s,,, and the last
line in s, . In order to write also the Lh.s. as a sum of discontinuities, we have to
make use of a general feature of the 23 amplitude in the double-Regge limit [cf.
egs. (2.6), (2.7) and fig. 5a of I]. In this limit, 7,_,, can be written as the sum of two
terms:

Ty 3(55 5ap5 b ) = T (55 8ap) + Toe(5,54c) (2.3)

(we suppress the dependence on other variables than energies), and each of the
terms on the r.h.s. satisfies a double dispersion relation with right- and left-hand
cuts. It follows from the definition of the double-Regge limit,

58,5 Spe—> 0, San/S2Spc/5—0,
Foly M= S, S/ s fixed , (24)

that several energy variables become asymptotically equal and cannot be dis-
tinguished from each other:

2
Sac =(Pa+P) =5,
_ 2
si5=1(py —Pb) TS,

536 = (P2 —’pb)zz_sbc' (2-5)

On the r.hs. of eq. (2.3) the term T, contains, therefore, a piece which depends on
s and s,;, and another one which depends on s, and s,;. Similarly, the dependence
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of Ty is either on (s,s,,.) or (s,.,5,35). The Lh.s. of eq. (2.2) can be written as:
1 . .
AT, ;= E(Tz_,3(a11 energies + ie) — T,_,(all energies — ie))
= Aabc(7;1b(s"s‘ab - le) + Tbc(s’ Sbe 18))

+ 8, (T (5, 50) + Tpel, 50 )
+ AT (s +ie,5,) + Ay T (s +ig, 50, ) (2.6)

(here A, denotes the discontinuity across the total energy). The four terms in (2.6)
can be identified with the r.h.s. of (2.2): this equation will be satisfied if the sum of
the discontinuities in s, and s, equals the sum of the first two lines on the r.h.s. of
(2.2), and the s,,, and s, discontinuities are identical with the third and fourth line
of (2.2), respectively (note that we do not require to compare the s,,. and s,
discontinuities separately: since these two variables become indistinguishable, we
cannot separate their discontinuities). In the same way, the other elements of the
matrix equation (2.1) contain sums of single discontinuities of the n—»m ampli-
tudes.

This then leads to the following method of computing 7®. From the product
TOTD* on the r.h.s of (2.1) we calculate the various single discontinuities of each
element of 7@, and we then search for the amplitude which correctly reproduces
the sum of the discontinuities on the r.h.s. of eq. (2.1). For this it will be convenient
to use that representation of 7, which exhibits the full analytic structure. A list
of these representations (which we have already used in I) is given in table 1,
together with the form of the signature factors. In the case of the 23 amplitude
one recognizes the two terms (2.3), and a similar decomposition can be read off for
the 24 and 33 amplitudes (there is a slight complication concerning the last
two terms of these amplitudes which we shall discuss a little later). In the following
two sections we shall illustrate how the partial wave functions ¥ (or combina-
tions of them) can be constructed by evaluating single discontinuities. The repre-
sentations of table 1 then allow us to find the full amplitudes.

The result of our calculations will be that the elements of T® come in form of
reggeon calculus [7], i.e., each partial wave F can be described in a diagrammatic
way (as was already the case for T'V). Once we know the partial waves it is,
however, useful to combine the various terms in the representations of table 1 into
one single expression. As an example, we consider the 2— 3 amplitude. The energy
factors of T,_; can be written as:

sjzsilg_jz =ss;{t])_ lsié_ln_(jz“l)
o 5
=ssft” sz (1 4+ 0(g?n)), 2.7)
where we have used the fact that the singularities in j are always of the form

Jsing = 1+ O( g?). According to (2.4) 7 is finite in the double-Regge limit, and we

can safely neglect terms of the order O(g?Inn). Now it is possible to combine the
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TaBLE 1
Analytic representations of T;_,;, T;_,5, T5_,,, and T,

] .
=L (e mes
T, zm.fdjs §F(J,1)
1 L o o .
T s= (27ri)2fdjl dlzlsjlsjbz Jl&jlghj.FL(Jl’er’n’2"’7)+shs{ﬂ) jz&jzfjlszR(.ll’.127tl’t2’n)]
1 e o
(Zm.)zfdfl A dAlsh sk N8 8, 8, Fu + s sfy sgy 72858028 i Fre

Vo o .
FPSRTI N T by Frr + SIS E T8 8 FW

Ty a=

Jrgda—irgi2—J )
*s ‘Sb::d ‘sbzc jgjlgjlilgju;FL}{]
1 Fd A edted2TA =) e
T3—¢3=(2m.)3fd/1 dj,djsls/isy; sl ngjlgmlfijLL.;.sts{El AsQTAE £ £ Fay
j3 o JA=J2 2 — N .
+slsip sl TG b Frr S A ST e 8 L FR
i o3 J2ii—ATt 2
+S;,"';552S lanjlghgjz ~1=J3 FI(J{]
e 1
7 singj
e sinw( j; — jp)
e i +is—Jj2) 4 T\TyTy

sina(j, +j; —J2)

$ivis—in =

signature factors and partial waves, e.g., for the two cases (7,7,)=(—, —) and
(+,+):

2s F Fp 2
T (-, —)= dw,dw Saspe + = 2.8
2ol (2771')2'[ PR [‘*’1(“’2-"-’1) “’2(‘*’1—‘*’2)}772 28)
] F F -
Ty, +) = 2 f dwldwzs;‘;;s:g[ L+ "R J—j (29
(27i)? W W w0 Tw g

(here «, =), = 1). The first case belongs to TV, and in I it was shown that the
square bracket term takes the simple form (fig. 1a):

7’ ‘*)1(‘*’2 - ‘*’1) wz(‘*’l - wz)

1 1
wy —alt,) + 1 t,— M?

1 I
w—a(r) +1 ¢ — Mm?

=[gH,,] [&T] [gH,,]

-group structure fig. 1b. (2.10)
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A comparison of the r.h.s. of (2.10) and fig. 1a suggests the following diagrammatic
rules for the Mellin transform of the scattering amplitude, i.e., the term in square
brackets on the r.h.s. of (2.8): each reggeon line with momentum k&, has a
propagator

[t—=M2] [w—-a(t)+1]""',  wheret= —k2 (2.11)

[where a(¢) is the trajectory function, given in eqgs. (4.6) and (4.9) of I}; for the
production vertex the three-component vector [egs. (3.6) and (3.7) of I]

gl (g, —9,); (2.12)

for the coupling of a reggeon to external particles the matrix H , or H  [egs. (3.2)
and (3.3) of I}. For the group structure we draw a separate diagram (fig. 1b), in
which each vertex has a tensor ¢, (or §,, if one of the particles is a Higgs scalar).
In the following we shall find that for the case of eq. (2.9) the term in square
brackets also has such a simple form and can be described by these diagrammatic
rules (with some new elements that we will derive), and this appealing situation
holds for each signature configuration of all 7

n—-m-

3. Construction of 7%, and T?,

The first element of the matrix equation (2.1) is (fig. 2a):

diSCS TZ(BZ =% 2 f dinT2—m zven signature * (31)
n

In order to identify the r.h.s. of this equation with fig. 2a, we define the following
rules: for each momentum and angular momentum loop we put

$Chy (do (3.2)
f(277)3 27’ )

% e et T KOO
(a)

— el
1=2 1-0
(b)

Fig. 2. (a) Construction of T{?, from its s discontinuity. (b) The group weight diagrams for /=2
and /= 0 exchange. The corresponding tensors are the projection operators P, and P, defined in eq.
(43) of L.
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where —k2 =t is the momentum transfer and j=w+ 1. The quartic reggeon
vertex in fig. 2a which results from squaring the production vertex has been derived
before (ref. [8] and I), but in order to make this paper as self-contained as possible
we present in the appendix a summary of all those rules which one needs for
deriving the momentum or helicity structure of vertices. For the group structure we
decompose the tensor which arises from squaring the production vertex into
projection operators with definite isospin (/ =0, 1, 2) [cf. egs. (4.3)~(4.7) of 1}: I=0
or 2 belongs to even signature exchange since it is symmetric, whereas /=1 is
antisymmetric and belongs to odd signature. As a result of this, the quartic reggeon
vertex comes with a group weight factor (=2 for /=0, —1for I=1, +1 for I =2),
and the full diagram is proportional to the projection operator P,, P,, or P,. For
this part of the diagram we draw a separate graph: our notation for P, and P, is
shown in fig. 2b (P, belongs to odd signature and is defined in I). With all these
conventions eq. (3.1) can be written

disc, T,®), = 27 -fig. 2a-fig. 2b (3.3)

(note the factor 27: applying our rules to fig. 2a, we obtain the partial wave of 7,2,
up to this factor 2«). From table 1 we then find the full amplitude 7,%), with even
signature exchange:

7%, =27”5f 5P y(w,1),
F,_,=fig. 2a-fig. 2b. (34)

For the vacuum exchange channel, the leading j-plane singularity has been
shown [2, 3] to be a fixed cut to the right of j = 1, whereas in the / = 2 channel the
leading singularity is the two-reggeon cut. Although 7® does not belong to the
LLA (in the sense we have defined it), (3.15) is often referred to as the leading
logarithmic approximation for the pomeron (or the I = 2 exchange): this is because
the vacuum exchange channel was not contained in the LLA, TV, and T® is the
lowest approximation where it appears. It has also been calculated by conventional
methods, i.e., by extracting leading powers of Ins from Feynmann amplitudes [9)].

Next we come to 7,%,. That part of the product TPT™* which has odd
signature (or / = 1) in both #-channels belongs to 7V [see eq. (1.5)]. The remaining
signature configurations are (1, 7,) = (+, +), (+, —), and (—, +). We begin with
the (+, +) configuration. The r.h.s. of (2.1) determines the discontinuities in s and
Sac

A T35(+, +) =2x-fig. 3a- group weight, (3.5)

A, TP (+, +) =2=-fig. 3b- group weight, (3.6)
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but there is no equation for the s,, or s, discontinuities. The signature requirement
allows only for 7/ =0 or 2 in the f-channels, and the corresponding group diagrams
are shown in fig. 3c. For the diagrammatic rules we use the same conventions as
before: it is then easy to see that figs. 3a, b lead to the same expression:

BT+, +) =8, TO(+, +). (3.7)
In order to find from table 1 the discontinuities in s and s,., we note that since the
two variables s and s,. become indistinguishable in the double-Regge limit (2.4) the
variable s in table 1 can be either s or s,., and only the sum of both discontinuities
can be calculated safely:

(Bgpe + 2,08, & sj.sjzﬂl— — shsfa ™, (3.8)

Jajvi J2Jy

This is consistent with the idea that the signatured amplitude 18 a combination of
the four crossing related processes l1+2—sa+b+¢c,a+2-— 1+b+ c, l+c—a+
b+2, and a+¢—1+b+2. From this one would interpret the energy and phase
factors of (3.8) as

e“f‘"’(fz_jl) + Ty e_i"jl + T

sin7( j> —Jji) sin 7/,

Sjls{;z‘jl

= [Sin '7T(j2 —jl)] _I[Sin le]— ! [e_i"(fz_h)e—i'lrlejls{;zc_jl
+ T e—i"(jz_j')(_saz)jls{;é_jl + ,1—2(_5.(_:1 )jl
X (—s52) " + 7172e—mj'sa{é(—sﬁz)jrj'] .

(3.9)

zWiW I o Sy e
!
(a)
ZWIM Zm@m
{b)

— S

(¢}

Fig. 3. Construction of T{®); with signature (r,7,)=(+, +): (a) the s discontinuity; (b) the s,
discontinuity; (c) two possible weight diagrams.
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The discontinuities in s and s,. come from the first and fourth term, respectively,
and their sum agrees with (3.8). For more complicated amplitudes than 7, ;,
however, an interpretation a la (3.9) is presumably too naive, i.e., it will be
impossible to compute discontinuities in variables such as s and s,_ separately. It is
then only the sum of discontinuities which can be defined. We thus have

-2 F, — F
(Aabc+Aac)T'2(23= (2 ?T)ifdwldes:blSMZL[——L——&}' (310)
ml

be
72| w2 @

Together with (3.5) and (3.6) this leads to the result:

#[%{%] = —fig. 3a-group weight. (3.11)
The full amplitude is
T+, +) = _27.”';? f dw, dwzs;"b‘s;’g% n : "e
(2mi) 7 W T W
2mis

- Qmi)

j dw, dw,sisez-fig. 3a- group weight. (3.12)

A few words should be said about the s,,, and s, discontinuities. The use of eq.
(2.1) enabled us to find an expression for the combination of partial waves
(FL ~ Fr)/(w, — w,), but not F; and Fy separately. This was sufficient, since the
full amplitude (3.11) was found to be proportional to its discontinuity in s (or s,.).
Nevertheless, one may ask what the partial waves F; and Fy are. Counting powers
of g2, one sees that the s, (s,.) discontinuity comes at a later stage of our scheme,
namely from the product T@T®* which, in our definition, is part of 7. The
diagrams for F; and Fy are shown in figs. 4a and b. In order that these results are
in agreement with the expression for (Fy — Fr)/(w, — w,) (fig. 3a), the following
equation must be true:

fig. 4a — fig. 4b

Wy T Wy

272-fig. 3a = 22 (3.13)

(we leave out the group structure diagrams). We have checked this equation in
lowest non-trivial order perturbation theory, g’, and found that it is satisfied. This
indicates that the bootstrap equation of fig. 5a (see also fig. 36a of I) which was
first found by Lipatov et al. [2] is only one example of a much larger set of
identities which are fulfilled by 7" and T®. Other examples are obtained from the
requirement that, for 7'V, the calculation of double discontinuities must lead to the
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a b c
TS 2

T ROC R b

{a)

N e
+F k- ;,(1535;(){

b)

Fig. 4. Reggeon diagrams for the partial waves (a) F; and (b) Fp of T2, with signature (+, +).

same answer as single discontinuities, e.g., (fig. 5b)

2
AabTZ(BB =- T (Aabc + Aac) AabT2(23? (314)
2
2
Abc:T'2(123 =- W, (Aabc + Aac)AbcT2(—123 . (315)

We have checked these equations again in lowest non-trivial order in g and found
that they are satisfied. Identities of this kind will also play an important role in the
future part of our program.

K
@Cﬂ = X+ O+ DL e
q-K
=>Wv ~(w’2-c((K)-(1(q—K))

I]Zk:)(:blﬂ»{
=-,§52[Z o b{ﬁ%ﬂm}

Fig. 5. (a) Bootstrap equation for the / = 1 exchange amplitude (from ref. [2]); (b) bootstrap equation,
(3.14).
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Next we come to the signature combination (7,,7,)=(—, +). The product

TOTO* defines the discontinuities in s, s,., and sy,
A T2 (—, +) =27-fig. 6a- group weight, (3.16)
A, T®(—, +) =2m-fig. 6b-group weight, (3.17)
A TP5(—, +) =27 fig. 6¢- group weight. (3.18)

For the construction of the production vertex in fig. 6¢c we refer to the appendix.
When going in figs. 6a, b from the Lh.s. to the r.h.s. we use the bootstrap equation,
fig. 5a. The signature requirements imply that the ¢,-channel has 7 =1 exchange,
the ¢,-channel either /=0 or /=2. Since the group structure diagram is now
antisymmetric when “twisting” the 7,-channel, figs. 6a, b are identical up to an
overall minus sign:

B (=, +) = =8, TO%(—, +). (3.19)
The sum of these two discontinuities therefore cancels and gives no information
about the amplitudes we are looking for. From table 1 we see that, to leading order
g?, the amplitude 7;%,(—, +) is given by F, only: since both partial wave
functions F; and Fyp must be calculable from double discontinuities, they are of the
same order in g2, namely g3f(g?/w), and the signature factors in front of F have

T R

=z vab(:(a’m

1Y mxm
R R C W,

¥ mec,m

Fig. 6. Construction of Ty, with signature (—, +): (a) the 5 discontinuity; (b) the s, discontinuity; (c)
the s, discontinuity.
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one more power of g2 than those in front of F,. This implies that T52,(~, +) is
determined by its s, discontinuity:

2 F
TP~ +)= dw, dw,sse2 = —%
253 (2mf 1 092Sab See T o
>
= iAbcTZ(Egél(_s +)9 (3.20)
——é—F = 2 -fig. 6¢- group weight . (3.21)
1

When we calculate the s and s, discontinuities, both partial wave functions
participate, but their sum is of higher order in g? than the s, discontinuity. Within
the approximation we are using, the s and s, discontinuities, therefore, cancel, in
agreement with (3.19). As a result, eq. (2.1) will be satisfied if we put

2mis
(2mi)?

TO(—, +) = f dw, dw,séise:-fig. 6c-group weight.  (3.22)

4. Construction of T2, T, and generalization to T,%)

n—m

The five-point amplitudes which we have constructed in sect. 3 do not yet exhibit
the full complexity of the analytic structure of multiparticle amplitudes. In order to
be able to write down the general amplitude T.® we have to go one step further
and consider the six-point amplitudes 7,2, and T2, (fig. 7). In the multi-Regge
limit,

55> Sabc> Sbed> Sabr Sber Sed > X
Sab/ Sabe> Sbe/ Sabes Sbe/ Sted> Scd/ Sbeas Sabe/ §+Svea/ 50,

. SabSp, SpeSed o
oty 1 fixed,  mp==220C p o= Pl fixed,

Sabe s bed

(4.1)

these amplitudes decay into several pieces, each of which has a simple analytic
structure and satisfies a multiple dispersion relation with right- and left-hand
singularities. The representations of table 1 (which originally have been derived for
amplitudes containing only Regge poles but no cuts) indicate that there are five
such terms, and figs. 7a, b illustrate their discontinuity content in the physical
region (right-hand singularities): each dotted lines denotes an energy variable s, ;
for which the amplitude has a non-zero discontinuity, and in the representation of
table 1 there is a corresponding factor sF°**". The left-hand cut structure follows
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Fig. 7. The analytic structure of the two six-point amplitudes: (a) the five planar terms of the 24
amplitudes; (b) the five planar terms of the 33 amplitude; (c) two contributions to T,_ 4 which are
included in the last two terms of the representation of table 1.

from the fact that the fully signatured 2—4 and 3— 3 amplitudes are connected by
analytic continuation and crossing, such that they are even or odd under a twist of
a t-channel. For constructing 7,2, or Ty, it is, therefore, necessary to consider
simultaneously the eight amplitudes shown in fig. 8. Each of them has its five terms
(fig. 7a and b): for the first three it is obvious that analytic continuation of 7,2,
leads to the corresponding terms of 73?,. This can be made explicit by rewrmng
energy and phase factors in the same way as we did in (3.9):

s C g —1p N Ly
‘gjlgjg,gjgzsjlsjbidhscjé /2= [sm 7y ] [Sm 7(J ~Jl)] [sm 7(J3 "Jz)j]
x [e i) g =iz =) ¢ ~inUs ~)giigfa =iy i
+1e —im(jy ‘J'x)e —im(js _jZ)ls?nii Isé%d‘jls({& —J2

+ 1) 5 2|f5{>i;jl|s _J2+7'3|51d”5{fc§j'”513 hl

+7ne ”U:e‘”’(js‘jz)sj‘ fllsjs —J2

2lsbcd

imi  —im( e — iy —j _
+71e injy @ —in(j; Jl)sll "sls 12‘

2sbcd
+1'1'T3C_'W'S lsjz /|Hsji Jz'

+ 7T TyTy e —in(j, —/.)lsh ls.lz —lllsla —le] i (4_2)
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Fig. 8. The eight six-point amplitudes which are connected by crossing and analytic continuation.

The fully signatured amplitude then is interpreted as the sum of the right-hand cut
contributions of the eight amplitudes of fig. 8*. For the last two terms in figs. 7a, b
the situation is more complex. When following the simple recipe of adding up
energy and phase factors of all eight amplitudes one neither arrives at the signature
factors of the last two terms of the 2—-4 amplitude nor at those of the 33
amplitude. This is because the last two terms of both the 24 and the 33
amplitudes in table 1 have, in fact, a larger discontinuity content than is suggested
by the last two terms in figs. 7a, b. Since in the multi-Regge limit (4.1) several
energy variables become indistinguishable from each other, we have the identities:

Jaghi=Jaglr—h Frgda =il Is o g1 3 d2 gl a2 =) Ji oJ3 ¢J2—Ir~J
S7S3be e T RS Shed” She RS Saz Sba V' R SacShaShe | s

(4.3)

5808t &b inbin = Eninbiifirinin T 6,858 (4.4)

Hence it is not possible to distinguish between the analytic structure of the last two
terms of fig. 7a and those of fig. 7¢c (which are the analytic continuations of the last
two terms of fig. 7b): the last two terms of 7,_, in table 1 not only stand for the
last two terms of fig. 7a but also for fig. 7c. In other words, contributions which
have the analytic structure of fig. 7¢ can still be written as if they had the structure
of the last two terms of fig. 7a, and the representation of table 1 does not require
extra terms. Similarly, the last two terms of T, _; in table 1 may contain contribu-
tions which do not correspond to the last two terms of fig. 7b but rather to those of
fig. 7a (with suitable analytic continuation). For practical purposes this implies that
if one computes, for example from multiple discontinuities, the five right-hand cut

* This interpretation, however, must not be oversimplified: there are non-planar unitarity contribu-
tions to T;_,4 which cannot be reduced to a planar contribution to one of the eight amplitudes in
fig. 8. They will be included if we note that the energy factors in (4.2) are not unique: for example,
shsfa3/154377 also includes s/'s{y 1 s3772.
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contributions of figs. 7a, b for the 2—4 and 3—3 amplitudes, respectively, one
may find some contributions for the 2—4 amplitude which are not simply analytic
continuations of those which come from the 3-—3 case. For the signatured
amplitude one then has to add these distinct contributions such that the resulting
amplitude has the right signature properties.

Within our calculational scheme we use the unitarity equation (2.1) as the
definition of 7® and do not attempt to compute multiple discontinuities. The r.h.s.
of (2.1) determines single discontinuities, and we have to find the amplitude whose
discontinuities agree with them. This requires us to be able to compute single
discontinuities from the representations of table 1. For the first three terms this is
rather straightforward: from (4.2) we know that there are discontinuities not only
in 5 = 5,,.4 but also in the variables s,.4, 5,4, and s,. which are indistinguishable
from 5. For the sum of all these discontinuities we therefore find:

P I o Jadig =)
(Babea T Apq + 85y +Aabd)§j|£jljl$j1j2s 'Stea Sed = —§ STsig s iy

jz/lgjsh.
(4.5)

For the last two terms of the amplitudes 7,_,, and 7;_, it will, in general, not be
possible to determine individual single discontinuities but only sums of them: those
contributions which correspond to the last two terms of fig. 7a will, for example,
contribute to the discontinuity in s,,. but not s, , whereas those of the type fig. 7c
contain an s,, discontinuity but not an s, discontinuity. But since the r.h.s. of eq.
(2.1) always gives the sum of both discontinuities, we do not run into counting
problems. A similar argument argument holds for the 3 -3 amplitude.

After these general remarks we now illustrate how the knowledge of analyticity
properties will enable us to find from eq. (2.1) the 24 and 3 —3 amplitudes of the
matrix 7@, From this we then will extract the general n—m amplitude. Out of the
2% =8 signature configurations we only need to consider the cases (7,,7,,7;) =
(+,+,+), (+,—, =), (=, +, =), (—, +, +) and (+, —, —) [the case (—, —, —)
belongs to 7'V, and the remaining combinations follow from symmetry arguments].
We start with the case (+, +, +). The requirement of having even signature in the
t,- and the 7;-channels restricts the quantum numbers in these channels to /=0 or
2, but there is no restriction for the central #,-channel. The r.h.s. of eq. (2.1) only
determines the following discontinuities:

ac?

Aped T2u(+, +, +) =27-fig. 9a- group weight, (4.6)
A T2 (+, +, +) =2x-fig. 9b-group weight, 4.7)
ApaT2(+, +, +) =27-fig. 9c- group weight, (4.8)

A, g T+, +, +) =27-fig. 9d-group weight . (4.9
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Fig. 9. Construction of 742, with signature (+, +, +): (a) the s discontinuity; (b) the s, discontinuity;
(c) the 5,4 discontinuity; (d) the s,.4 discontinuity.

On the other hand, the use of table 1 and our previous discussion tell us that the
amplitude is proportional to the sum of these discontinuities (we only keep leading
terms in g2 of the signature factors):

: 2
2) — s _2_ W) W2 W
TO(+,+,+)= (27”')3 (W) fdwldw2 dwysiispzssy
Fiy + Fre
(‘*’2—‘*’1)(‘*’3‘”‘*’2) (‘*’1"“*’2)(‘*’3'—‘*’2)
o Fue FR
("’2—‘*’3)(‘*’1"“*’2) (‘*’1_‘03)(‘02“*’1)
FR }
+ s (4.10)
(‘*’3_‘4’1)(‘*’2_‘*’3)

(Aabcd + Aacd + Aabd + Aad)T‘Z(Ezlt(+ ’ + ’ +) = —1T2(324(+ ’ + ’ +) . (411)
From this we find that:

2qis
i)’

TRA(+,+,+)= fdwldw2 dwysgispzsss

-[figs. 9a + b + ¢ + d ] - group weight . (4.12)
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Fig. 10. Reggeon diagrams for T2, with signature (+, +, +).

By similar arguments we obtain for 7,%;:

27is
27i)

TO(+,+,+) = fdw dw,dwsssgzsey - [ figs. 10]-group weight .

(4.13)

As to the remaining energy discontinuities of 7,%,, the situation is similar to
T\, with signature (+, +). Eq. (2.1) gives no information about them, which
means that they are of higher order in g? and will come in at a later stage of our
calculations. We again expect the existence of equations of the type (3.13) which
imply the self-consistency of our results: determining combinations of partial wave
functions from single energy discontinuities must lead to the same answer as
computing first, from multiple discontinuities, each partial wave individually and
then forming their combinations. Although eq. (2.1) does not contain enough
information for determining all partial wave functions separately but only combi-
nations of them, this was, nevertheless, sufficient to determine the amplitude
uniquely. This turns out to be true also for the other signature combinations which
we have to compute: we always have just enough information to fix the amplitude
to leading order in g2.

In the case of the signature combination (+, —, —) the product 7WT®M+
determines, for the 2—4 amplitude, the discontinuities in s, S, 4, S,cq> Sapds 10 Sapes Sacs
in s,,,, and the double discontinuity in s,, and s_4. They are shown in figs. 11a—d.
They all have to be multiplied by the group weight diagram of fig. 1le: the
t,-channel has either /= 0 or 2 exchange, and the #,-channel only allows for /= 1.
For the production vertex we refer to Ty2,(+, +) of sect. 3 and the appendix.
Because of the signature structure, the amplitude is symmetric under twisting the
t;-channel, but antisymmetric in the #;-channel. This implies that the discontinui-
ties in s and s,4 are identical up to a minus sign, and similarly the 5,4 and s,.4
discontinuities. Therefore,

[A

gt A g+ Bpa + A, T3 (+, —, —)=0. (4.14)

abc acd

From the same argument it also follows that

[Ape + 8, ]T8(+, —, —)=0. (4.15)
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Fig. 11. Construction of T{2, with signature (+, —, —): (a) sum of the discontinuities in s, Sad> Sacds
and s,,4; (b) sum of the discontinuities in s,,. and s,.; (c) the s, discontinuity; (d) the double
discontinuity in 5,5, and s.4; (€) a group weight diagram (/ = 2 in the ¢,-channel).

The double discontinuity in s, and s 4 can easily be shown to be of higher order
in g? than a single discontinuity. Therefore, only the s,, discontinuity remains and
can be used for finding the 24 amplitude. From table 1, on the other hand, we
find that to leading order in g2 the amplitude is

s W) Wy oW
T+, — —)=——; f dw,dw,dwsSisp2ss}
(27i)
2 F, F,
w wi(w; —w;) W (w5 —w,)
F FO F®
+£(——i)2l ek ] , (4.16)
T Wy — Wy Wy Wy

where we have expanded the signature factors and made use of the fact that the
singularities in the w; are of the order g2. Since all partial wave functions F _ must
be of the same order (they all are calculable from triple discontinuities), we
conclude that in (4.16) only the first two terms should be kept. This implies that the
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amplitude is proportional to its s,, discontinuity:

s (%) w w
AabT2(324(+’ ) _) = (27”,)3 fdwl dw2 dwiisablsbozscd3
2 F F
X(Z) (-) RR RL__ |, (4.17)
m wi(w; —w;)  w(w; —w,)

For the other discontinuities we find, in agreement with (4.14) and (4.15), that
they are down by one power of g compared with the s, discontinuity, i.e., they
are zero in our approximation. The final result for the 2 —4 amplitude of this
signature combination is

2mis

Q2mi)

TP,(+,—,—)= fdw, dw, dw;ssiseas - fig. 11c- group weight. (4.18)
Repeating similar steps for the 3— 3 amplitude of the same signature configura-
tion we obtain

2aris
T3(2—23(+’ -, )= 3
(27i)

The signature configurations (+, +, —) and (—, +, —) are treated in very much
the same way. The crucial point is that several discontinuities on the r.h.s. of eq.
(2.1) cancel among each other; from the amplitudes of table 1, on the other hand,
one finds that these discontinuities are down by powers of g2. As a result, the 2—4
amplitude for (+, +, —) is proportional to its s, and s,  discontinuities and the
(—, +, —) amplitude is proportional to its s, discontinuity. The results are

fdw, dw, dw, s gseese - fig. 12-group weight.  (4.19)

TO(+,+,—)= (27”“;3 fdwldwz dwysiispzsey-fig. 13- group weight, (4.20)
27
T (= +, =)= (4 dw, dwseisesso-fig. 14-group weight, (4.21
254 3 190, QW3S S e Sod
(2wi)
27, Wy Wy w . .
TO(+,+, )= ms3fdw1dw2 dw;sp55e5cq - fig. 15-group weight, (4.22)
(2mi)
27is

TO(—,+, )= fdw, dw, dw,;s 255254 - fig. 16-group weight  (4.23)

Qi)

Z K Dpbod

Fig. 12. The amplitude T3, with signature (+, —, —).

—>.
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Fig. 13. The amplitude 732, with Fig. 15. The amplitude 7{2; with
signature (+, +, ~). signature (+, +, —).
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Fig. 14. The amplitude 7®, with Fig. 16. The amplitude 74, with
signature (—, +, —). signature (—, +, —).

(note the special contribution to 73, coming from fig. 16: it gives rise to a new
production vertex). In all these cases the r.h.s. of eq. (2.1) gives just enough
information to determine, to leading order in g2, the full amplitudes but not all
partial wave functions separately.

Finally we note that the signature configuration (+, —, +) belongs to T® but
not TD. This follows from counting powers of g2 [cf. the discussion after (3.19)]:
all partial waves of T,%, are of the same order in g2, namely g*f(g?/w). Because of
the different signature factors, however, the amplitudes are not always of the same
order: for (—, —, —) the amplitude is of the order g7%f(g?/w), for (—, —, +),
(+,+,+), (-, +,—) and (—, +, +) we have g% (g?/w), but for (+, —, +) the
amplitude goes like g?f(g%/w). This case therefore belongs to the following step
within our scheme.

We now try to generalize to T, . For this we do not offer a general proof but
rather rely upon the belief that the six-point amplitudes already contain all
essential features of the analytic structure of multiparticle amplitudes. For general
T2 we state the following rules:

(i) T® contains n—>m amplitudes where the number of t-channels with even
signature 1., is greater or equal to one (the case 7., = 0 belongs to T"). If ¢ is
greater than one, the even signatured r-channels must be connected, i.e., there is no
odd signature ¢-channel between two even signature r-channels. Otherwise the
amplitude is down by one (or more) powers of g2 and belongs to T with n > 3.

(ii) The amplitude T.,?) can always be cast into the form

n—-m

even even

@ __27is

nam dw,...dw,sgl...syrF, (0, 8,7, 4.24
(ZWI)P‘[ 1 P ( 7’1) ( )

The Mellin transform F,_,,, which is a combination of the various partial wave

functions and signature factors, can be described in a diagrammatic way [cf. the
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N T s

Fig. 17. The elements of the reggeon calculus for 7,

discussion after (2.10)]. The elements of this reggeon calculus are shown in fig. 17.
F, ,,, then consists of all possible diagrams with the restriction that any odd
signature 7-channel has only one reggeon intermediate states whereas an even
signature s-channel has two reggeon intermediate states. (Note that the production
vertex in fig. 17 stands for a “contracted” even signature ¢-channel). The quantum
numbers are restricted only for the two 7-channels which couple to the external
particles (I=1 for odd, /=0,2 for even signature, respectively) and for all

t-channels with a single reggeon line (/ = 1 always).

5. The zero-mass limit

The strongest motivation for investigating the high-energy behavior of non-
abelian gauge theories comes from the question what the dynamics is in the
vacuum exchange channel (the nature of the pomeron). Within our scheme of
calculating a unitary high-energy description, 7® is the lowest approximation in
which this quantum number configuration appears (/ =0, even signature). The
22 amplitude T,¥, which can be represented in terms of an integral equation has
been studied by two groups [2, 3] and it has been shown that the leading j-plane
singularity in the vacuum channel is a fixed cut to the right of j = 1. This makes it
clear that higher terms in our expansion (1.6) will be essential in order to restore
the unitarity bounds which are violated by 7@, It will, therefore, be one of the
most important parts of our program to find a method which allows us to sum all
the terms of (1.6). An observation made by Lipatov et al. [10] could serve as a
starting point for developing a summation technique: they noticed that the forma-
tion of the fixed cut vacuum singularity in 7,2, is intimately related to a diffusion
of the wee partons which, formally, requires infrared finiteness of the amplitude
T,?, in the limit where the vector particle mass goes to zero. This diffusion
dynamics can be generalized (as we shall discuss elsewhere [6]) to include higher-
order terms in the expansion (1.6), provided that the limit M —0 can be shown to
exist also for the higher 7. We therefore perform a somewhat systematic study of
this limit*. In this section, we show that, order by order in perturbation theory,
T2, is finite and well-behaved when M — 0. This proof will then be generalized to
parts of higher 7(™: this will help us in studying the effect of higher 7 in the
pomeron channel.

* That the zero-mass limit exists in lowest non-trivial order perturbation theory was communicated to
me by L.N. Lipatov. This result has also been stated in ref. [11].
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Another reason for being interesting in the zero-mass limit comes from the hope
that our calculations can also be used for the Regge limit of pure Yang-Mills
theories (QCD). As we have explained elsewhere [5], the Regge limit lies, in a
certain sense, not far from the hard scattering region where perturbation theory can
safely be applied, and the introduction (via the Higgs mechanism) of a mass for the
vector particles (gluons) then serves as a convenient way of avoiding infrared
problems within perturbation theory. The question whether, at least in the Regge
limit, the zero-mass limit of the Higgs model agrees with the high-energy limit of
QCD is still unresolved, but recent calculations [12] indicate that this may be the
case (at least at the level of T®). At the present state we shall only show that the
limit M — 0 exists and is well-defined (in a sense which will be specified later): after
summing all terms in (1.6) it then will have to be shown to what extent the final
result is dependent on M at all.

As a result of our unitarization scheme, the elements of 7® come in form of a
reggeon calculus. For the case of the 2—2 amplitude, the diagrams are shown in
fig. 2. In order to have an analytic expression we define a (non-amputated) reggeon
particle scattering amplitude @(k, ¢ — k; w) which is given by the following integral
equation:

[w+2—a(k)—a(q—k):‘(p(kL,qJ_ —k, ;w)

_2 2 ’ ’ ’
=82‘A’["2Hvzv_Hs2v] + @ g)3fdzk_LK(k_L9q_L—k.L;k_quL‘k_L)
7

1 1
X
K2+ M? (g—k'), + M?

ok’ ,q, — K ;). 5.1

In the vacuum channel the kernel K(k,q — k; k', g — k) has the form
K(kL,qL_k¢§k/¢,qL _k’L)=(—q_2L_%M2)

N (k2+ M) ((g— kYL +M?) + (K2 + M*)((q - k' + M?)
(k— k') + M? )

(5.2)

The connection between @ and the Mellin transform of 752, F, ,, is

k) (k) g, ~ k' ;0) 1 g
@7) (g—kY +M? ki+M?

wF(a?) = [ 20~ HL]. (53)
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Since the trajectory function a(?) [eqgs. (4.6) and (4.9) of I] is singular when M goes
to zero, this way of representing ¢ is not very convenient. Following ref. [10] we
rather rewrite the integral equation (5.1) in such a way, that the new kernel is
directly proportional to g?/w:

o(k,.q, —-kl;w)=g2[—2Hv2v-Hvzs]

——2g2
27) w

+

fdzk’_!_K(k_L’q_L —k sk ,q, —K)

1 1
X
KE+M? (q— k') + M?

Pk, g, — K\ 50)

+a(k)+a(q——k)—2

w

ek, .9, —k, ;0) (5.4)

(the Neumann expansion of this equation coincides with the power series expan-
sion of ¢ in g?/w). Before taking the limit M —0, it is necessary to change the
inhomogeneous term which represents the coupling of the exchanged vector par-
ticles to the external particles: as it is well known (e.g., from calculations with QED
[13]), the simplest example for a high-energy scattering amplitude which is finite
when the exchanged vector particles have zero mass is photon-photon scattering
(fig. 18). The photon dissociates into a fermion-antifermion pair (which for simplic-
ity is taken to be massive), and the fermions then interact by exchanging vector
particles. The infrared finiteness of this amplitude is due the fact that the fermion
loop produces a zero when the momentum of one of the two attached photons goes
to zero. Replacing the external photons by vector mesons and taking for the vertex
meson-fermion-antifermion a hadronic wave function (e.g., p—qq), one obtains a
simple model in which the massless gluons can couple to a q@-bound state. In the
following we shall use this function ¢,(k, ¢ — k) as the inhomogeneous term in the
integral equations (5.1) or (5.4). We do not need to present the analytic expression
of @,: the only property which is relevant for our purposes is its vanishing as a

Fig. 18. Simplest model for a infrared finite 22 scattering amplitude: photon-photon scattering in
QED. The sum goes over all possibilities of attaching the two exchanged photons to the fermion loops.
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function of one of its arguments:
$o(k1,q, —k )=]|k | const, if |k, |0,

=|q, — k| -const, if|g, —k,|—-0. (5.5)

We shall now show that, order by order in perturbation theory, the solution ¢ to
the integral equation (5.4) (with the inhomogeneous term replaced by g,) is
well-behaved and finite when the mass of the vector particle M? is taken to zero.
Moreover, the property (5.5) of the inhomogeneous term is preserved, i.e., the
solution ¢ has this property at each order of g2 (up to powers of In|k| or In|g — k).
By iterating the integral equation, the solution is represented as a power series in

g%/ w:

(p(k_\"q_l_—kl;w)=§(gz)n(pn(k_l_’ql——kl)‘ (5.6)

n=0 w

For the coefficient functions we have the recursion relation:
—2 217 . ’ ’
q)n+](k¢’q_1_ —k,)= Q )3fd k', K(k,,q, —k, k', ,q, ~ k')
™

1 1
X
kT+M? (g—Kk) +M?

Pk’ q, — K1)

+a(k)+a(q2—k)—2

kg — k). (5.7)

The first term in (5.6), @, is independent of M? and satisfies (5.5). We now
assume that ¢, has already been shown to have the desired properties and
demonstrate that the recursion relation for ¢, ; does not destroy them. In the limit
M -0, the integral in (5.7) can be simplified (for convenience, we slightly change
the notation of the variables and write the expressions for a(k) in a somewhat

special way [10]):
2 1 ai.
d?k’, 2(ql + k==
@ny {f (0 + k) (g~ k), ki),

2

Iq ’ ’

‘(‘h_k% olq + K gy — K @)
L

PDs1(q1,92) =

+fd2kl( qi L + CI%J. )
kT \k2+(q+k) kE+(g— k),

Xwn(ql,qz)+0(M2)}- (5.8)



J. Bartels [ High-energy behaviour (II) 391

As long as ¢, # q, and ¢, # 0, g, # 0 this integral is well-behaved and finite: the
pole at k', = —gq, , is cancelled by a zero in ¢, , +k’ g7, /k’, and near k', =0
there is a cancellation between the two integrals. For ¢, , — —¢q, | # 0 the first
integral tends to diverge logarithmically near k', = ¢, , , but the property (5.5) of ¢,
produces a zero in the numerator which kills the divergence. Now we take ¢, , —»0
with g, | # 0. For all values of k', away from zero, say |k’, | > ¢, each part of the
integral (5.8) is finite by itself and vanishes as |g, |- The integration part with
|k, | < &€ can be estimated by using (5.5):

(pn(qlL +k' gy —k'L)=(q,, +kl)-[a+b0(|k'[)]
®(91.:92,.)=9,,a (5.9)

(neglecting powers of logarithms which are not essential for the argument). We find
that this part of the integral behaves like:

(pn+](q1,q2)=Iqu]-(lnqlzl)p-const (5.10)

(the power of the logarithms has increased by one, compared with ¢, ). Finally, for
|q, |~y | ~A—0, the part of the integral with |k’ | > & goes like g,  -q, , ~A°.
The region |k, | < e behaves as A*(In A)?, where again the power of logarithms has
increased by one compared with ¢,. This then completes our assertion that each
¢,(k,q — k) has, up to powers of logarithms, the same properties (infrared finite-
ness and (5.5)) as the inhomogeneous term ¢,. The fact that each ¢, has the
property (5.5). ensures that the integral (5.3) (with the vertex [g2H, ] being
replaced by another ¢,) does not blow up when M?—0.

We now show how this result can be used in order to prove the infrared
finiteness of higher-order terms 7 in the expansion (1.6). What we have con-
structed so far, are only the first two terms: T in paper I and 7@ in this paper.
The construction of the higher 7" will be described in future publications, in
particular the form of the general (the reggeon number non-conserving) n—m
reggeon interaction vertex. It is, however, already clear at the present stage of our
calculations that some contributions to 7"} (n > 2) will be of the form shown in
fig. 19: this are those reggeon diagrams in which the number of reggeons in the
t-channel is conserved. They alone are not sufficient for satisfying s-channel
unitarity in all subenergy variables*, and what is missing are those diagrams in
which the reggeon number changes. In view of the task of finding a summation
technique for all reggeon diagrams it is, however, reasonable to start with those of

* In a series of papers, Cheng et al. [12] have claimed that the unitary S-matrix takes the form of an
cikonal operator: by expanding this eikonal expression one obtains exactly the diagrams of fig. 19.
As explained above, these diagrams are not sufficient to satisfy unitarity: the eikonal result
therefore represents only a part of the complete high-energy description.
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Fig. 19. Reggeon diagrams of T§"), for which the zero-mass limit can be shown to exist: the quartic
vertex is the same as in fig. 17, and for the coupling to the external particles we assume the property
(5.11).

fig. 19, because they represent, in a certain sense, the most simple ones. In this
paper we therefore demonstrate that these diagrams are, in the pomeron channel,
finite when M? is taken to zero; use of this result will be made in a separate paper.
The argument is very similar to that of 7,%,. We first define a two particle-n
reggeon function ¢ (k,...,k,) (the momenta k; are restricted such that I]_,
k; = g) which represents the sum of all diagrams of fig. 19 except the lower vertex.
For the coupling of the reggeized vector particles to the external particles we take a
vertex function ¢, (k,,...,k,) which does not depend on the vector mass M? and

satisfies the condition (5.5):
oolkyy 5ok, )~|k; |-const, i=1,...,n (5.11)

(we expect that the simplest model for this function is, again, a quark loop with the
vector particles being attached in all possible ways). Before we write the integral
equation for ¢ (k,...,k,) we have to analyze the group structure. For the
interaction of two reggeon lines / and j the coupling function is (in the limit
M?0):

k2 k2
K(ku,kjl;ku+kl,kjl—kl)=(ki+k;‘2i) .(kj—kkf—;) , (5.12)
1 4

1 1
with the group weight factor (cf. (4.6) of I):
€a.rb,8abr = “zpo(aiaj'bibj) - Pl(aiaijibj) + Pz(aiajlbibj) . (5.13)

The tensor (5.13) indicates that the two lines can be in a state with =0, 1, or 2.
Since the total quantum number of all reggeon lines is restricted to I = 0, we define
the projection operator onto the I = 0 state*:

P, = const- fI (zti'tj+n—%k(k+ 1)) (5.14)

k=1 \i<y

* For the construction of the projection operator we have used ref. [13].
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where (¢7),,, = —ie,,  is the isospin matrix for the line i and the normalization is
such that P = P,. From the condition

0= const- [] (2 tot,+n—2k(k+ 1))

k=0\ig;
=Po(2 ti'tj+n), (5.15)
i<j

it follows that

P2 tt,= —nP,), (5.16)
i<j
and
2

POta'tb= - mPO (517)

Hence each kernel K, in (5.12) comes with the weight —(2/(n — D)PF,, and the
integral equation for plky,...k,)is

{w+n—2a(kiz)Jgp(ku,...k”L;w)=w(po(ku,...knl;w)

i=1

82 -2 2
+(27T)3 —= Ejfd ke Kk, ky kg 4k, kg — k)

1
x (p(ku_,...,ku+kL,...kjl—kL,...k"_,_;w).

(ki + k)i(kj - k)i

(5.18)

It is convenient to rewrite this equation in such a way that the Neumann expansion
coincides with the power-series expansion in g2 /w:

2
2
PR Lk, ) =qy(ky, .k, )+ -8 d%k
* * (27)3”—1,%[ *

1
2
(ki +k)i(kj_k)_1_

XK(kiJ.’ij_;ki_L +k_L’kj_L—k_L)

X(p(ku,...,k,-_,_+kL,...kjl—kl,...knl;w)

11
+Zn—1Ej[“(ki)+a(kj)—2]¢(k,,-‘~k";w)- (5.19)
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We now see that the kernel of this integral equation is a sum of combinations
(—2K(k;k; k;+ Kk, k;—k)+a(k;)+ a(k;)—2)/(n—1): for this expression we
have shown [cf. (5.8)] that when it acts on ¢,, which satisfies (5.5) and is infrared
finite, it reproduces these properties also for ¢, ;. The kernel in (5.19) therefore has
the same property, and our function ¢ will be infrared finite to any order in g*/w.

This completes our study of the zero-mass limit. What we have shown—first for
T;?,, then for parts of Ty"), with n > 2 in the vacuum exchange channel—is that,
with a suitable coupling of the exchanged vector particles to the external particles,
the amplitudes are finite and well defined in the limit M2 —0. For this argument it
was essential that the various terms in the kernel of (5.8) and (5.19) come just with

the right weight to cancel possible infrared divergences.

6. Summary and outlook

In this paper we have constructed the first non-leading term in expansion (1.6)
for a completely unitary high-energy S-matrix of a spontaneously broken non-
abelian gauge theory. Eq. (2.1) which defines this term 7®, determines the single
energy discontinuities of the n—m amplitudes, and we have made full use of the
analytic structure of multiparticle amplitudes in the Regge limit in order to
reconstruct the amplitudes out of these single discontinuities. The resulting ampli-
tudes T, (our calculations went up to the six-point amplitudes and then gener-
alized to the n—-m case) come in form of a reggeon calculus with one (odd
signature) or two (even signature) reggeons in each 7-channel. The elements of this
reggeon calculus are given in fig. 17, and their analytic form follows from the rules
of the appendix.

For the most interesting case, the vacuum exchange channel (pomeron), we have
studied the zero-mass limit. After replacing the external particles by an appropriate
model for a q4 bound state one finds that the amplitude 7%, is finite in the limit
M? 0, order by order in perturbation theory, and we have extended this proof to
larger classes of reggeon diagrams which are subsets of 74"} with n > 2. Use of
these results will be made in a separate paper.

Together with ref. [1], this paper represents the first two parts of a program
whose aim is the construction of a unitary high-energy description of massive
Yang-Mill theories. Although the basic idea has not changed—to use the lagrangian
of the theory only for the computation of tree elements and to find all other
contributions from unitarity— the procedure of the present paper slightly differs
from 1. The elements of 7" have been calculated order by order in perturbation
theory; in the present paper we used the results of I (which are of infinite order)
and eq. (2.1) in order to find the elements of 7. In order to find the remaining
terms 7" with n > 2 in the expansion (1.6), we will, in essence, repeat these two
steps. At the level of T®, new subtraction constants appear (this can most easily be
seen by expanding the three reggeon exchange amplitude in powers of g?: the
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lowest term is of the order s-g® and real-valued), and it is, therefore, not sufficient
to just iterate the unitarity equation. It is rather necessary to compute these new
subtraction constants in the same way, as the tree approximations were found for
7®M, and then to continue order by order in perturbation theory. At the level of
T@, one repeats the step which has been done in this paper. The results of these
calculations will be a complete reggeon calculus with computable elements. The
most interesting part of this is the form of the general n— m reggeon interaction
vertex, for which, at least in the limit of small M?, a simple form is expected to
exist [in analogy to (5.12) for the 22 vertex].

Apart from the task of completing the derivation of the full reggeon calculus, we
are also faced with the problem of being able to sum all the terms in the expansion
(1.6), i.e., of understanding how the higher terms change the result of the first
approximation T*¥. As we have outlined elsewhere [5], two approaches are emerg-
ing: the first one tries to make use of the apparatus of reggeon field theory [14], the
other one starts from the diffusion picture which has been found in ref. [10]. For
both approaches it will be absolutely essential to know the form of the general
n—m reggeon vertex, but attempts to formulate such schemes should be made
already at the present stage.

During two visits to CERN I had very useful discussions with A.R. White about
the analytic structure of multiparticle amplitudes. Both his support and the
hospitality of the CERN Group are gratefully acknowledged.

Note added

After this paper was written a publication of Ya.Ya. Balitskij and L.N. Lipatov
was brought to our attention (Yad. Fiz. 28 (1978) 1597) in which a similar proof is
given for the infrared finiteness of 7:2,.

Appendix

In this appendix we briefly describe how the momentum (helicity) structure of
reggeon particle vertices can be computed. All necessary calculations have been
done in 1 (sect. 4 and the appendix), and we only have to make repeated use of
them. For the calculation of production vertices typically the following situation
emerges. When computing, say, the s, discontinuity of a 23 amplitude (cf. fig.
6¢), we have to multiply the two-reggeon particle vertex with the two particle
reggeon vertex, the former being a 3-component vector in helicity space and the
latter one a 3 X 3 matrix. The production vertex is most easily expressed in the
center of mass system (c.m.s.) of the 2—3 amplitude, whereas the 2—2 scattering
in the (bc) system is most conveniently expressed in the c.m.s. of the bc channel. It
is, therefore, necessary to perform a Lorentz transformation from one coordinate
system to the other, and it is the kinematics of this transformation that we need for
the calculation of production vertices. In the following we will calculate the central
vertex of fig. 20, going step by step from the left- to the right-hand side.
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2 . . fn

(g g
i3 Tn-2

Fig. 20. Construction of a general reggeon self-interaction vertex.

The left-most element is the production vertex I'(r,,—r,) [cf. eqgs. (3.6) and (3.7)
of I} in the overall c.m.s. It is given by the 3-component vector:
I'T=(T,e!,T,e2, T e (A.1)
(the polarization vectors e' and e? refer to the transverse polarization, the vector e>
to the longitudinal one). In order to compute the unitarity integral in the (bc)
system, we transform to the c.m.s. of the particles b and c. The transformation
matrix i8 L (k,):

Lo(k)=10 1 0 (A2)
Bbc Abc
Vs 2, Sbe
Abc—m(—M 22 (54 540)), (A3)
lkl_LIM\/;
= ——— A-4
AT A9

When multiplying the vector I in (A.1) by this matrix L, we obtain [cf. (4.29) of
1)

ri—M? T
TTLy = (=) V(r k) = Mey—————=(V(k, k) —2Me;) |
-k} -M
(A.5)
2|ry, |cos(ry, ,ky ) 0
Vir ki) =|2r, Isin(r, .k, ) |»  €=]0 (A.6)
1
0
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For the subsequent scattering process in the (bc) channel which consists of the
exchange of N; vector particles we have, for the upper vertex, the matrix
R(ky, ,k, ) H, )", where k,, and k,  are the initial and final transverse
momenta:

cosf sind O
R(k,, . ky, )=| —sinf cosf® 0],
0 0 1

0 = angle between k; | and k, | . (A7)

Multiplication with (A.5) leads to:

. NJ
I"qu,chrf,,}\V,’:(“’)(—I)N3 V(rl_L’kZJ_)_—(%) Me,

ri—M? T
1
T k_IZL_—_M_Z (V(ku > k2_L) - (i)

Ny—1

Me;) (A.8)

In order to return to the c.m.s. of the particles a, b, and ¢, we multiply with
Ly (ky):

T NyyT N, 1 . ri— M?
'Ly RHGLy = (=17 T(r, —ry) + |V - — (i) MLy ey — —5——
2% ki, —M
) T
X(I‘(ku, —r3)+(1—-2—N;—_~1)(—i)MLbce3) (A9)

The two terms of (A.9) are illustrated in fig. 21. This result only includes the
production of vector particles. If the produced particle with momentum k, is a
Higgs scalar, the result is, instead of (A.9), simply const. X (Me,)"; the contribution
of a Higgs scalar somewhere between k, and k, leads to (A.9), but without the
terms I'(r), —ry;) and T'(k;, —r3).

Fig. 21. Momentum structure of the production vertex (A.9).
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Next we compute a unitarity integral in the (ab) system. The transformation
which takes us from the (abc) c.m.s. to the (ab) c.ms. is L, (k,). It has the same
form as (A.2), and the elements are

Vs s
A= T (M4 G50, (10
_ ‘lsz_lM\/E
Pao = L2IEA (A-1h
M
LIb(kZ)Lbc(kl)eB=e3_—_](-2—-;l_2_(V(k2J_!k2_L)+2Me3)’ (A.12)
— k2, —

and

T(r, —ry) L (ky) =(=i)| V(=ry .k, )+ Me,y
’223’_M2

T
V(k,, ,k + 2 Me . (A3
k) 3)} (A.13)

Multiplication of (A.9) with L, therefore leads to:

rTL be RH\IX/JL’{)C Lab
1 rzg—(z-ziN)Mz
= ()M (N Vg )+ (2 5 | Me, -
2% —k3, - M?
rlz—-M2
X(V(kzL,kz¢)+2Me3)——_m
] cin (2 B 2N1—1 )M2
V(— Jk +(2~ )Me -

X ( ry 2_1_) AN~ 1 3 ~k%_L—M2

T

X (V(ky | kyy ) +2Me;) (A.14)
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For the scattering process in the (ab) channel (exchange of N, vector particles) we
have, at the central vertex, the matrix R(k, , ,k;, ) H,, )"+ In order to return to
the (abc) c.m.s., we use the matrix L,,(k,). The calculations are straightforward,
and the results are illustrated in fig. 22,

From these two steps we already recognize the general pattern: each time when
we switch from the (bc) c.m.s. to the (ab) c.m.s. (or vice versa), we double the
number of terms. There is one group of contributions (e.g., the first and third terms
of fig. 22) in which the new exchanges in the (ab) channel couple directly to the
previous result; in the other group of contributions (e.g., the second and fourth
terms of fig. 22) there is a propagator line between the new exchanges and the
previous results, accompanied by the factor (R*~aM?)/(k3+ M?) in our for-
mula (R is the total momentum carried by the previously exchanged particles, e.g.,
ry +r3, ry, and ry in the second, third, and fourth term of fig. 22, respectively: &, is
the momentum along this propagator line; for the factor « in front of M? we do
not want to give an explicit rule, for reasons which we shall explain below). Higgs
scalars only occur within a circle of fig. 22, i.e., the link lines between circles always
belong to vector particles. When adding their contributions to those of the vector
particles, one only changes the factor « for that vertex in which the Higgs scalar is
produced.

Finally, we come to the right end of fig. 20. From the previous step we have
terms like (cf. fig. 23; we are still in the (bc) c.m.s.):

r2~c,M?
(=)(=D)"T Y k) - o Mey - ——2——
_kr%—Z_L_MZ
T
X(V(k,_ZL,k,,~2L)——c3Me3) . (A.15)

i+l

0

Fig. 22. Momentum structure of the production vertex (A.14).
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Fig. 23. Momentum structure of (A.17).

For the r.h.s. production vertex of fig. 20 we also go into the (bc) c.m.s.:

(~i){V(rn—1_L’ _kn—l_l,)_MeE)

T
rnlﬂ _MZ
“ﬁ(’”(—khu,k"—u)*ZMea) - (A.16)
n—11

Putting together eqs. (A.15) and (A.16) we arrive at (fig. 23)

(’}2 - CzMZ)((’n—u + kn—Z-L)2 + a2M2)
- erI—ZJ_ -M?

2(— I)N{(ri +"n~1)2¢ +a,M? ~

B (r2, - czMz)((ri— k,,_l)zL + a3M2)
- k,?—u -M?

r'z—CZ 2 rn2—1~ 2 kn— B n—li a ?
_( M?)( M2)((kyy = ki), + M)} (A17)

(”k»izi “Mz)(‘kf—u —Mz)

(N=N;+ -+ N, ,+ lis the total number of intermediate states in fig. 20). Our
previous remark that switching from the (ab) c.m.s. to the (bc) c.m.s. doubles the
number of terms remains true; the same holds for the final connections with the
right-hand vertex.

This completes our description of the algebra one has to do in order to obtain
the momentum structure of a production vertex. The reason why we have not been
very specific about the contribution of Higgs production along the central line in
fig. 20 and constants in front of terms proportional to M? in the numerators is the
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following. Since we are mostly interested in the vacuum exchange channel, and
since the leading j-plane singularity in this channel comes from the large momen-
tum region (this is explained in refs. [10, 5, 6]), we can restrict ourselves to large
values of the momenta or, equivalently, to the limit M 250. In this limit, terms
proportional to M? become unimportant, and we can forget about the Higgs
scalars. Moreover, the terms coming from the vector particle production can be
combined to a very simple expression. The final result for the central part of fig. 22
is:

r2 rnz_
(’1‘k1k_l2) Tij(klﬂ;v(kz)'-'7:s(kn~2)(’n—1+kn—2k2 i > (A.18)
1 i 5

n—1

where

kk;
T, (k)=8,-2 ek (A.19)

This expression will be used in the following parts of our program.
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